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Abstract — Resourceallocation problemsare concemed with

the allocation of limited resourcesamongcompeting activities
soasto achieve the bestoverall performances. In this paper,
we focuson approachesthat attempt to allocate resourceseq-
uitably among the competing activities. The problems of ef-
ficient and equitable resource allocation arise in various sys-
tems which sewve many users, like in telecommunication sys-
tems. Telecommunicationnetworks are expectedto satisfy the
increasingdemandfor traditional sewicesaswell asto accom-
modate multimedia services. Hence, it becomescritical to al-
locate network resources, such as available bandwidth, so as
to provide high level performance of all sewicesat numerous
destination nodes.The performance can be measured in terms
of expecteddelaysto be equitably minimized for all sewice de-
mands. In this paper we intr oduceand analyzea solution con-
ceptof the conditional minimax asa generalizationof the mini-

max solution conceptextendedto takeinto accountthe number
of sewices(the portion of demand)relatedto the worst perfor-
mances.Namely, for a specifiedportion of demandwetakeinto

accountthe correspondingportion of the maximum resultsand
we considertheir averageasthe worst conditional meanto be
minimized. We show that, similar to the standard minimax ap-
proach,the minimization of the worst conditional meancanbe
defined by a linear objective and a number of auxiliary linear
inequalities. We report someresults of initial computational
experiencewith the new solution concept.

1. Introduction

Resourcallocationproblemsareconcernedvith thealloca-
tion of limited resourcesmongcompetingactiities soasto
achiese the bestoverall performancesln this paper we fo-
cuson approacheshat, while allocatingresourcesattempt
to provide an equaltreatmentof all the competingactivi-
ties [8]. The problemsof efficient and equitableresource
allocationarisein varioussystemswvhich sene mary users,
like in telecommunicatiosystemsamongothers.Telecom-
municationnetworks are expectedto satisfythe increasing
demandfor traditionalservicesaswell asto accommodate
multimediaservices.Hence,it becomegritical to allocate
network resourcessuchasavailablebandwidth soasto pro-
vide highlevel performancef all servicesatnumerougsles-
tination nodes.The performancecanbe measuredn terms
of expecteddelaysto be equitablyminimizedfor all service
demands.

The genericresourceallocation problemmay be statedas
follows. Eachactivity is measuredy anindividual perfor
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mancefunctionthatdepend®n the correspondingesource
level assignedo that activity. A smallerfunction valueis
consideredetter like the performancemeasuredn terms
of expecteddelays. Modelswith an (aggreyated)objective
functionthatminimizesthe mean(or simply the sum)of in-
dividualperformancearewidely usedto formulateresource
allocationproblemsthusdefiningthe so-calledminisumso-
lution concept.This solutionconcepis primarily concerned
with the overall systemefficiengy. As basedon averaging,
it often provides solution wherelow demandservicesare
discriminatedin termsof delays. An alternatve approach
dependson the so-calledminimax solution conceptwhere
theworstperformancémaximumdelay)is minimized. The
minimax approachs consistenwith Rawlsian [12] theory
of justice,especiallywhenadditionallyregularizedwith the
lexicographicorder[9]. On the otherhand,allocatingthe
resourcego optimizethe worst performancesnay causea
largeworseningof the overall (mean)performances.

In this paperwe introduceandanalyzean alternatve com-

promisesolutionconceptof the conditionalminimax. It is

aparametrigeneralizatiorof theminimaxsolutionconcept
taking into accountthe numberof services(the portion of

demand)relatedto the worst performances Namely for a

specifiedolerancdevel (numberof servicesk or portion of

demandB) we take into accountthe entire group of the k

(B portion) maximumresultsandwe considertheir average
astheworstconditionalmeanto be minimized. According
to this definitionthe solutionconceptis basedon averaging
restrictedto the group of the worst results. We show that,

similar to the standardninimaxapproachthe minimization
of theworstconditionalmeancanbe definedby alinearob-

jective anda numberof auxiliary linearinequalities.

Resourceallocationmodelsmay be usedto help to solve
two major typesof telecommunicatiomproblemsemepging
with explodingdemandnmultimediaserviceg2]. Thefirst
type of problemsis relatedto decisionsupportfor design-
ing robust and cost-efective fiber-optic networks[3]. The
otherfield is traffic engineeringwhich representshe abil-
ity to optimizethe useof network resource®nly by means
of efficient routing decisiong4]. In otherwords,while the
first groupof problemsdealswith the network engineering
beingrelatedto the physicaldesignof the network, the sec-
ondgroupis ratherrelatedto the softwaredesign.The pro-
posedsolutionapproachis generalenoughto be applicable
for bothtypesof problems.However, we demonstratét on
straightforvard problemsrelatedto thetraffic engineering.
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Thepaperis organizedasfollows. In the next sectionwe in-
troduceour genericresourceallocationmodelandwe shov
how it can be usedto expressseveral traffic engineering
problems. In Section3 the solution conceptof the condi-
tional minimaxis formally introducedandit is shavn that,
similar to the standardminimax approachthe solutioncan
be definedby a linear objective and a numberof auxiliary
linear inequalities. In Section4 we reportsomeresultsof
our initial computationakxperiencewith the new solution
concept.

2. Themodel

The genericresourceallocation problemthat we consider
may be statedasfollows. Thereis givenasetof m services.
Thereis alsogivena setQ of allocationpatterngallocation
decisions). For eachservicei a function f,(x) of the allo-
cationpatternx hasbeendefined. This function, calledthe
individual objective function,measurethe outcome(effect)
y; = f;(x) of the allocationpatternfor servicei. In appli-
cations,we consider an outcomeusually expresseshe de-
lay. However, we emphasizdo the readerthat we do not
restrictour consideration$o thecaseof outcomesneasured
asdelays.They canbe measuredmodeled)asservicetime,
servicecostsaswell asin amoresubjectve way. In typical
formulationsa smallervalue of the outcome(delay) means
a bettereffect (higherservicequality or client satisaction).
Otherwise,the outcomescan be replacedwith their com-
plementsto somelarge number Therefore without loss of
generality we canassumethat eachindividual outcomey;
is to be minimizedwhich resultsin a multiple criteriamini-
mizationmodel.

The simplestservicesstructureforms the uniform problem
whereeachservicerepresentsa singleunit. Usually, oneis
interestedn putting into allocationmodelsomeadditional
demandweightsw;, > 0 to representhe amountof demand
for the specificservice. Integer weightscanbe interpreted
asnumbersof unweighteddenticalserviceso be repeated
independentlyFor initial theoreticalconsiderationsve will
assumehat the problemis transformed(disaggrgated)to
the uniform one (that meansall the demandweights are
equalto 1). Notethatsucha disaggrgationis possiblefor
integer as well as rational demandweights, but it usually
dramaticallyincreaseshe problemsize. Thereforewe con-
sidersolutionconceptsvhich canbe applieddirectly to the
weightedproblem.For this purposewne will usethe normal-
izeddemandweights

m
vvi:wi/ZWj fori=12,...,m 1)
=1

ratherthanthe original quantitiesw;. Notethat,in the case
of uniform problem(all w; = 1), all the normalizedweights
aregivenasw; = 1/m.
Telecommunicatiomproblemsdealwith routing of the data
traffic in anexisting network or with designingthe network
expansiongo accommodaté¢he traffic. Both type of prob-
lemsrequirethe allocationof network resourcegcapacities
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or potentialcapacities)Let usconsidelaconnectedetwork
consistedf anodesetN to represenvariouslocations.Di-
rectedlinks (j,k) € L ¢ N x N areattributedby the band-
width/capacitycoeficients b, and the delay/distance/cost
coeficientscjk. Further we considerasetl = {1,2,...,m}
of mservices Eachserviceis relatedto somedatatraffic be-
tweento network nodes.Thus,the serviceis describedy a
directedpairof nodeqs(i),d(i)) representinghesourceand
the destinatiorof the datatraffic, respectiely. The amount
of the datatraffic relatedto servicei is describedy the de-
mandweightw;. The latter may be skippedin the caseof
uniform problemwhereall the servicesgeneratehe same
amountof datatraffic (w; = 1 for all i).

Within atelecommunicatiometwork the datatraffic is gen-
eratecby ahugenumberof nodessxchangingdata.ln sucha
network, arelatively smallsubsetd C N of nodesarechosen
to sene ashubswhich canbe usedasintermediateswitch-
ing points[1, 6]. Givenasetof hubs,datatraffic generated
by aserviceis sentfrom thesourcenodeto a hubfirst. It can
be thensentalongcommunicationdink betweerhubs,and
finally reachthe destinationnodealonga link from a huh
The hub-basedetwork organizationallows the datatraffic
to be consolidatedn theinter-hublinks.

While takinginto accounthe hub-basedetwork structure,
the main decisiongo be madefor the servicesorganization
canbe describedwith the assignmenbf a directedpair of
hubs(h'(i),h’(i)) to eachservicei. The datatraffic for ser
vicei isthenimplementedy sendingrom thesources(i) to
the hub b/ (i) first, the useof the inter-hub connectionfrom
K (i) to h"(i) next, andthe final sendingfrom h”(i) to the
servicedestinationd(i). The delay/distancef sucha data
pathis usuallyassumedo be definedasthe sumof several
link deIayscS(i)yh,(i) + Crv(iy iy S,y Notethata sin-
gle hubcanbeusedis somecasegh' (i) = h’(i)) which may
requirea definition of the correspondinglummy inter-hub
links.

In the caseof the demandweightsfor variousserviceghere
is no justificationfor a strict assignmenof a singlepathto
thespecificservicesinceseveralunitsmaybesentalongdif-
ferentpaths.Thereforethe maindecisionamaybemodeled
with variablesxijk (iel; j,k e H) expressingheamountof
datatraffic relatedto servicei routedvia hubsh; andh,. To
meetthe problemrequirementsthe decisionvariablesx;;,
have to satisfythefollowing constraints:

; > Xije= W,
jeH keH

injk < b,
1€

Xij =0

foriel (2)
for j,ke H 3)
foriel; j,keH (4)

whereequationq2) guaranteghe routing of whole service
demandswhile inequalities(3) keepthe datatraffic within

the capacitylimits. Note thattaking into accountthe hub-
basednetwork specificity we have consideredhe capacity
constraintonly for theinter-hublinks.

The unit performancemeasurddelay) of the servicei may
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be expressedvith thefollowing linearfunction:

1 .
fi(x):Wij;eH[Cs(i)’j+Cjk+ck’d(i)]xijk foriel (5)

Hence,all the functions f;(x) needto be minimized. The
typical problemsinvolving routingdecisionsareconsidered
asdynamicand stochastic.Neverthelesspne may analyze
a straightforvard static allocation problemrelatedto traf-
fic engineeringrouting) decisionswithin atelecommunica-
tion (or transportationnetwork. Sucha problemdepends,
simply, on minimizationof criteria(5) subjectto constraints
(2)—(4).

Similar model may be consideredor the inter-hub band-
width allocationproblemrelatedto the network designis-
sues.Namely onemay minimize the samecriteria (5) and
the sameconstraintg2)—(4), but the bandwidthb ik in con-
straints(3) needto be considereddecisionvariablesrather
thandataparametersAgain, it is a straightforward network
designmodelbut its analysismay be usefulat someinitial
phase®f thedesignprocess.

In the abore modelwe allow the servicesto be partitioned
in various portions of the demandand implementedwith
possiblydifferentrouting. We believe thatis acceptabldor
mostapplicationgelatedo datatransferasthestandaraiata
packages relatively extremelysmallwhencomparingo the
total amountof demand.Moreover, new routing protocols
developedfor the Internetservices lik e the Multi-Protocol
Label Switching, allow much flexibility in the traffic en-
gineeringsolutions[4]. Neverthelessthe problem(2)—(5)
maybeadaptedo therequiremenbf asinglerouteassigned
to eachservice,if necessary For this purpose,one needs
to introducebinary decisionvariablesx;, equall whenthe
inter-hublink (h;,h,) is usedto implementservicei, and0
otherwise.The constraintgake thenthefollowing form:

X =1 foriel
ZWiXiijbjk for j,keH
e
andthe resultingmodelis very closeto the location prob-

lems][6, 10].

In problem (2)—(5) we have consideredall the hubsas di-
rectly connectedoy the correspondingnter-hub links. In
telecommunicatiometworks hubs are rather organizedin
somenetwork structure(architecture)which causeghe ex-
istenceof some interactions(common bandwidth limits)
betweenvariousinter-hub connectionsepresentingather
paths(routes)thandirectlinks. The moderntelecommuni-
cationnetworks heavily usethe architectureof a collection
of bidirectionalrings (asin SONET standard3]). The fol-
lowing example specifiessuchan allocationmodel where
the hubsarearrangedn a cycle andthe traffic engineering
problemneedsto take into accountthe bidirectionalring-
loadingissues.Thistype of modelswe will usein Section5
to demonstratsomecomputationatesults.

Example 1 Let usconsideragaina connectedetwork con-
sistedof a nodesetN directedlinks (j,k) € L C N x N
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which areattributed by the bandwidth/capacitgoeficients
b; andthe delay/distance/costoeficientsc;. A setl =
{1,2,...,m} of m servicesis considered. Eachserviceis
relatedto a directedpair of nodes(s(i),d(i)) (the source
andthe destinationof the datatraffic), andit requiresthe
amountw; of the datatraffic (demandweightw;). A rela-
tively small subsetH C N of p nodesare chosento sene
ashubs. Hubsh,, h,,..., hy_,, hp are arrangedclock-
wise in a cycle (ring). That meansthereare p clockwise
directed interhub links:  (hy,h,),(hy,hg),.... (h,_4,hp),
(hp,hy), and p counterclockwisedirectedinter-hub links:
(hp, N ) (Np 1My o)., (hy,hy), (g, hp).
Themaindecisionsnay be modeledwith variablesx;, and
x{’jk (i €l; j,k € H) expressingthe amountof datatraffic
relatedto servicel routedvia hubsh; andh, usingclockwise
or counterclockwiseconnection respectiely. To meetthe
servicedemandequirementsthedecisionvariableshave to
satisfythefollowing constraints:

/. +X€/- =W
j; k;()éjk jk) i
Xk Xijk > 0

foriel (6)

foriel; jkeH (7)

Recallthatthereis apieceof datatraffic which passesrough
a singlehub not generatinghering traffic eitherclockwise
or counterclockwise.Namely x;; +xj; for j € H is the
amountof suchtraffic andit couldberepresentety asingle
variablebut we have acceptedhe redundang to keepthe
constraintg6) simplet

To analyzethe bandwidth(links capacity)allocation one
needsto accumulatehe traffic load of specificlinks in the
ring. Let (I;,1,) € C denotea clockwiselink in thering, i.e.
l,=1,+1forl;=1,...,p=1orl, =1forl, = p. Thelink
is loadedwith clockwisetraffic from hub h; to hub hy for
i=1,...,1,-1landk=1,,...,pork=1,...,j —laswell
as(if I, <p-1forj=1,+1,...,pandk=1,,...,j— 1.
Hence the clockwisetraffic of all the serviceggenerateshe
following (clockwise)link load

g ['2_1< P y j_lx’ ) P J'—1X’ ] @)
— IS R + R 8
2 g 121 kgz K kZl )T 2+lk;2 K

for each(l,,l,) € C. By symmetry the counterclockwise
traffic of all the servicesgenerateshe (counterclockwise)
link load

L,—1/ p y k—lX’ Pok=1
Zfl,lz %L; <j=2 a ng Jk) k=zz+1j;2 Jk] ®

for each(l, I,) € C. Notethatz’ | denotesin fact,theload

of directedcounterclockwiseink (l,,l;). With commonly
consideredidirectionalcapacity(bandwidth)imits thelink
loadsmustsatisfythe constraints

4, +t4,,<b

In the caseof independentlyconsideredseparatesingle-
directional capacitylimits, the latter needsto be replaced

for (I,,1,) € C (10)
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with constraints

4,

l
1’2_ I1|2

and 7 . for (I.,1,) €C

I1 I2
The unit performancemeasurgdelay) for the servicei is
expressedvith thefollowing linearfunction:

fix) = wiizj,keH(Cs(i),j + i+ G )X i (1)
+ Wil % i ken (Csgi,j + ikt Gy Kk

wheredj, andd’} denotethedelaysalongtheclockwiseand
counterclockwiserespectiely, pathsfrom hj to h, in the
ring C For instancejn thecaseof 1 < j < k< p onegets

ik = Cjj+1t---+C_qy Certainly all thefunctionsf;(x)
needto be minimized. Hence ,a simpletraffic engineering
problemwith bidirectionalring loadingissuescanbe con-
sideredas multiple criteria minimizationof (11) subjectto
constraintg6)—(10).
Theproblem(6)—(11)maybeadaptedo therequiremenbf
a singleinter-hub route assignedo eachservice,if neces-
sary Let usassumeéhatthe datatraffic relatedto servicei
androutedvia hubsh, andh, hasto useeitherclockwise
or counterclockwiseonnectionwithout ary splitting. This
requirementanbe modeledby introducingbinary decision
variablesr;;, equall whenthe clockwiseconnectionfrom
h; to h, is usedto implementservicei, and0 for the coun-
terclockwiseconnection. The modelneedsto be extended
thenwith the constraintof thefollowing form:

Xk <wir and X <wi(1-ry) foriel, jkeH

One may alsoformulatea network designproblemwhere
quantitiesblplz for (I3,1,) € C areconsideredsasetof mul-
tiple criteriato be minimizedsubjectto constraintg6)—(10)
with possibleupperlimits on servicedelaysf;(x). O

3. Thesolutionconcept

Assumingthatthe genericallocationproblemhasbeendis-
aggreyatedto the unweightedform (all w, = 1), it may be
statedasthe following multiple criteriaminimizationprob-
lem:

min {f(x) : x € Q} (12)

wheref = (f,,..., fm) is avectorof theindividual objective
functionswhich measurehe outcome(effect) y; = f;(x) of
theallocationpatternx for servicei.

We do notassumaery specialform of thefeasiblesetwhile
introducingthe solutionconcepts.We ratherallow the fea-
sible setto be a generalpossiblydiscrete(noncorvex), set.
Similarly, we do not assumeary specialform of the indi-
vidual objectie functionsnor their specialproperties(like
corvexity). Thereforethesolutionconceptsnaybeapplied
to variousallocationproblems. Neverthelessthe solution
conceptsye considerareimplementabléy alinearobjec-
tive anda numberof auxiliary linearinequalities. Thusthe
solutionconceptresere a possiblestructure(LP or con-
vexity) of theallocationproblemunderanalysis.
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Most classicalallocationstudiesfocuson the minimization
of the mean(or total) outcomeor the minimization of the
maximum (the worst) outcome. Both the corresponding
solution conceptsare well definedfor aggrejatedalloca-
tion modelsusingdemandweightsw; > 0. Exactly, for the
weightedallocationproblem,the minisumsolutionconcept
is definedby the minimizationof the objective functionex-
pressinghe mean(average)outcome

y) = i WY,

but it is alsoequialentto the minimizationof the total out-
comey ™, wy,. The minimaxsolutionconceptis defined
by the minimization of the objective function representing
the maximum(worst)outcome

M(y) = max VY
i=1,...,m

andit is notaffectedby thedemandweightsat all. Boththe

classicalsolutionconceptsarerepresentedvith simpleag-

gregationof multiple criteriamodel(12). Namely the min-

isumapproacltsimply usetheweightedsumof criteria

m
min{ZvVifi(x) : X€Q} (13)
i=
while the minimaxapproactresultsin a problem
min{t: xeQ;t> fi(x) fori=12,...,m} (14)

with only oneauxiliary variablet andm inequalitiesto de-
fineit.

Sincethe minisum approachis basedon averaging,it of-
ten provides solutionswherelow demandservicesrelated
to remotedestinationarediscriminatedn termsof delays.
On the otherhand,allocatingthe resourcego optimizethe
worstcasemaycausealargeincreasean thetotaldelaysthus
generatingasubstantialossin theoverall systemefficiency.
This hasled to a searchfor somecompromisesolutioncon-
cept.

A naturalgeneralizatiorof the maximum (worst) outcome
M(y) is the worst conditional meandefinedas the mean
within the specifiedtolerancelevel (amount)of the worst
outcomes. For the simplestcaseof the unweightedal-
location problem (12), one may simply define the worst
conditionalmeanM, (y) asthe meanoutcomefor the k

worst-of services(or}1 ratherk/m portion of the worst ser
vices). This can be mathematicallyformalized as fol-
lows. First, we introducethe orderingmap® : R™ — R™
suchthat ©(y) = (6,(y), (). . Bim(y)), where8;(y) >
8,(y) > --- > 6m(y) and there exists a permutationt of
setl suchthat 6,(y) = Ya(iy fori=1,2,...,m. Theuseof
orderedoutcomevectors®(y) allows us to focus on dis-
tributions of outcomesmpartially. Next, the linear cumu-
lative map is applied to orderedoutcomevectorsto get
Oy) = (6,(¥) 65(Y); - - -, Bm(y)) definedas

k

=219i(y), fork=1,2,...,m (15)
i=
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The coeficients of vectoré(y) express,respectiely: the
largestoutcome the total of the two largestoutcomesthe
total of the threelargestoutcomes.etc. Hence,the worst
n%—conditionalmeath (y) is givenas

m

M, (y) = %Gk(y),

fork=1,2,...,m. (16)

3=

Note that for k = 1, M, (y) = 6,(y) = 6,(y) = M(y) thus

regresentlnc_memaX|mumoutcomeandfork m, M, (y) =
m6m(Y) = 3301 6(Y) = 5301 Y = H(Y) whichis the
meanoutcome Exceptfor thesetwo limiting casesthedef-
inition (16) is hardly implementabledue to the useof the
orderingoperator The following theorem[11] shaws that
the worst conditionalmeancan be found by minimization
of ascalarmieceaviselinearcorvex function.

Theoeml: Forary vectory € R™ thecorrespondingjuan-
tity 6,(y) representsheminimumvalueof the (scalar)opti-

mization:
(m - Yi Zlyl

(17)
while t = 6,(y) is an optimal solution (argument)of the
above optimization.

Proof. First,weshaw thatt = 6, (y) minimizesthefunction:

m

min— 3 [kt —y,), +

ek(y) - teR M.
i=

m

Zl =¥+ (M=K —=t),].  (18)

m

Note that g, (t) = Z +(Mm=K)(6(y) —t),].
_ I
Considert =t + 0 with ary 6 € R (posmve or negative).
Fori=k+1,...,m
(E+0)—6(y): > ({T—6(y)++0
and

and

Henceonegets

m m

k; (t+0) -y 2k

and

m m

M=Ky - Ed). > M-Ky v-0.
—  (m=K)k3.

Thusfinally, g, (t) < g,(t+ ) forall 5 € R.
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Further calculatingthe minimal valueof (18), we get:

+(M=K)(Y; — 6,(¥))+]

3
~

—6(y)) - (m—k) &(y))

i= mzi

> (8y) =

[l
+
AN

k;m

—m|n
m terR 9(t)

" Y

which completeghe proof of (17). d
It follows from Theoreml that, for a given vectory, the
valueof 6, (y) maybefoundby solvingthelinearprogram:

_ 2 k. o om-k.  kZ
B.y) = min i;(ﬁdi +Tdi )+ai;Yi
subjectto
df —d~ =y, —t, dt,d”>0vi

wheret is an unboundedrariablerepresenting freely se-
lected target while nonngative variablesd’ andd~ rep-
resent, for several outcomevaluesy;, their upside and
downsidedeviationsfrom the selectedargett, respectiely.
Moreover, the target variablet takesthe value of ,(y) at
theoptimalsolution. Thelinearprogramcanbefurthersim-
plified by the elimination of variablesd~ representinghe
downsidedeviations.Hence following (16), theworstk/m-
conditionalmeanM, (y), fork=1,2,...,m, is givenby the

following optimizatﬁnon:

M (y) =

k
m

. 12 .
mln{t-}-Ei; dt : dtf >y —t, df >0vi}.

(19)
This allows usto definethe k/m—conditionaiminimaxsolu-
tion for the unweightedallocationproblem(12) asthe opti-
mal solutionto the optimizationproblem:

m
min{t+%21di+ 1 x€eQ; df > fi(x)—t, dt >0Vi}
i=

(20)
or simply

min {t+%i(fi(x)—t)+ ;

where(.)* denoteghe nonneyative partof anumber
Onemay noticethatformula (17) in Theoreml aswell as
the subsequentptimizationproblems(19) or (20) defining

x € Q}
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the conditionalminimax, all they aregivendirectly on out-
comesy; withoutary useof theorderingoperator®. Thus,
in the caseof a weightedallocationproblem, Theorem1

appliedto the correspondinglisaggrgatedproblem (with

equalweights)resultsin formulasallowing us to reaggre-
gatethe outcomeselatedto the sameservices. Hence,in

the presenceof demandweightsw, > 0, for ary real tol-

erancelevel 0 < B < 1, thereis well definedthe worst 3—

conditionalmean

m
MB(y)=min{t+%§ivVidi+ OF >y —t, 4 > 0Vi}
1=

wherew; denotethe normalizedweights(1). This allows
us to define the B—conditional minimax solution for the
weightedallocationproblemasthe optimal solutionto the
following problem:

m
min{t+%zivvidi+ 1 x€Q; df > fi(x)—t, dF > 0Vi}.
i=

(21)
Notethat(21) usesm+ 1 auxiliary variablesandminequal-
ities to defineminimizationof the worst conditionalmean.
Whenthe tolerancelevel 8 tendsto 0, thenall the devia-
tional variablesd" areforcedto 0. Therefore,the limit-
ing problemof the standardninimaxoptimizationtakesthe
simplerform (14). On the otherhand,for 3 = 1, problem
(21) takestheform

min{_i W(dF +1) © x€Q; dF +t > f(x), dF > 0Vi}

which canbe simplified to the standardninisumoptimiza-
tion (13).

The cumulative orderedoutcomes(15), usedto introduce
the worst conditional mean, are closely related with the
Pigou-Daltontheory of inequality measuremenfl13] and
the Lorenz curves. Assumethat the allocation problem
(12)is transformeddisaggrgated)nto the unweightedne
(that meansall the demandweightsare equalto 1). Vec-
tor O(y) (exactly %G)(y)) can be viewed graphicallywith
the curve connectingpoint (0,0) and points (i/m, 6,(y)/m)
fori=1,2,...,m. Graphsof vectors®(y) take the form of
unnormalizedconcae curves,the (upper) absoluteLorenz
curves

The absoluteLorenzcurvesdefinesthe relation (partial or-
der) of the equitabledominance.The equitabledominance
is originally definedby axioms of efficiengy, impartiality
and the Pigou-Daltonprinciple of transfers[7, 10]. Nev-
erthelessdueto the resultsof the majorizationtheory[7],
it canbe expressedvith inequalitieson the absolute_orenz
curves.Exactly, outcomevectory’ € Y equitablydominates
y’ €Y, if andonly if 8(y") < 6(y") for all i € | whereat
leastone strict inequality holds. We saythat an allocation
patternx € Q is equitablyefficient (is an equitablyefficient
solution of the multiple criteria problem(12)), if andonly
if theredoesnot exist ary x' € Q suchthatf(x') equitably
dominate$(x). Notethatwith therelationof equitabledom-
inanceanoutcomevectorof smallunequabutcomesnaybe

JOURNAL OF TELECOMMUNICATIONS
AND INFORMATION TECHNOLOGY

preferredto an outcomevectorwith large equaloutcomes.
Eachequitablyefficient solutionis alsoan efficient solution
but notvice verse.

()
m

j ‘ -
o 1 B 1 L

Fig. 1. AbsoluteLorenzcurve andtheworstconditionalmeans.

E{INE

Recall that the worst conditional mean is defined as
M, (y) = 6(y)/kwhile vectorn%e(y) canbeviewedgraph-

icaTIIy with theupperabsolutd_orenzcurve connectingpoint
(0,0)andpoints(i/m, 6,(y)/m) fori=1,2,...,m. Henceas
shavn in Fig. 1, the worst conditionalmeanrepresentshe
projectionof the point of the Lorenzcurve ontothe vertical
line at point 1 (i = m). This alsodemonstratethatfor ary
givenoutcomevectory, theworstconditionalmeanMB(y)
is monotonic(nonincreasing)when consideredas a func-
tion of B, i.e. 0< B’ < B” < limplies MB,(y) > ME,,(y).
Further sincetheworstconditionalmeanMB (y) isaquan-
tity proportionalto the value of the absoluteLorenz curve
at a specificpoint 8, comparisonof the worst conditional
meangfor thesamegiven ) is consistenwith theequitable
dominanceExactly, this leadsto thefollowing assertion.
Theoem?2: Exceptfor allocationpatternswith identicalthe
worst conditional meansMﬁ (y), every allocation pattern
X € Q thatis minimal for Mg (f(x)) is anequitablyefficient
solutionof theallocationproblem(12).

4. Computationatesults

In this sectionwe reportsomeresultsof our initial compu-
tational experiencewith the conditionalminimax solution
conceptappliedto traffic engineeringproblems. We have
solved randomlygenerategroblemsfollowing the formu-
lation of Examplel. Thusouranalysids limited to asimple
allocationmodelwherethe hubsarearrangedn aring and
the traffic engineeringoroblemneedsto take into account
thebidirectionalring-loadingissues.

Our computationatestsare basedon the randomlygener
atedproblems(6)—(11). Thegeneratiorprocedurevorks as
follows. First, aring with a given numberof hubsis built.
Theclockwiseandcounterclockwisénter-hublinks aredis-
tinguished.The delaysfor theselinks aregeneratedsran-
domintegersuniformly distributedbetweerb and10. Hav-
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ing thering defined a givennumberof servicess randomly
generated For eachservicei, the sourcenodes(i) aswell
asthe destinatiomoded(i) arelinkedto uniquelyselected
hub each. The pair of hubsfor the given serviceis chosen
randomlyfrom all hubsin thering, excludingthe caseof the
sourcenodeandthe destinationnodeattachedo the same
hub The delaysof links betweerthe sourceor the destina-
tion nodesandtheirrespectre hubsin thering arerandomly
generatedsintegersuniformly distributedbetweenl0 and
20. Finally, thedemandsv, for theservicesaregenerateas
randomintegersuniformly distributed betweenl and 100.
All theinterhublinks areassumedo have the sameband-
width. Thebandwidthvalueis definedasa resultof thefol-
lowing procedure.We startwith initial bandwidthdefined
asyM, w to guarantedhe feasibility (solvability) of the
generategbroblem.Further we try to reducethe bandwidth
still preservingthe feasibility. For this purpose8 stepsof
thebisectionprocedures appliedwhereaghe currentband-
width is decreasedr increasediependingn the feasibility
of the problem. This allows us to built nontrivial feasible
bidirectionalring-loadingproblems.

The solution conceptof conditional minimax provides a
compromisebetweenthe minimax and the minisum ap-
proachesTable 1l shavs the quality of this compromise.lt
providesaveragepercentagéistribution of delaysfor condi-
tionalminimaxsolutionsobtainedby varyingtolerancdevel
B in theobjective M,. Distributionis calculatedasanaver-
ageof 100 randomlygenerategroblemswith 20 hubsand
8 services.Resultingdelaysare partitionedinto clustersof
rangeten: [20;30), [30;40) etc. Eachrow representaverage
distribution for a particulartolerancdevel 3. Exactly, each
field givesthe percentagef delayswithin a givenrangein
100optimal solutions.lt is clearthat percentagef low de-
lays increaseswith 3 (left columns). On the other hand,
for smallvaluesof thetolerancedevel 3, the percentagef
large delaysis forcedto zero. With 8 increasinglarge de-
laysbeginto occur, firstincidentallylik e delaysover 120for
B =0.1or0.2(resultingin averagepercentagbelow 0.1%),
next with araisingpercentage.

Tablel
Averagedistributionsof delaysfor 100randomproblems.

Averagepercentagef delaysfor f—conditionalminimaxsolutions
B |20 30 40 50 60 70 80 90 100 110120 130 140
0.1{2.3 9.0 9.3 8310512.212.815.916.3 3.4 0.0

0.2/2.1 8.9 8.8 8.410.010.916.315.815.8 2.9 0.0

03|23 86 79 7.611514515316.811.7 3.3 0.3 0.1
0.4/23 86 84 7.911815414316.610.7 3.5 0.5 0.1
0.5/2.3 86 9.0 8312.815.713914.2106 4.1 05 0.1
0.6/2.3 8.6 10.7 8.912.315412913.1 99 51 0.6 0.2
0.7]12.3 9.211.311.312.314.210.311.111.2 52 1.1 0.2 0.2
0.8/2.310.111.912.2129119 8.7 11.311.2 5.7 1.3 0.2 0.2
0.9/2.310.6 13.411.011.912.2 83109119 5.8 1.1 0.4 0.2
1.0{2.3 10.8 13.6 10.8 11.6 12.2 8.3 10.412.3 59 0.9 0.6 0.2

The main propertiesof the conditional minimax solution
conceptsarevisible in averagedor 100 problems. Never-
thelessasingleproblemallows usto demonstratenuchbet-
ter thedifferenceamongthe solutions.Therefore we have
selectecandanalyzedn detailsoneof therandomlygener
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atedproblems.Table 2 shows the resultingdistributions of

delaysfor four variousconditionalminimax solution con-

ceptsappliedto this sampleproblem. Onemay noticethat
the distributionsof delaysaresignificantlydifferentdespite
theirmeansarequiteclose.

Table2
Distributionsof delaysfor a sampleproblem.
Percentagéistribution of delays
B | 30 40 50 60 70 80 100 120 u M
0.1{22.3 0.2 5.1 22.616.7 33.0 65.64 85.35
0.4|22.3 0.2 5.1 50.921.4 66.00 85.35
0.7/22.3 0.2 39.3 16.7 21.4 65.43 101.74
1.0{22.3344 5.1 16.7 21.4/64.46 124.84
130
\ B-conditional
120 | minimax
\ B=0.1
—pB=04
110 - \ __ peo7
| A\ - =p=10
100 A\
N \
N \
90 N
N
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Fig. 2. Curvesof theworstconditionalmeans.

The distributions of delaysgeneratedy several solutions
from Table 2 are also presentedyraphically In Figure 2,

for eachof four distributionsof delaysthe valuesof all the

worst conditionalmeansare shavn asfunctionsof the tol-

erancedevel. This resultsin four curves,eachstartingfrom

the correspondingnaximumdelay and reachingthe mean
delaywhenthe tolerancelevel tendsto 1. Onemay notice
thatamongour four solutionsthe 0.4—conditionalminimax
hasthe smallestworstconditionalmeanfor tolerancdevels
betweerD.21and0.6 aswell asit remainsanalternatve op-

timal solutionto the minimaxsolutionfor smallertolerance
levels.

Figure3 shavs the absolute_orenzcurveshbuilt for thedis-

tributionsof delaysfor our four conditionalminimax solu-
tionsof the sampleproblem.Onemightnoticefrom Table2

thatthe 0.4—conditionalminimax generateshe samemaxi-

mum delayasthe 0.1-conditionalminimax while its mean
is greaterthanthat of the latter Hence,while dealingwith

only two criteriaof themaximumdelayandthemeandelay

the 0.4—conditionalminimax solutionis dominated. Nev-

erthelessas shavn with the absoluteLorenz curves, it is

equitablynondominatecindthe minimization of the worst
conditionalmeanwith the tolerancelevel 8 between0.21
and0.6 pointsoutthis solutionasthe optimalone.
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Fig. 3. AbsoluteLorenzcurvesfor thesampleproblem.

We testedsolution times for different numberof services
m and numberof hubsp. For eachspecifiedsize parame-
terswe generatedandomly5 problems(6)—(11). The 0.5—

conditionalminimaxsolutionswerethenfound. All compu-
tationswere performedon a PC with the Pentium200MHz

processoemploying the CPLEX 6.0 packagg5]. There-

sults are presentedn Table 3. Every reportedtime is an

averageof 5 results(in secondsfor problemsof the given

size.Onemaynoticethatevenproblemsawith 500hubswere
solvedveryfast.

Table3
Averagesolutiontimesfor the 0.5—conditionaminimax.

Hubs| Numberof servicegm)
p| 50 100 200 500

50/0.10 0.40 0.60  3.20|
100{0.40 0.60 1.40 5.40
200|0.40 1.20 2.40 11.00
500|1.20 3.40 6.40 38.60

5. Concludingremarks

Resourcallocationproblemsareconcernedvith thealloca-
tion of limited resourceamongcompetingserviceor other
actiities soasto achiese the bestoverall performancesin
varioussystemswhich sene mary users,like in telecom-
municationsystems thereis a needto allocateresources
equitablyamongthe competingservices. In this paperwe
have developedan equitablesolutionconceptof the condi-
tional minimax. Although similar to the standardninimax
approach the conditional minimax takes into accountthe
amountof servicegelatedto theworst performanceskor a
specifiedtoleranceevel (portion of servicesamount)3 we
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take into accountthe entire group of the 3 portion maxi-
mumresultsandwe considetheir averageastheworstcon-
ditional meanto be minimized. Accordingto this definition
the solutionconceptis basedon averagingrestrictedto the
group of the worst performancesiefinedby the tolerance
level. Hence by the selectionof thetolerancdevel various
equitablepreferencesnaybe modeled.

The solution conceptof the conditional minimax, similar
to the standardminimax approachcan be definedby op-
timization of a linear objective and a numberof auxiliary
linear inequalities. Therefore,the conceptmay be effec-
tively appliedto variousresourceallocationproblems.Our
initial computationakxperimentswith the conditionalmin-
imax appliedto a straightforvardtraffic engineeringnodel
(restrictedto a singlering bidirectionalloading)confirmthe
theoreticalpropertiesof the solutionconcept.Bidirectional
ring loadingproblemscontainingup 500 hubswere solved
very fastwith the generalpurposelP solver. Nevertheless,
mary specificlarge-scaleallocationmodels(especiallydis-
creteones)mayneedsomespecializedxactor approximate
algorithms.Thus,furtherresearcton computationahspects
of the conditionalminimaxsolutionconcepis necessary
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