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Abstract

The Reference Point Method (RPM) is an interactive techafquan open search for a satisficing
efficient solution to multi-criteria decision problems.eflRPM is based on the so-called augmented
max-min aggregation where the worst individual achieveimeaximization process is additionally
regularized with the the average achievement. The regakioh by the average achievement is
easily implementable but it may disturb the basic max-mimleloThe OWA regularization applied
to the RPM allows one to overcome this flaw since taking inttbaat differences among all ordered
achievement values. Further, allowing to introduce imgace weights we get the WOWA enhanced
RPM. The WOWA regularization is more complicated in impleragion but the recent progress
made in optimization methods for ordered averages allows@mplement the corresponding RPM
method quite effectively.

Key Words. Multicriteria Decision Making, Aggregation Methods, Reface Point Method, Lex-min
Order, OWA, WOWA.

1 Introduction

While dealing with a decision problem formulated in the nijplét criteria optimization framework, it is
clear that an outcome vector is better than another if atkahdividual outcome are better or at least one
individual outcome is better whereas no other one is worsdgortunately, there usually does not exist
an outcome vector that dominates in such a sense all thesotfidus in terms of strict mathematical
relations one cannot distinguish the best outcome vectioe nbndominated vectors are incomparable
on the basis of the specified set of criteria. The decisioasglnerate nondominated outcome vectors
are called efficient or Pareto-optimal solutions to the ipldtcriteria problem. For an operational use
of multiple criteria analysis, it must help the Decision MakDM) to select one efficient solution for
implementation. Certainly, the original criteria do ndbal one to select any efficient solution as bet-
ter than any other one. Therefore, the decision supportepeomust depend on additional preference
information gained from the DM.

*This work was partially supported by The Ministry of Scierared Information Society Technologies under the grant
KBN-3T11C00527 “Models and Algorithms for Efficient and FRiesource Allocation in Complex Systems.”
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Typical multiple criteria optimization methods aggregtite individual outcomes with some scalar-
izing functions to generate a satisfactory efficient solutiThe scalarizing functions may have various
constructions and properties depending on the specifioapprto preference modeling applied in sev-
eral methods. Nevertheless, most scalarizing functiondbeaviewed as two-stage transformation of the
original outcomes. First the individual outcomes are rigstt some uniform measures of achievements
with respect to several criteria and preference paramelérss, the individual achievement functions are
built to measure actual achievement of each outcome witrecégo the corresponding preference pa-
rameters. In particular, in the Reference Point Method (RRE strictly monotonic partial achievement
functions are built to measure individual performance wéhpect to given reference levels. Similar
constructions appear in fuzzy approaches where the mempéductions for various fuzzy targets are
such individual achievement measures scaled to the ueitvaitor in goal programming where scaled
deviations from targets may be considered individual aeheents.

Having all the outcomes transformed into a uniform scal@diidual achievements they are aggre-
gated at the second stage to form a unique scalarizationaddregation usually measures the total (the
average) or the worst individual achievement. While sdvechniques and tools for better modeling
of preferences with partial achievement functions are ldgeal [6], the aggregation itself is much less
studied. The RPM is based on the so-called augmented (daregpd) max-min aggregation. Thus, the
worst individual achievement is essentially maximized thiet optimization process is additionally reg-
ularized with the term representing the average achievenidére max-min aggregation guarantees fair
treatment of all individual achievements by implementingagproximation to the Rawlsian principle of
justice. The max-min aggregation is crucial for allowing RPM to generate all efficient solutions even
for nonconvex (and particularly discrete) problems. Ondtier hand, the regularization is necessary
to guarantee that only efficient solution are generated.répelarization by the average achievement is
easily implementable but it may disturb the basic max-mirdehoActually, the only consequent regu-
larization of the max-min aggregation is the lexicographigx-min (nucleolar) solution concept where
in addition to the worst achievement, the second worst gehent is also optimized (provided that the
worst remains on the optimal level), the third worst is ojitimal (provided that the two worst remain
optimal), and so on. Such a nucleolar regularization is tiig max-min regularization satisfying the
addition/deleting principle thus making the correspogdinicleolar RPM not affected by any passive
criteria.

The OWA aggregation with monotonic weights combines allghgial achievements allocating the
largest weight to the worst achievement, the second lakgesght to the second worst achievement,
the third largest weight to the third worst achievement, sman. The recent progress in optimization
methods for ordered averages [22] allows one to implementO¥WA RPM quite effectively. Further
following the concept of Weighted OWA [27] the importanceigVding of several achievements may be
incorporated into the RPM. Such a WOWA enhancement of the RB¥8 importance weights to affect
achievement importance by rescaling accordingly its nreasithin the distribution of achievements
rather than straightforward rescaling of achievementes[@6]. The paper analyzes both the theoretical
and implementation issues of the WOWA enhanced RPM.

2 Scalarizations of the Reference Point Method

In this paper, without loss of generality, it is assumed #ilahe criteria are maximized (that is, for each
outcome ‘more is better’). Hence, we consider the followimgjtiple criteria optimization problem:

max { (f1(x), f2(x), -, fm(X)) = x €@} (1)

2
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wherex denotes a vector of decision variables to be selected witténfeasible sef) ¢ R", and
f(x) = (f1(x), fa(x),..., fm(x)) is a vector function that maps the feasible einto the criterion
spaceR™. Note that neither any specific form of the feasible(@ds assumed nor any special form of
criteria f;(x) is required. We refer to the elements of the criterion spaaigcome vectors. An outcome
vectory is attainable if it expresses outcomes of a feasible salptie. y = f(x) for somex € Q.

Model (1) only specifies that we are interested in maximaaf all objective functionsf; for
i eI =1{1,2,...,m}. Thus it allows only to identify (to eliminate) obviouslyéfficient solutions
leading to dominated outcome vectors, while still leaving éntire efficient set to look for a satisfactory
compromise solution. In order to make the multiple criteriadel operational for the decision support
process, one needs assume some solution concept welleatposthe DM preferences. This can be
achieved with the so-called quasi-satisficing approachuttipfe criteria decision problems. The best
formalization of the quasi-satisficing approach to mudtipliteria optimization was proposed and devel-
oped mainly by Wierzbicki [30] as the reference point methdtie reference point method was later
extended to permit additional information from the DM anekrgually, led to efficient implementations
of the so-called aspiration/reservation based decisippa@t (ARBDS) approach with many successful
applications [7, 31].

The RPM is an interactive technique. The basic concept ofritezactive scheme is as follows.
The DM specifies requirements in terms of reference levaids, by introducing reference (target) val-
ues for several individual outcomes. Depending on the Spdaieference levels, a special scalarizing
achievement function is built which may be directly interigd as expressing utility to be maximized.
Maximization of the scalarizing achievement function gates an efficient solution to the multiple cri-
teria problem. The computed efficient solution is preseteate DM as the current solution in a form
that allows comparison with the previous ones and modifioatif the reference levels if necessary.

While building the scalarizing achievement function thioleing properties of the preference model
are assumed. First of all, for any individual outcomemore is preferred to less (maximization). To
meet this requirement the function must be strictly indreasvith respect to each outcome. Second,
a solution with all individual outcomeg; satisfying the corresponding reference levels is predfetoe
any solution with at least one individual outcome worse (famathan its reference level. That means,
the scalarizing achievement function maximization muspme reaching the reference levels prior to
further improving of criteria. Thus, similar to the goal gramming approaches, the reference levels are
treated as the targets but following the quasi-satisficpgr@ach they are interpreted consistently with
basic concepts of efficiency in the sense that the optinoimasi continued even when the target point has
been reached already.

The generic scalarizing achievement function takes theviirig form [30]:

. £ w—
S(y) = 1£1§nm{$i(yi)} +— Z; si(Yi) (2)
wheree is an arbitrary small positive number angd: R — R, fori = 1,2,...,m, are the partial

achievement functions measuring actual achievement dhthieidual outcomes,; with respect to the
corresponding reference levels. legtdenote the partial achievement for thile outcome ¢; = s;(y;))
anda = (aq,as,...,a,) represent the achievement vector. The scalarizing aghienefunction (2)
is, essentially, defined by the worst partial (individuathigvement but additionally regularized with
the sum of all partial achievements. The regularizatiomtisrintroduced only to guarantee the solution
efficiency in the case when the maximization of the main tehm Yorst partial achievement) results in a
non-unique optimal solution. Due to combining two termdwaitbitrarily small parameter, formula (2)
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is easily implementable and it provides a direct intergir@taof the scalarizing achievement function as
expressing utility. When accepting the loss of a directtutihterpretation, one may consider a limiting
case withe — 0 which results in lexicographic order applied to two sepatatms of function (2). That
means, the regularization can be implemented with the setaml lexicographic optimization [18].
Therefore, RPM may be also considered as the following ¢exaphic problem ([16] and references
therein):

m
lexmax { (12%ignmai’,§; a;) : a; =si(fi(x)) Vi, xeQ} (3)

=
The following two properties of the lexicographic model &% crucial for the RPM methodology:
P1: The aggregation is strictly monotonic in the sense thatimee of any partial achievementleads
to a preferred solution.
P2 For any given target valug, the solution generating all partial achievements equal(ig = o Vi)
is preferred to any solution generating at least one patialevement worse than
Property P1 guarantees that while using strictly increppartial achievement functions, every gener-
ated solution is efficient. Property P2 guarantees thatewlsing partial achievement function allocating
the same value on achieving the reference level, the solwtimching all the reference levels is preferred
to any solution failing achievement of at least one refeednuel.

Various functionss; provide a wide modeling environment for measuring partidli@vements [31,
12]. To take advantages of properties P1 and P2 they needdtritity increasing and to allocate the
same value on reaching the reference level. The basic RPMIn®tased on a single vector of the
reference levels, the aspiration vectér For the sake of computational simplicity, the piecewisedir
functionss; are usually employed. In the simplest models, they takera fafrtwo segment piecewise
linear functions: AH o) or -

; \Yi —T5), Yi =T
si(yi) = { )\Z‘(yi — rlq), for y; < 7“% (4)

7

where/\j and); are positive scaling factors corresponding to underaehments and overachievements,
respectively, for théth outcome. Note that for any outcome reaching the corralpgraspiration level
y; = r{ one gets;(r{") = 0. Hence, when using the RPM (3) with partial achievementtians (4), the
solution reaching all the aspiration levels is preferredrg solution failing achievement of at least one
aspiration level. It is usually assumed thdt is much larger than\; . Actually, even linear functions

si(yi) = Nilyi — 1) (5)

with positive scaling factorg,; represent simplified (but still valid) partial achievemémtctions in the
sense that while used in the lexicographic RPM scheme (3)ataptees the properfy2. Neverthe-
less, the differentiation of the scaling factor is impottemenforce the preferences of achieving more
aspiration levels rather than overstep the others, edlyemahe analytic RPM (2). Figure 1 depicts
how differentiated scaling affects the isoline contourshef analytic scalarizing achievement function.
Certainly, introducing lexicographic two-level partialldevements optimization would be a better way
to model the aspiration properties [14] but also more corapdid.

Real-life applications of the RPM methodology usually dedh more complex partial achievement
functions defined with more than one reference point [31]ciwhenriches the preference models and
simplifies the interactive analysis. In particular, the misdaking advantages of two reference vectors:
vector of aspiration levelg® and vector of reservation level$ [7] are used, thus allowing the DM to
specify requirements by introducing acceptable and reduialues for several outcomes. The partial
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(a) (b)
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Figure 1: Isoline contours for the analytic scalarizingiagément function (2): (a) with partial achieve-
ments (5), (b) with partial achievements (4)

achievement functior; can be interpreted then as a measure of the DM’s satisfagiiibnthe current
value of outcome théth criterion. It is a strictly increasing function of outcem; with valuea; = 1 if
yi = r{, anda; = 0 for y; = r7. Thus the partial achievement functions map the outcomessanto a
normalized scale of the DM’s satisfaction. Various fungti@an be built meeting those requirements. We
use the piece-wise linear partial achievement functiorochtced in an implementation of the ARBDS
system for the multiple criteria transshipment problemhyacility location [20]:
—rl), for y; <]
si(yi) = (yi = i)/ (ri = 77), for i <y <rf (6)

o (yi—ry)/(rf —r))+1, for y, >rf

where« and~ are arbitrarily defined parameters satisfyihgc o < 1 < . Parameter represents
additional increase of the DM’s satisfaction over level lewha criterion generates outcomes better
than the corresponding aspiration level. On the other hpahmetery > 1 represents dissatisfaction
connected with outcomes worse than the reservation level.

1

=

/ ry ré Yi

Figure 2: ARBDS partial achievement function

For outcomes between the reservation and the aspiratiefs)ahe partial achievement functiep
can be interpreted as a membership functipfor a fuzzy target. However, such a membership function
remains constant with value 1 for all outcomes greater tharcorresponding aspiration level, and with
value 0 for all outcomes below the reservation level (Fig.t2énce, the fuzzy membership function is
neither strictly monotonic nor concave thus not represgntypical utility for a maximized outcome.
The partial achievement function (6) can be viewed as amside of the fuzzy membership function to
a strictly monotonic and concave utility. One may also retitat the aggregation scheme used to build
the scalarizing achievement function (2) from the partis¢® may also be interpreted as some fuzzy

5
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aggregation operator [31]. In other words, maximizationhef scalarizing achievement function (2) is
consistent with the fuzzy methodology in the case of nofiratde aspiration levels and satisfiable all
reservation levels while modeling a reasonable utilityefoy values of aspiration and reservation levels.

3 Nucleolar RPM

The crucial properties of the RPM are related to the max-rggregation of partial achievements while
the regularization is only introduced to guarantee theegggion monotonicity. Unfortunately, the distri-
bution of achievements may make the max-min criterion aytpassive when one specific achievement
is relatively very small for all the solutions. Maximizati@f the worst achievement may then leave all
other achievements unoptimized. In the lexicographic Refihdd by (3) the regularization term is then
optimized on the second level thus preventing one from 8eteof any inefficient solution. Neverthe-
less, the selection is then made according to linear agtipegaf the regularization term instead of the
max-min aggregation, thus destroying the preference mufdbke RPM. This can be illustrated with an
example of a simple discrete problem of 7 alternative féasiblutions to be selected according to 6
criteria. Table 1 presents six partial achievements fothalsolutions where the partial achievements
have been defined according to the aspiration/reservataieh(6) thus allocating 1 to outcomes reach-
ing the corresponding aspiration level. Solution S7 is thly mefficient alternative. Solution S1 to S5
oversteps the aspiration levels (achievement values ar2pdir of the first five criteria while failing to
reach one of them and the aspiration level for the sixthrioiteas well (achievement values 0.3). Solu-
tion S6 meets the aspiration levels (achievement valugddr.ghe first five criteria while while failing

to reach only the aspiration level for the sixth criterionl(i@vement values 0.3). One may easily notice
that the sixth partial achievement (and the correspondiitgrion) is constant for the seven alternatives
under consideration. Hence, one may expect the same sohelected while taking into account this
criterion or not. If focusing on only five first criteria, théime RPM (either lexicographic (3) or analytic
(2)) obviously selects solution S6 as reaching all aspindtevels which results in the worst achievement
value 1.0. However, while taking into account all six ciieall the solutions generate the same worst
achievement value 0.3 and the final selection of the RPM digpen the total achievement (regular-
ization term). Actually, either lexicographic RPM (3) os #nalytic version (2) will select then one of
solutions S1 to S5 as better than S6.

Table 1: Sample achievements with a passive criterion

Solution| a; ax a3 a4 as ag i_IIllin6 Z?:l i_nllin5 Z?:l

S1 03 12 12 12 12 0.3 0.3 54 0.3 51
S2 1.2 03 12 12 12 0.3 0.3 54 0.3 51
S3 1.2 1.2 03 12 12 0.3 0.3 54 0.3 51
S4 1.2 12 12 03 12 0.3 0.3 54 0.3 51
S5 1.2 1.2 12 12 03 0.3 0.3 54 0.3 51
S6 1.0 10 10 10 1.0 0.3 0.3 5.3 1.0 5.0
S7 03 1.0 03 10 0.6 0.3 0.3 3.5 0.3 3.2

In order to avoid inconsistencies caused by the regul@wizathe max-min solution may be regu-

larized according to the Rawlsian principle of justice. rRalization of this concept leads us to the
lexicographic max-min ordered or nucleolar solution cariceThe approach has been used for gen-
eral linear programming multiple criteria problems [1, BE| well as for specialized problems related

6
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to (multiperiod) resource allocation [9]. In discrete optZation it has been considered for various
problems including the location-allocation ones [13]. Theicographic max-min approach can be
mathematically formalized as follows. Within the space ohiavement vectors we introduce map
© = (64,0,,...,0,)which orders the coordinates of achievements vectors imdeweasing order, i.e.,
O(ay,az,...,am) = (01(a),02(a),...,0n(a)) iff there exists a permutation such that;(a) = a,;
for all i andf;(a) < fz(a) < ... < 0,,(a). The standard max-min aggregation depends on maximiza-
tion of A;(a) and it ignores values af; for i« > 2. In order to take into account all the achievement
values, we look for a lexicographic maximum among the olahievement vectors.

Note that the lexicographic RPM model (3) can be expressdéukea®llowing problem:

lexmax { (61(a), Y _6i(a)) : a; = si(fi(x)) Vi, x €Q}
i=2
thus, in the case of two criterian{ = 2), representing exactly the lexicographic max-min aggiega
For larger number of criterian{ > 2) model (3) only approximates the lexicographic max-minlbthea
lower priority objective terms are aggregated at the seguittity level. One may consider the lexico-
graphic max-min approach applied to the partial achieverugctions (7) as a basis for a corresponding
nucleolar RPM model

lexmax { (01(a),b2(a),...,0n(a)) : a; =s;(fi(x)) Vi, x€Q} (7)

We will use the name nucleolar RPM to avoid any possible niststandings when referring to the
lexicographic RPM. The nucleolar RPM implements a consegoex-min aggregation thus resulting
in much better modeling of the reference levels concept.

Table 2: Ordered achievements values

Solution | #1(a) 62(a) 6O5(a) 0O4(a) 6Os(a) 6Hs(a)

S1 0.3 0.3 1.2 1.2 1.2 1.2
S2 0.3 0.3 1.2 1.2 1.2 1.2
S3 0.3 0.3 1.2 1.2 1.2 1.2
S4 0.3 0.3 1.2 1.2 1.2 1.2
S5 0.3 0.3 1.2 1.2 1.2 1.2
S6 0.3 1.0 1.0 1.0 1.0 1.0
S7 0.3 0.3 0.3 0.6 1.0 1.0

One may easily notice that the nucleolar RPM is not affectedrly adding or eliminating any passive
criterion. While applying the nucleolar RPM the orderediagdment are lexicographically minimized
and therefore in our example solution S6 is selected for gigr@a as it was selected for five criteria
(Table 2). Actually, the lexicographic max-min is the onbgularization of the max-min approach
satisfying the reduction (addition/deleting) princip®.[ Namely, if the individual achievement of an
outcome does not distinguish two solutions, then it doesfiett the preference relation:

/ / * / / " " * " " / "
(ays. - ai,a" @iy, ay) = (af, ... a7 0" a;q,...,ay) & d =a (8)

Due to strictly monotonic individual achievement funcsoithe reduction principle is also satisfied in
the original outcome space. Moreover, since the aggregationpartial with respect to partial achieve-
ments, it depends only on distribution of achievementspeddently from their order. Hence, the nucle-
olar RPM works also properly if the max-min optimization betes passive despite one cannot identify

7
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any passive original criterion. This can be illustratedwdata from Table 3 which differ from those of
Table 1 only due to permuted achievements of solution S7s adltérnative is no longer dominated and
the sixth criterion is no longer passive. Neverthelesshadglistributions of achievement values remain
the same, the max-min optimization remains passive andaneard forms of the RPM select solution
S1to S5 according to regularization term. Similarly, theeved values of achievements remain the same
as in Table 2, and the nucleolar RPM still selects solutiom$Sthe best matching the aspiration levels.

Table 3: Sample achievements with passive max-min criterio

Solution | a; ag a3 a4 as ag

S1 03 12 12 12 12 03
S2 12 03 12 12 12 03
S3 12 12 03 12 12 03
S4 12 12 12 03 12 03
S5 12 12 12 12 03 03
S6 1.0 10 10 10 10 03
S7 03 03 03 10 06 10

The following assertions shows that the nucleolar RPM m@dgekatisfies the basic requirements for
the RPM approaches. Namely, model (7) guarantees the afficief solutions (Theorem 1) and it is
possible to generate all efficient solutions using nucke@RM by appropriately choosing the reference
vector (Theorem 2).

Theorem 1 For any strictly increasing partial achievement functionsy; ), if x is an optimal solution
of the problem (7), thest is also an efficient solution of the corresponding multtenia problem (1).

Proof. Supposex optimal to (7) is dominated by somé € Q. Thus, due to strictly increasing partial
achievement functions one geis= s;(f;(x)) < a; = s;(fi(x')) V¥ 4, with at least one inequality strict.
Hence,O(a) <., ©(a’) which contradicts optimalitk to (7). O

Theorem 2 For any x efficient solution, if the reference level are definedras= f;(x) and strictly
increasing partial achievement functiosstaking the same value at the reference level&{) = oV 7)
are used, thex is an optimal solution of the corresponding nucleolar RPMigem (7).

Proof. Note thata; = s;(fi(x)) = o V i. If there exista, = s;(fi(x")) for X’ € @ such that
O(a) < O(a), thena; =< a Vi with at least one inequality strict. This contradicts thiéecefncy of

X. O

Note that all typical partial achievement functions, intmadar piecewise linear functions of the

form (4), (5) or (6) are strictly increasing and they assige same value at the reference levels. Thus,
Theorem 2 justifies the controllability of the nucleolar RiRMthe sense that for any € @ efficient
solution to multiple criteria problem (1) there exists tlederence vector® such thatx is an optimal
solution of the corresponding nucleolar RPM problem (7)rd=fiwith this reference vector.

4 OWA Refined Reference Point Method

An important advantage of the RPM depends on its easy impittien as an expansion of the original
multiple criteria model. Actually, even more complicatedttinl achievement functions of the form (6)
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are strictly increasing and concave (under the assumpgia t< o < 1 < «), thus allowing for imple-
mentation of the entire RPM model (2) by an LP expansion [Z8E ordered achievements optimized in
the nucleolar RPM (7) are, in general, hard to implement dube pointwise ordering. Let us consider
cumulated achievements.(a) = Zle 0;(a) expressing, respectively: the worst (smallest) achieve-
ment, the total of the two worst achievements, the total efttiree worst achievements, etc. Within
the lexicographic optimization a cumulation of criterisedmot affect the optimal solution. Hence, the
nucleolar RPM model (7) can be expressed in terms of thedgraphic maximization of quantities
Qi(a): ~ ~ ~

lex max { (61(a),b2(a),...,0n(a)) : a; =si(fi(x)) Vi, x€Q} 9)

This simplifies dramatically the optimization problem singuantitiesd,(a) can be optimized without
use of any integer variables. First, let us notice that fgrginen vectora, the cumulated ordered value
0r(a) can be found as the optimal value of the following LP problem:

0r(a) = min {Z a;Uik Zu“‘f =k, 0<wuy<1 Vi} (10)
R i=1
The above problem is an LP for a given outcome veatahile it becomes nonlinear ferbeing a vector
of variables. This difficulty can be overcome by taking adage of the LP dual to (10). Introducing
dual variablef;, corresponding to the equation’”, u;, = k and variablesi;;, corresponding to upper
bounds ony;; one gets the following LP dual of problem (10):

Or(a) = max {kty — > dig:a; >ty —dgg, dp >0 Vi} (11)

i dik i

Due the duality theory, for any given vectathe cumulated ordered coefficight(a) can be found as the
optimal value of the above LP problem. It follows from (113th,(a) = max {kty —> 1", (ty —a;)+}
where(.); denotes the nonnegative part of a number @nid an auxiliary (unbounded) variable. The
latter, with the necessary adaptation to the minimizedamates in location problems, is equivalent to the
computational formulation of the—centrum model introduced by [24]. Hence, formula (11) pes an
alternative proof of that formulation.

Taking advantages of both (9) and (11), the nucleolar RPMbeaformulated as a standard lexico-
graphic optimization. Moreover, in the case of concave giase linear partial achievement functions
(as typically used in the RPM approaches), the resultingnfibation extends the original constraints
and criteria with linear inequalities. In particular, fdristly increasing and concave partial achievement
functions (6), it can be expressed in the form:

lex max (z1,22,...,2m)
st xeQ, y; = fi(x) Vi
o=kt — > dig vk
i=1 (12)
a; >ty — dig, dyg >0 Vi, k
a; <y(yi —r7)/(rd —17) Vi
a; < (yi —ry)/(rf —17) Vi

a; < aly; —rf)/(rf =) +1 Vi

Thus, the nucleolar RPM can be effectively applied to vazicwltiple criteria optimization problems
including the discrete ones.
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Model (12) provides us with an easily implementable sedakalgorithm to generate efficient so-
lutions according to the nucleolar RPM preference spetifica However, it does not introduce any
explicit scalarizing achievement function which could edly interpreted as expressing utility to be
maximized. In order to get such an analytical form (or ratgsroximation) of the nucleolar RPM one
needs to replace the lexicographic (preemptive) optintnatf the ordered achievements in (7) with its
weighting approximation. Note that the weights are themgassl to the specific positions within the
ordered achievements rather than to the partial achievsniggmselves, thus representing the so-called
Ordered Weighted Averaging (OWA) aggregation. ket= (wy,...,w,,) be a weighting vector of
dimensionm such thatw; > 0fori = 1,2,...,mand) ", w; = 1. The corresponding OWA aggre-
gation of vectom = (ay, ..., a,,) can be mathematically formalized as follows [32]. First,avgéer non-
increasingly the vector coordinates from the largest théosmallest onea) = (a1, a), - Ay ),
whereay > ap) > -+ > ayy). Further, we apply the weighted sum aggregation to ordecbibee-
ment vectorga), i.e. the OWA aggregation has the following form:

Aw(a) = Z wia@ (13)
i=1
The OWA aggregation (13) allows to model various aggregdiimctions from the maximumu( = 1,
w; = 0fori = 2,...,m) through the arithmetic meam{ = 1/m fori = 1,...,m) to the minimum
(W, =1, w; =0fori =1,...,m —1). The OWA aggregation may model various preferences from

the optimistic (max) to the pessimistic (min). The OWA diimit traditionally assume ordering from the
largest to the smallest quantity. Therefosg, = ¢,,—;+1(a) and the OWA value may be equivalently
expressed as

Aw(@) = wiblm—i1(a) = Y wm_it16;(a) (14)
=1 =1
With the OWA aggregation one gets the following RPM model:

max { Z vibi(a) : a; = s;(fi(x)) Vi, x€Q} (15)
i=1

wherev; > vy > ... > v, > 0 are positive and strictly decreasing weights € w,,,—;+1). When
differences among weights tend to infinity, the OWA aggriegaapproximates the leximin ranking of
the ordered outcome vectors [35]. That means, as the lgndase of (15), we get the nucleolar RPM
model (7). Actually, the standard RPM model with the analgtialarizing achievement function (2) can
be expressed as the following OWA model:
€ € .

max { (1+ E)Hl(a) + — ZHZ(a) a;=si(fi(x) Vi, xeQ}
Hence, the standard RPM model exactly represents the en@litity) form of the OWA aggregation
(15) with strictly decreasing weights in the casenof= 2 (v; = 1 +¢/2 > vo = £/2). Form > 2
it abandons the differences in weighting of the second #rgehievement, the third largest one etc
(ve = ... = vy, = ¢/m). The OWA RPM model 15 allows one to distinguish all the wesghy
introducing decreasing series (e.g. geometric ones). Camemuotice in Table 4 that application of
decreasing weightsr = (0.5,0.25,0.15,0.05,0.03,0.02) within the OWA RPM enable selection of
solution S6 from Table3.

10
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Table 4: Ordered achievements values
Sol.| 6; 6, 03 04 05 Og Ay
S11|0.3 0.3 1.2 1.2 1.2 1.20.525
S2 103 0.3 12 1.2 1.2 1.20.525
S3103 0.3 1.2 1.2 1.2 1.20.525
S4 103 0.3 1.2 1.2 1.2 1.20.525
S5103 0.3 1.2 1.2 1.2 1.20.525
S6 0.3 1.0 1.0 1.0 1.0 1.00.650
S7 |0.3 0.3 0.3 06 1.0 1.00.305
w |0.5 0.25 0.15 0.05 0.03 0.02

The OWA aggregation is obviously a piecewise linear funtcsoce it remains linear within every
area of the fixed order of arguments. Its optimization camiy@iémented by expressing in terms of the
cumulated ordered achievements

max { Z wifi(a) @ a; = s;(f;(x))Vi; x€Q}
i=1

wherew, = v; — v;41 fori = 1,...,m — 1, and taking advantages of the LP expression (11) {#2].
This leads to a single level computational model similarl®)(

max Zw%zk st zp =kt — Z d;g; Vk
k=1 i=1
X €Q, yi = fi(x) Vi
a; >ty — di, dig. >0 Vi k (16)
e P Y I Y
6 < (i—rD)/(f =) Vi

a; < afy; —r)/(rf —ri) +1 Vi

However, for some special sequences of the OWA weighthis solution concept can easily be
defined without any need to order outcomes thus the solutiocedure may be quite simple. From the
properties of the Gini's mean absolute difference [15] licfes that

ZZmin{ai,ak} = Zai — %Z Z la; —ax| = Z[Z(m — 1)+ 1)6;(a)

i=1 k=1 i=1 i=1 k=1 i=1

Hence, the OWA aggregation given by the decreasing sequefneeights with a constant step —
vir1 = A can be directly expressed as with the use of pairwise minimupairwise absolute differences
which are piecewise linear functions. This leads us to thevfing extension of the analytic RPM model

2
max{ mln a; + Z Zmin{ai,ak} sap=s8(fi(x) Vi, x€eQ} a7
i=1 k=1

Certainly, such an analytic model is only rough approxiorato the nucleolar RPM. Nevertheless, when
applying (17) to our sample problem from Table 1, the sofuf® is selected. For strictly increasing and

11
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concave partial achievement functions (6) the model carxpeessed as:

m m
max a + % ' Ztik st xe@Q, v = fi(x) Vi
=1 k=1
a; > a V1
a; > tig, agp > tig Vi k (18)
ai <(yi —ri)/(r —17) Vi
a < (-t D) Vi

a; <oy —r)/(rf —ri) +1 Vi

5 The Weighted OWA Aggregation

The OWA operator allows one to model various aggregatiowtfans from the maximum through the
arithmetic mean to the minimum. Thus, it enables modelingaoibus preferences from the optimistic to
the pessimistic one. On the other hand, the OWA does not alt@io allocate any importance weights to
specific scenarios. Actually, the weighted mean cannot peeeged in terms of the OWA aggregations.
Torra [27] has incorporated importance weighting into th&/Ooperator within the Weighted OWA
(WOWA) aggregation introduced as a particular case of Cabopiegral using a distorted probability as
the measure. The WOWA average becomes the weighted meae aase of equal all the preference
weights and it is reduced to the standard OWA average forledjuhe importance weights. Since its
introduction, the WOWA operator has been successfullyiagpb many fields of decision making [29]
including metadata aggregation problems [2].

Letw = (wq,...,w,) be anm-dimensional vector of preferential weights such that> 0 for
i=1,2,...,mand) ", w;, = 1. Further, letp = (p1,...,pn) be anm-dimensional vector of
importance weights such that > 0fori = 1,2,...,mand)_;", p; = 1. The corresponding Weighted
OWA aggregation of vectas = (ay, ..., a,,) is defined [27] as follows:

m

Awp@) =" wiay = wilhni1(y) with wi=w () prw) —w O _prgy)  (19)
i—1

i=1 k<i k<i

wherew* is an increasing function interpolating poirfté, >, ., w;) together with the point0.0) and

T representing the ordering permutation foi.e. y.;) = 9;(y)). Moreover, functionw* is required

to be a straight line when the point can be interpolated imWay. We will focus our analysis on the

piecewise linear interpolation functian* which is the simplest form of the required interpolation.
The WOWA aggregation covers the standard weighted meanwaightsp; as a special case of

equal preference weighta)( = 1/m for: = 1,2,...,m). Actually, the WOWA operator is a particular

case of Choquet integral using a distorted probability asteasure [5].

Example 1Consider achievements vecter's= (1, 3,2, 4,5) anda” = (1,1, 2,6,4). While introducing
preferential weightsv = (0.05,0.1,0.15,0.2,0.5) one may calculate the OWA averages, (y') =
0.05-540.1-4+0.15-34-0.2-24-0.5-1 = 2andAy (y”) = 0.05-64+0.1-44+0.15-2+0.2-1+0.5-1 = 1.7.
Further, let us introduce importance weigpts= (0.1,0.1,0.2,0.5,0.1) which mean that results under
the third achievement are 2 times more important then thelaged to criteria 1, 2 or 5, while the results
under achieveemnt 4 are even 5 times more important. To téeaccount the importance weights in

12
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the WOWA aggregation (19) we introduce piecewise lineacfiom

0.05£/0.2 for0 <¢£<0.2
0.05+0.10(¢€ — 0.2)/0.2  for0.2 < £ <0.4
w*(€) =4 0.15+0.15(¢ —0.4)/0.2  for0.4 < £ <0.6
0.3+ 0.2(¢ — 0.6)/0.2 for 0.6 < £ < 0.8
0.5+ 0.5(¢ —0.8)/0.2 for 0.8 < £ < 1.0

and calculate weights; according to formula (19) as* increments corresponding to importance
weights of the ordered outcomes, as illustrated in Fig. Paicular, one get; = w*(p5) = 0.025 and

wy = w*(ps +pa) —w*(ps) = 0.275 for vectory’ while w; = w*(ps) = 0.225 andws = w*(ps+ps) —
w*(ps) = 0.075 for vectory”. Finally, Aw p(a’) = 0.025-540.275-44-0.1-34-0.35-24+0.25-1 = 2.475
andAy p(a”) =0.225-640.075-44+0.2-2+0.25- 14 0.25 - 1 = 2.55.

(@) (b)
1 w 1 1
w w
ws ws
Ws Ws
wq
wq
Wy w3 Wy
w3
wy Y2 w3
w2
we W1 w2
w1 | Tw1 w1
ps| Pa P2’ p3 'p1q 2 Ps' P3 P1 P2y

Figure 3: Definition of weights); for Example 1: (a) vecta#/, (b) vectora”

Note that one may alternatively compute the WOWA values bigguthe importance weights to
replicate corresponding scenarios and calculate then Oygfegations. In the case of our importance
weightsp we need to consider five copies of scenario 4 and two copiesenfasio 3 thus generating
corresponding vectord = (1,3,2,2,4,4,4,4,4,5) anda” = (1,1,2,2,6,6,6,6,6,4) of ten equally
important outcomes. Original five preferential weights thesthen applied respectively to the average
of the two largest outcomes, the average of the next twosamecomes etc. Indeed, we g}, ,(a') =
0.05-45+01-4+0.15-440.2-25+0.5-1.5 = 2475 and Ay, p(a”) =0.05-6+0.1-6+0.15 -
5+0.2-2+40.5-1=2.55. We will further formalize this approach and take its adegets to build LP
computational modelgl

Functionw* can be defined by its generation functigwith the formulaw*(a) = foa g(&) d¢ Intro-

ducing breakpoints; = 3, _; p) andfy = 0 allows us to express; = [ g(§) dé— [ (&) d€ =
f 6111 g(&) d¢ and the entire WOWA aggregation as

m Bi 1 .
Awp(@) =S ags /ﬁ 9(€) de = /O g F V(e de (20)
i=1 i—1

whereff;l) is the stepwise functioF(_l)(g) = 6;(a) for B;_1 < & < f3;. It can also be mathematically

a

13



Institute of Control & Computation Engineering Report 07-06

formalized as follows. First, we introduce the right-contbus cumulative distribution function (cdf):

1 |fCLZ§d

0 otherwise (21)

Fy(d) = pidi(d) where 6;(d) = {
i=1
which for any real (outcome) valué provides the measure of achievement values smaller or ¢gual
d. Next, we introduce the quantile functidﬁg_l) =inf {n : Fa(n) > £} for0 < £ < 1 as the left-

continuous inverse of the cumulative distribution funatig,, ie.,Fé‘l)(g) = inf {n : Fa(n) > ¢}for
0 <¢<1,andfinallyF. V() = F{V(1 — ¢,

a

Formula (20) provides the most general expression of the \W@ygregation allowing for expansion
to continuous case. The original definition of WOWA allowda build various interpolation functions
w* [28] thus to use different generation functions formula (20). We have focused our analysis on the
the piecewise linear interpolation functiasi. Note, however, that the piecewise linear functions may
be built with various number of breakpoints, not necesgaril Thus, any nonlinear function can be
well approximated by an piecewise linear function with ayiate number of breakpoints. Therefore,
we will consider weights vectorgs of dimensionn not necessarily equal ta.. Any such piecewise
linear interpolation functionv* can be expressed with the stepwise generation fungtion= nwy, for

(k—1)/n<&<k/n k=1,2,...,n. This leads us to the following specification of formula (20)

n k/n (1) n k/n
Awp(y) = Zwkn/( Fy 7€) d§ = Zwkn/(
k=1 k=1

k—1)/n k=1)/n

RV —¢)de (22)

Note thatn, [/"

(k—1)/n Ffl‘l)(g) d¢ represents the average within theh portion of1/n largest outcomes,
the corresponding conditional mean [21, 25]. Hence, foar{@R) defines WOWA aggregations with
preferential weightsw as the corresponding OWA aggregation but applied to theitondl means
calculated according to the importance weightinstead of the original outcomes. Fig. 4 illustrates

application of formula (22) for computation of the WOWA aggations in Example 1.

(@) ps, P p2 _ps pil  (b) P4 ps P pipal

—(-1)

6—- g 6 Fv//

50— _ 5+
: -1

44 : FV/ 44 FE

34 , 34

21 21

1+ X X X X — 1+ X X X X

0 5wy | bwe | bws | dbwy X 0 S5wi | bwe | bws | dwy X

0 02 04 06 08°9 0 02 04 06 08°9)

Figure 4: Formula (22) applied to calculations in Exampléa):vectora’, (b) vectora”

We will treat formula (22) as a formal definition of the WOWAgggation ofm-dimensional out-
comesa defined bym-dimensional importance weighgsandn-dimensional preferential weights. We
will focus our analysis on the WOWA aggregation defined by@asing weightsr; < wo < ... < wy,.
Recall that this represents decreasing weigthsorresponding t@;(a), i.e. equally important unit of a
smaller outcome is considered with a larger weight. Thisash@matically represented by the convexity
of functionw* as well as it may be viewed as andness of the WOWA operator fi@jhveonsidered as
the OWA defined via the regular increasing monotone (RIMntjtiars [34] (fo1 w*(&)d¢ < 0.5).
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6 WOWA Enhanced RPM

The WOWAaggregation can be applied to the partial achiemenfienctions in order to incorpo-
rate some importance weigths for several achievements.instamce applying importance weighting
P = (5,3, 5. 5.5 5) to solution achievements from Table 3 and using them togetita the
OWA weightsw from Table 2 one get the WOWA aggregations from Table 5. Thieesponding RPM
method selects than solution S6, similarly to the case oéleiguportance weights. On th eother hand
when increasing the importance of the last outcome achiemwithp = (&, 4, 1, &, 4, %) one

get the WOWA values from Table 6.

Table 5: WOWA selection

w | 05 0.25 | 0.15 | 0.05 | 0.03 | 0.02 |Awp(a)
S1/0.3 0.30.3 0.30.3 1.21.2 1.21.2 1.21.2 1.20.4575
S2/0.3 0.30.3 0.31.2 1.21.2 1.21.2 1.21.2 1.20.525
S3|0.3 0.30.3 1.21.2 1.21.2 1.21.2 1.21.2 1.20.6375
S4/0.3 0.31.2 1.21.2 1.21.2 1.21.2 1.21.2 1.20.75
S5/0.3 0.31.2 1.21.2 1.21.2 1.21.2 1.21.2 1.20.75
S6/0.3 1.01.0 1.01.0 1.01.0 1.01.0 1.01.0 1.00.825
S7/0.3 0.30.3 0.30.3 0.30.3 0.30.3 0.61.0 1.00.3185

Table 6;: WOWA selection

w| 05 | 025 | 0.15 | 0.05 | 0.03 | 0.02 |4y p(a)
S1/0.3 0.30.3 0.30.3 0.30.3 0.31.2 1.21.2 1.20.345
S2/0.3 0.30.3 0.30.3 0.30.3 0.31.2 1.21.2 1.20.345
$3/0.3 0.30.3 0.30.3 0.30.3 0.31.2 1.21.2 1.20.345
S4/0.3 0.30.3 0.30.3 0.30.3 0.31.2 1.21.2 1.20.345
S5/0.3 0.30.3 0.30.3 0.30.3 0.31.2 1.21.2 1.20.345
S$6/0.3 0.30.3 0.30.3 0.30.3 1.01.0 1.01.0 1.00.3525
$7/0.3 0.30.3 0.61.0 1.01.0 1.01.0 1.01.0 1.00.5125

Formula (22) defines the WOWA value applying preferentialghts w; to importance weighted
averages within quantile intervals. It may be reformuldtedse the tail averages

- k-1 k - k
Aw,p(a) = ank(l’(a7p71 - T) - L(aapa 1- E)) = Zw;cL(aapa E) (23)
k=1 k=1

whereL(a, p, ) is defined by left-tail integrating oﬂg_l), ie.

3
L(a,p,0) =0 and L(a,p,&) = / F(a)da foro<e<1 (24)
0

while weightsw), = m(wp—k+1 — wm—k) for k =1,...,m — 1 andw,,, = mw;.
Graphs of functiond.(a, p, &) (with respect tg) take the form of convex piecewise linear curves, the
so-called absolute Lorenz curves [19] connected to théaalaf the second order stochastic dominance
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(SSD). Therefore, formula (23) relates the WOWA averagbed3SD consistent risk measures based on
the tail means [10] provided that the importance weightsraagted as scenario probabilities.
Following (23), maximization of the WOWA aggregated ackiments

max{Awp(a) : a =s(fi(x) Vi, xeQ} (25)

results in problem

max{z wiL(a, p, %) e =s(fi(x)Vi, xeQ}
k=1

with positive weightsw, .
According to (24), values of functioh(a, p, £) for any0 < ¢ < 1 can be given by optimization:

L(a,p,§) =min{> a;s;: Y si=¢ 0<s;<p; Vil (26)
b= i=1

The above problem is an LP for a given outcome veatahile it becomes nonlinear fearbeing a vector
of variables. This difficulty can be overcome by taking adage of the LP dual to (26). Introducing
dual variablet corresponding to the equation;", s; = ¢ and variables!; corresponding to upper
bounds ors; one gets the following LP dual expressionigfa, p, &)

= - idi ot —d; < a;, di > )
L(a, p,&) = max {¢t ;pzdz t—d;<a; d; >0 VYi} 27)

Therefore, maximization of the WOWA aggregation (25) camkgressed as follows
n

max Z wé[%tk — ; Pidik]

tk,dik 01,5 1
st tp —diy, <a;, di,. >0 Vi, k
a; = s(fi(x)) Vi, x € Q

Taking into account piecewise linear partial achievementfions (6) one gets finally the following
model for the entire WOWA Reference Point Method:

m
max E w2,
k=1

st z=ktp—mY  pidip VEk

x€Q u=fix) Vi (28)
aiztk—dik, dzkzo Vi,k

a; < 7% Vi

0 < B Vi

A Vi
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7 Concluding Remarks

The reference point method is a very convenient techniquiatieractive analysis of the multiple criteria
optimization problems. It provides the DM with a tool for gpem analysis of the efficient frontier. The
interactive analysis is navigated with the commonly acegmontrol parameters expressing reference
levels for the individual objective functions. The parti@hievement functions quantify the DM satisfac-
tion from the individual outcomes with respect to the giveference levels. The final scalarizing func-
tion is built as the augmented max-min aggregation of daatihievements which means that the worst
individual achievement is essentially maximized but thenojzation process is additionally regularized
with the term representing the average achievement. Theariation by the average achievement is
easily implementable but it may disturb the basic max-migregation. In order to avoid inconsisten-
cies caused by the regularization, the max-min solution beayegularized according to the Rawlsian
principle of justice leading to the nucleolar RPM model. Theleolar RPM implements a consequent
max-min aggregation taking into account also the secondtvamhievement, the third worse and so on,
thus resulting in much better modeling of the referencel¢ezencept.

The OWA aggregation with monotonic weights combines allghgial achievements allocating the
largest weight to the worst achievement, the second laxgeight to the second worst achievement,
the third largest weight to the third worst achievement, soan. It approximates nucleolar RPM in-
troducing explicit scalarizing achievement function toibterpreted as utility. Further following the
concept of Weighted OWA [27] the importance weighting ofesa¥ achievements may be incorporated
into the RPM. Such a WOWA enhancement of the RPM uses impmtareights to affect achieve-
ment importance by rescaling accordingly its measure withe distribution of achievements rather
than straightforward rescaling of achievement values.[Z26k ordered regularizations are more compli-
cated in implementation due to the requirement of pointwiskering of partial achievements. However,
the recent progress in optimization methods for orderedbges [22] allows one to implement the OWA
RPM quite effectively by taking advantages of piecewisedinexpression of the cumulated ordered
achievements. Similar, model can be achieved for the WOWM RA&Ctually, in the case of concave
piecewise linear partial achievement functions (typicaied in the RPM), the resulting formulation ex-
tends the original constraints and criteria with simpledéininequalities thus allowing for a quite efficient
implementation.
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