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Abstract

While making location decisions one intend to increasectdféreduce distances) for many the
service recipients (clients). A conventional optimizat&pproach to location problems considers
only the optimality of locational decisions for specificaiis data. Real-world applications inevitably
involve errors and uncertainties in the operating condgiand thereby the resulting performance
may be lower than expected. In particular, a distributicstesy design is very sensitive to the varying
demands for goods and changed demands may deteriorateahathe system efficiency when
optimized for different demands structure. Several apgrea have been developed to deal with
uncertain or imprecise data. The approaches focused orutligyopr on the variation (stability) of
the solution for some data domains are considered robustiuEntly, uncertainty is represented by
limits (intervals) on possible values o demand weightsivarindependently rather than by scenarios
for all the weights simultaneously. In this paper we show thaolution concept of the conditional
median can be used to effectively optimized such robustilme@roblems The conditional median
is a generalization of the minimax solution concept extentbetake into account the number of
services (the portion of demand) related to the worst peréorces. Namely, for a specified portion of
demand we take into account the corresponding portion ahles@mum results and we consider their
average as the worst conditional mean to be minimized. 8irtolthe standard minimax approach,
the minimization of the worst conditional mean can be defimgd linear objective and a number of
auxiliary linear inequalities.

Key Words. Location, Multiple Criteria, Efficiency, Robustness, Ciimhal Median.

1 Introduction

A conventional optimization approach that considers dméydptimality of a decision or a design, that is,
performance at decision or design condition, should work ifiina controlled environment. Real-world
applications, on the other hand, inevitably involve erramnsl uncertainties in the operating conditions
and thereby the resulting performance may be lower thanctege In particular, the distribution sys-
tem design is very sensitive to the varying demands for gemdschanged demands may deteriorate
drastically the system efficiency when optimized for difer demands structure.

*This work was partially supported by The Ministry of Scierared Information Society Technologies under the grant
KBN-3T11C00527 “Models and Algorithms for Efficient and FRiesource Allocation in Complex Systems.”
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Several approaches have been developed to deal with uncertemprecise data. The approaches
focused on the quality or on the variation (stability) of #rdution for some data domains are considered
robust. The notion of robustness applied to decision problevas first introduced almost 50 years
ago by [3]. Practical importance of the performance setisitagainst data uncertainty and errors has
later attracted considerable attention to the search burstesolutions. Actually, as suggested by [26], the
concept of robustness should be applied not only to solsitioh, more generally to various assertions and
recommendations generated within a decision support psoéebrief comparison between conventional
optimization and robust optimization is illustrated in Fig[14]. Solution A obtained by a conventional
optimization is the best in terms of optimality, but dispersvidely in terms of the objective function
against the dispersion of design variable or environmestadble, and this dispersion may extend to an
infeasible range. However, solution B obtained by a robp$itrazation is moderately good in terms of
optimality and also good in terms of robustness, that ipat&son of objective function is narrow against
dispersion of design variable. On the other hand, the opBolation despite generating objective values
dispersed quite widely may be clearly better than a solutimtrdispersed at all. As depicted in Fig. 1 b),
Solution A though characterized by dispersed results nesnander all conditions better than the stable
Solution B. Hence, Solution B is obviously dominated andaihmmot be considered a robust optimal
solution.
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Figure 1: Conventional optimization and robust optimiaat{for a minimization problem): a) conven-
tional optimal Solution A vs. robust optimal Solution B; iasle but not robust optimal Solution B.

The precise concept of robustness depends on the way thegain@ata domains and the quality or
stability characteristics are introduced. Typically,abust analysis one does not attribute any probability
distribution to represent uncertainties. Data uncerdmtather represented by non-attributed scenarios.
Since one wishes to optimize results under each scenabastoptimization might be in some sense
viewed as a multiobjective optimization problem where oties correspond to the scenarios. However,
despite of many similarities of such robust optimization@&pts to multiobjective models, there are also
some significant differences [4]. Actually, robust optiatipn is a problem of optimal distribution of
objective values under several scenarios [18] rather trstarelard multiobjective optimization model.

A conservative notion of robustness focusing on worst casaaio results is widely accepted and
the min-max optimization is commonly used to seek robusitgwis. The worst case scenario analysis
can be applied either to the absolute values of objectifesgbsolute robustness) or to the regret values
(the deviational robustness) [8]. The latter, when considiérom the multiobjective perspective, repre-
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sents a simplified reference point approach with the utofideral) objective values for all the scenario
used as aspiration levels. Recently, a more advanced dooceplered weighted averaging was intro-
duced into robust optimization [24], thus, allowing to optie combined performances under the worst
case scenario together with the performances under thegearst scenario, the third worst and so on.
Such an approach exploits better the entire distributioobgctive vectors in search for robust solutions
and, more importantly, it introduces some tools for modgliobust preferences. Actually, while more
sophisticated concepts of robust optimization are cons@lavithin the area of discrete programming
models, only the absolute robustness is usually applidaetoniajority of decision and design problems.

2 Location problem

The generic location problem that we consider may be stateidllows. There is given a sdt =
{1,2,...,m} of m clients (service recipients). Each client is represented Ispecific point in the
geographical space. There is also given agef location patterns (location decisions). For each client
i (i € I) afunctionf;(x) of the location patterx has been defined. This function, called the individual
objective function, measures the outcome (effggty= f;(x) of the location pattern for client [13].

In the simplest problems an outcome usually expresses #tende. However, we emphasize to the
reader that we do not restrict our considerations to the chsetcomes measured as distances. They
can be measured (modeled) as travel time, travel costs dssviel a more subjective way as relative
travel costs (e.g., travel costs by clients incomes) omaltely as the levels of clients dissatisfaction
(individual disutility) of locations. In typical formulans of location problems related to desirable
facilities a smaller value of the outcome (distance) medmstir effect (higher service quality or client
satisfaction). This remains valid for location of obnoxddfacilities if the distances are replaced with
their complements to some large number. Therefore, witli@gtof generality, we can assume that each
individual outcomey; is to be minimized.

Further, some additional client weightg > 0 are included into location model to represent the
service demand. Integer weights can be interpreted as marobanweighted clients located at exactly
the same place (with distances 0 among them). While disayssich solution concepts we will use the
normalized client weights

m
QDZ:’LUZ/Z’LUZ fori=1,2,...,m ()

=1
rather than the original quantities;. Note that, in the case of unweighted problem (@ll= 1), all the
normalized weights are given ag = 1/m.

A host of operational models has been developed to deal waditity location optimization (c.f.,

[2, 10, 1]). Most classical location studies focus on theimimation of the mean (or total) distance (the
median concept) or the minimization of the maximum distafive center concept) to the service facili-
ties [16]. Both the median and the center solution conceptwreall defined for weighted location models
using client weightsv; > 0 to represent several clients (service demand) at the sangeagehical point.
Exactly, for the weighted location problem, thedian solution concept is defined by minimization of
the objective function expressing thean (average) outcome

m
wly) = Z WiY;
i=1
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but it is also equivalent to minimization of the total outa®;" | w;y;. Thecenter solution concept is
defined by minimization of the objective function represmmnthemaximum (worst) outcome

M(y) = max y;
i=1,....,m
and it is not affected by the client weights at all.
The median solution concept is primarily concerned withdpatial efficiency.
Assuming that the generic location problem that we consider been disaggregated to the un-
weighted form (alkv; = 1), it may be stated as the following multiple criteria minaaiion problem:

min {f(x) : x€Q} 2)

wheref = (f1,..., fm) is a vector of the individual objective functions which me@sthe outcome
(effect) y; = fi(x) of the location patterrx for clienti. A wide gamut of location problems can be
considered within the framework of model (2). The followiagample illustrates how a typical discrete
location problem [15] can be modeled in the form (2).

Example 1 In a typical discrete location problem there is given a setoflients and a set of po-
tential locations for the facilities. Further, the number the maximal numberp of facilities to be
located is giveny{ < n). The main decisions to be made can be described with theybiasiablesx ;

(j = 1,2,...,n) equal to 1 if locatiory is to be used and equal to O otherwise. To meet the problem
requirements, the decision variableshave to satisfy the following constraints:

n
Y zj=p, z;€{0,1}, forj=1,2,...,n. (3)
i=1

For most location problems the feasible set has a more cansplecture due to explicit consideration
of allocation decisions. These decisions are usually neadelith the additional allocation variables
m;j (=12,....,m;5 = 1,2,...,n) equal to 1 if locatiory is used to service clientand equal to 0
otherwise. The allocation variables have to satisfy thiefahg constraints:

n
Zx;j:L fori=1,2,...,m. (4)
j=1

wi; <wj, fori=1,2,...,m and j=1,2,...,n. (5)
w;y€{0,1}7 fori:1727"'am and j:1727"'7n' (6)

In the capacitated location problem the capacities of thergi@l facilities are given which implies some
additional constraints.

Letd;; > 0( =1,2,...,m;j = 1,2,...,n) express the distance between cli¢aind locationj
(or other effect of allocation clientto locationj). With the explicit use of the allocation variables and
the corresponding constraints (4)—(5) the individual ctoye functionsf; can be written in the following
linear form:

n
fix) = dyaj;, fori=1,2,...,m. 7)
j=1
These linear functions of the allocation variables areiapble for the uncapacitated as well as for the
capacitated facility location problems.
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In the case of location of desirable facilities a smalleueadf the individual objective function means
a better effect (smaller distance). This remains valid éoation of obnoxious facilities if the distance
coefficients are replaced with their complements to sorrmlaumber:d;j = d — d;j, whered > d;;
foralli = 1,2,...,mandj = 1,2,...,n. Therefore, we can assume that each funcffpis to be
minimized as stated in the multiple criteria problem (2).

We do not assume any special form of the feasible set whileyzing properties of the solution
concepts. We rather allow the feasible set to be a genersgjlpg discrete (nonconvex), set. Similarly,
we do not assume any special form of the individual objedtivetions nor their special properties (like
convexity) while analyzing properties of the solution cepis. Therefore, the results of our analysis
apply to various location problems.

The classical approaches to the location problems user ¢itbanedian solution concept based on
the minisum optimization:

min {) " wifi(x) : x € Q} (8)
=1
or the center solution concept defined by the minimax opaiion:

min {_ max filx) + xeQ}. 9)

3 Robust locations

The median solution concept is usually very attractive dumaximizing the system efficiency. Let us
define the set of attainable outcomes

A={y : yi=fix)Vi, x€Q}

The median solution is then defined as

yeEA

min {i W;y; } (10)
i=1

However, in practical problems the demand weights may vaherefore, a robust solution is sought
which performs well under uncertain weights.

The simplest representation of uncertainty depends on deuofipredefined scenaries=1,...,r
Let w; denote the realization of demandinder scenaria. Then one may seek a robust solution by
minimizing the mean distance under the worst scenario

m

i > wiy; V 11
;nelgsmax {Zw Yi} = mln{z z > ; wiy; ¥ s} (11)
or by minimizing the maximum regret

i —d° > —d® Y 12
;nelgsmax {Zw i } = mm{z z > ; s} (12)

whered® represent the best value under scenario
d® = mi 05, 13
min {; w5y} (13)
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Frequently, uncertainty is represented by limits (intexvan possible values o weights varying inde-
pendently rather than by scenarios for all the weights saneously. Assume that the demand weights
w; may be affected by perturbations varying within intenjals;, A;]. Note that the weights are normal-
ized and although varying independently they must total #lternatively one may consider completely
independent perturbations of unnormalized weight@and normalize they later. The worst case mean
distance can be expressed then as

m m
n(y) = %&X{Z i 1y wi=1, W — 6 <uy < i+ A Vi (14)
b=l i=1

and the robust solution is defined by the minimization

min 1 (y) (15)
yEA
Note that in the case @ = A; = 0 one get the standard mean outcom¥y) = > ., y;w;. On the
other hand, for the case of unlimited perturbatiofis=£ w; andA; = 1 — w;) The worst case mean
outcome becomes the worst outcopt®(y) = max;—1,__m V-
For the special case of proportional perturbation lindits= éw; and A; = Aw; with positive
parameters andA, one gets

p(y) = max{z Yill; Zuz =1, w;(1—-90) <wu; <w(14+ A)Vi}
b=l i=1

:(1+A)me}x{§m:yiu; : Zm:ugzl/(lJrA), wi(1—8)/(1+A) <uf <w;Vi}

g =1 i=1
(16)
In particular, when lower limits relaxed = 1 this becomes the classical conditional mean outcome
[22, 23]:

pa(y) = %H}EX{Z Yilly Zui =0, 0<wu <w;Vi} (17)
b=l i=1
with 3 = 1/(1 + A) while the robust solution itself is the conditional mediafhus the conditional
median represent a concept of a robust solution for prapwatly upper bounded perturbations.

The conditional median is easily defined by LP constraintkhcddigh similar simple form may be
achieved for general worst case mean distance (14). Ndtpriblalem (14) is an LP for a given outcome
vectory while it becomes nonlinear fgr being a vector of variables. This difficulty can be overcome
by taking advantage of the LP dual to (14). Introducing dualablet corresponding to the equation
>, u; = 1 and variablesl anddﬁ- corresponding to upper and lower boundsugnrespectively, one
gets the following LP dual to problem (14):

pU(y) = min {t+> (0 + A)dY =Y (w; — &;)d.  t+dif —db >y, dfd >0 Vi) (18)
t.dy d; =1 =1
and the entire robust solution problem
min - {t 4+ > (@ + Ay =Y (@ = 6)d} b+ df —dy >y, ddy >0 Vi) (19)
yeYt,d¥,d =1 =1
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In the case of relaxed lower limité & 1) this becomes the classical LP computational formula for
the conditional mean outcome [22, 23]

ygl/’lt{ld? {Bt—F;wzdz t+di >y, dif,>0 VYi} (20)

with 3 = 1/(1 + A).

Conclusions

e Mean outcome minimization (so-called Median solution @picin location problems) is well
suited for system efficiency maximization.

e Serious uncertainty regarding demand weights may significéower efficiency of the selected
design (location pattern). This causes a need for sometreblugion concepts.

e Uncertainty represented by limits (intervals) on possiugkies of weights varying independently
rather than by scenarios for all the weights simultaneoleslgls to the worst case mean optimiza-
tion models with variable coefficients (weights).

e Unbounded weights perturbations lead us to the standarchmarodel (so-called center solution
concept). The latter is usually too restrictive thus lowgrihe overall system efficiency.

e Proportional limits on weights perturbations lead us toimimation of the mean i portion
of the worst outcomes (so-called conditional median sofutioncept). The latter is usually less
restrictive than the center solution while similarly immlentable with auxiliary linear inequalities.

¢ Similar generalized conditional median model can be intoed for the case of arbitrary perturba-
tions limits. Initial computational experiments on randgmenerated discrete location problems
confirm theoretical attractiveness of such robust optitrimamodel.
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