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Abstract — Resourceallocation problemsare concerned with
the allocation of limited resourcesamongcompetingactivities
so as to achieve the best overall performances. In this paper,
we focuson approachesthat attempt to allocate resourceseq-
uitably among the competing activities. The problemsof ef-
ficient and equitable resource allocation arise in various sys-
tems which serve many users, lik e in telecommunicationsys-
tems. Telecommunicationnetworks are expectedto satisfy the
increasingdemandfor traditional servicesaswell asto accom-
modate multimedia services. Hence, it becomescritical to al-
locate network resources,such as available bandwidth, so as
to provide high level performance of all servicesat numerous
destination nodes.The performancecan bemeasured in terms
of expecteddelaysto beequitably minimized for all servicede-
mands. In this paper we intr oduceand analyzea solution con-
ceptof the conditional minimax asa generalizationof the mini-
max solution conceptextendedto takeinto accountthe number
of services(the portion of demand)relatedto the worst perfor-
mances.Namely, for a specifiedportion of demandwetakeinto
accountthe correspondingportion of the maximum resultsand
we consider their averageas the worst conditional meanto be
minimized. Weshow that, similar to the standard minimax ap-
proach,the minimization of the worst conditional meancanbe
definedby a linear objective and a number of auxiliary linear
inequalities. We report someresults of initial computational
experiencewith the new solution concept.

1. Introduction

Resourceallocationproblemsareconcernedwith thealloca-
tion of limited resourcesamongcompetingactivitiessoasto
achieve thebestoverall performances.In this paper, we fo-
cuson approachesthat,while allocatingresources,attempt
to provide an equaltreatmentof all the competingactivi-
ties [8]. The problemsof efficient andequitableresource
allocationarisein varioussystemswhich serve many users,
like in telecommunicationsystemsamongothers.Telecom-
municationnetworks areexpectedto satisfy the increasing
demandfor traditionalservicesaswell asto accommodate
multimediaservices.Hence,it becomescritical to allocate
network resources,suchasavailablebandwidth,soastopro-
videhigh level performanceof all servicesatnumerousdes-
tinationnodes.Theperformancecanbemeasuredin terms
of expecteddelaysto beequitablyminimizedfor all service
demands.
The genericresourceallocationproblemmay be statedas
follows. Eachactivity is measuredby an individual perfor-

mancefunctionthatdependson thecorrespondingresource
level assignedto that activity. A smallerfunction valueis
consideredbetter, like the performancemeasuredin terms
of expecteddelays.Modelswith an (aggregated)objective
functionthatminimizesthemean(or simply thesum)of in-
dividualperformancesarewidelyusedto formulateresource
allocationproblems,thusdefiningtheso-calledminisumso-
lution concept.Thissolutionconceptis primarily concerned
with the overall systemefficiency. As basedon averaging,
it often provides solution wherelow demandservicesare
discriminatedin termsof delays. An alternative approach
dependson the so-calledminimax solutionconcept,where
theworstperformance(maximumdelay)is minimized.The
minimax approachis consistentwith Rawlsian [12] theory
of justice,especiallywhenadditionallyregularizedwith the
lexicographicorder [9]. On the otherhand,allocatingthe
resourcesto optimizethe worst performancesmay causea
largeworseningof theoverall (mean)performances.

In this paperwe introduceandanalyzean alternative com-
promisesolutionconceptof the conditionalminimax. It is
aparametricgeneralizationof theminimaxsolutionconcept
taking into accountthe numberof services(the portion of
demand)relatedto the worst performances.Namely, for a
specifiedtolerancelevel (numberof servicesk or portionof
demandβ ) we take into accountthe entiregroupof the k
(β portion)maximumresultsandwe considertheir average
astheworstconditionalmeanto beminimized. According
to this definitionthesolutionconceptis basedon averaging
restrictedto the groupof the worst results. We show that,
similar to thestandardminimaxapproach,theminimization
of theworstconditionalmeancanbedefinedby a linearob-
jectiveanda numberof auxiliary linearinequalities.

Resourceallocationmodelsmay be usedto help to solve
two major typesof telecommunicationproblemsemerging
with explodingdemandonmultimediaservices[2]. Thefirst
type of problemsis relatedto decisionsupportfor design-
ing robust andcost-effective fiber-optic networks [3]. The
otherfield is traffic engineeringwhich representsthe abil-
ity to optimizetheuseof network resourcesonly by means
of efficient routingdecisions[4]. In otherwords,while the
first groupof problemsdealswith the network engineering
beingrelatedto thephysicaldesignof thenetwork, thesec-
ondgroupis ratherrelatedto thesoftwaredesign.Thepro-
posedsolutionapproachis generalenoughto beapplicable
for bothtypesof problems.However, we demonstrateit on
straightforwardproblemsrelatedto thetraffic engineering.

40 JOURNAL OF TELECOMMUNICATIONS
AND INFORMATION TECHNOLOGY



On EquitableApproachesto ResourceAllocationProblems:TheConditionalMinimax Solutions

Thepaperis organizedasfollows. In thenext sectionwein-
troduceour genericresourceallocationmodelandwe show
how it can be usedto expressseveral traffic engineering
problems. In Section3 the solutionconceptof the condi-
tional minimax is formally introducedandit is shown that,
similar to thestandardminimax approach,the solutioncan
be definedby a linear objective anda numberof auxiliary
linear inequalities. In Section4 we reportsomeresultsof
our initial computationalexperiencewith the new solution
concept.

2. Themodel

The genericresourceallocationproblemthat we consider
maybestatedasfollows. Thereis givenasetof m services.
Thereis alsogivena setQ of allocationpatterns(allocation
decisions).For eachservicei a function fi

�
x � of the allo-

cationpatternx hasbeendefined.This function,calledthe
individualobjectivefunction,measurestheoutcome(effect)
yi � fi

�
x � of the allocationpatternfor servicei. In appli-

cations,we consider, anoutcomeusuallyexpressesthede-
lay. However, we emphasizeto the readerthat we do not
restrictourconsiderationsto thecaseof outcomesmeasured
asdelays.They canbemeasured(modeled)asservicetime,
servicecostsaswell asin a moresubjectiveway. In typical
formulationsa smallervalueof theoutcome(delay)means
a bettereffect (higherservicequality or client satisfaction).
Otherwise,the outcomescan be replacedwith their com-
plementsto somelargenumber. Therefore,without lossof
generality, we canassumethat eachindividual outcomeyi
is to beminimizedwhich resultsin a multiple criteriamini-
mizationmodel.
The simplestservicesstructureforms the uniform problem
whereeachservicerepresentsa singleunit. Usually, oneis
interestedin putting into allocationmodelsomeadditional
demandweightswi � 0 to representtheamountof demand
for the specificservice. Integer weightscanbe interpreted
asnumbersof unweightedidenticalservicesto berepeated
independently. For initial theoreticalconsiderationswe will
assumethat the problemis transformed(disaggregated)to
the uniform one (that meansall the demandweights are
equalto 1). Note that sucha disaggregationis possiblefor
integer as well as rational demandweights,but it usually
dramaticallyincreasestheproblemsize.Therefore,wecon-
sidersolutionconceptswhich canbeapplieddirectly to the
weightedproblem.For thispurposewewill usethenormal-
izeddemandweights

w̄i � wi � m

∑
j � 1

wj for i � 1 � 2 ���	���	� m (1)

ratherthantheoriginal quantitieswi . Note that, in thecase
of uniform problem(all wi � 1), all thenormalizedweights
aregivenasw̄i � 1 � m.
Telecommunicationproblemsdealwith routingof the data
traffic in anexisting network or with designingthenetwork
expansionsto accommodatethe traffic. Both type of prob-
lemsrequiretheallocationof network resources(capacities

orpotentialcapacities).Let usconsideraconnectednetwork
consistedof a nodesetN to representvariouslocations.Di-
rectedlinks

�
j � k��
 L � N 
 N areattributedby the band-

width/capacitycoefficients b jk and the delay/distance/cost
coefficientsc jk. Further, we considera setI ��� 1 � 2 �	�	����� m�
of mservices.Eachserviceis relatedto somedatatraffic be-
tweento network nodes.Thus,theserviceis describedby a
directedpairof nodes

�
s
�
i ��� d � i ��� representingthesourceand

thedestinationof thedatatraffic, respectively. Theamount
of thedatatraffic relatedto servicei is describedby thede-
mandweight wi . The latter may be skippedin the caseof
uniform problemwhereall the servicesgeneratethe same
amountof datatraffic (wi � 1 for all i).
Within a telecommunicationnetwork thedatatraffic is gen-
eratedbyahugenumberof nodesexchangingdata.In sucha
network,arelativelysmallsubsetH � N of nodesarechosen
to serve ashubswhich canbeusedasintermediateswitch-
ing points[1, 6]. Givena setof hubs,datatraffic generated
by aserviceis sentfrom thesourcenodeto ahubfirst. It can
bethensentalongcommunicationslink betweenhubs,and
finally reachthe destinationnodealonga link from a hub.
Thehub-basednetwork organizationallows the datatraffic
to beconsolidatedon theinter-hublinks.
While takinginto accountthehub-basednetwork structure,
themaindecisionsto bemadefor theservicesorganization
canbe describedwith the assignmentof a directedpair of
hubs

�
h� � i ��� h� � � i �	� to eachservicei. Thedatatraffic for ser-

vice i is thenimplementedby sendingfrom thesources
�
i � to

thehubh� � i � first, theuseof the inter-hubconnectionfrom
h� � i � to h� � � i � next, and the final sendingfrom h� � � i � to the
servicedestinationd

�
i � . The delay/distanceof sucha data

pathis usuallyassumedto bedefinedasthesumof several
link delayscs� i ��� h��� i ��� ch��� i ��� h� ��� i ��� ch� ��� i ��� d � i � . Note thata sin-

glehubcanbeusedis somecases(h� � i � � h� � � i � ) whichmay
requirea definition of the correspondingdummyinter-hub
links.
In thecaseof thedemandweightsfor variousservicesthere
is no justificationfor a strict assignmentof a singlepathto
thespecificservicesinceseveralunitsmaybesentalongdif-
ferentpaths.Therefore,themaindecisionsmaybemodeled
with variablesxi jk (i 
 I ; j � k 
 H) expressingtheamountof
datatraffic relatedto servicei routedvia hubsh j andhk. To
meetthe problemrequirements,the decisionvariablesxi jk
haveto satisfythefollowing constraints:

∑
j � H

∑
k � H

xi jk � wi for i 
 I (2)

∑
i � I

xi jk � b jk for j � k 
 H (3)

xi jk  0 for i 
 I ; j � k 
 H (4)

whereequations(2) guaranteethe routingof wholeservice
demandswhile inequalities(3) keepthe datatraffic within
the capacitylimits. Note that taking into accountthe hub-
basednetwork specificitywe have consideredthe capacity
constraintsonly for theinter-hublinks.
Theunit performancemeasure(delay)of theservicei may
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beexpressedwith thefollowing linearfunction:

fi
�
x � � 1

wi
∑

j � k � H

!
cs� i ��� j � c jk � ck � d � i �#" xi jk for i 
 I (5)

Hence,all the functions fi
�
x � needto be minimized. The

typical problemsinvolving routingdecisionsareconsidered
asdynamicandstochastic.Nevertheless,onemay analyze
a straightforward static allocationproblemrelatedto traf-
fic engineering(routing)decisionswithin a telecommunica-
tion (or transportation)network. Sucha problemdepends,
simply, onminimizationof criteria(5) subjectto constraints
(2)–(4).
Similar model may be consideredfor the inter-hub band-
width allocationproblemrelatedto the network designis-
sues.Namely, onemayminimize thesamecriteria (5) and
the sameconstraints(2)–(4),but the bandwidthb jk in con-
straints(3) needto be considereddecisionvariablesrather
thandataparameters.Again, it is a straightforwardnetwork
designmodelbut its analysismay be usefulat someinitial
phasesof thedesignprocess.
In the above modelwe allow the servicesto be partitioned
in variousportionsof the demandand implementedwith
possiblydifferentrouting. We believe that is acceptablefor
mostapplicationsrelatedto datatransferasthestandarddata
packageis relativelyextremelysmallwhencomparingto the
total amountof demand.Moreover, new routing protocols
developedfor the Internetservices,like the Multi-Protocol
Label Switching, allow much flexibility in the traffic en-
gineeringsolutions[4]. Nevertheless,the problem(2)–(5)
maybeadaptedto therequirementof asinglerouteassigned
to eachservice,if necessary. For this purpose,oneneeds
to introducebinarydecisionvariablesxi jk equal1 whenthe
inter-hub link

�
h j � hk � is usedto implementservicei, and0

otherwise.Theconstraintstake thenthefollowing form:

∑
j � H

∑
k � H

xi jk � 1 for i 
 I

∑
i � I

wixi jk � b jk for j � k 
 H

andthe resultingmodel is very closeto the locationprob-
lems[6, 10].
In problem(2)–(5) we have consideredall the hubsasdi-
rectly connectedby the correspondinginter-hub links. In
telecommunicationnetworks hubsare ratherorganizedin
somenetwork structure(architecture)which causesthe ex-
istenceof some interactions(common bandwidth limits)
betweenvariousinter-hub connectionsrepresentingrather
paths(routes)thandirect links. Themoderntelecommuni-
cationnetworksheavily usethearchitectureof a collection
of bidirectionalrings(asin SONETstandard[3]). Thefol-
lowing examplespecifiessuchan allocationmodel where
the hubsarearrangedin a cycle andthe traffic engineering
problemneedsto take into accountthe bidirectionalring-
loadingissues.This typeof modelswewill usein Section5
to demonstratesomecomputationalresults.

Example 1 Let usconsideragaina connectednetwork con-
sistedof a node set N directedlinks

�
j � k�$
 L � N 
 N

which areattributedby thebandwidth/capacitycoefficients
b jk and the delay/distance/costcoefficientsc jk. A set I �� 1 � 2 �	�	����� m� of m servicesis considered.Eachserviceis
relatedto a directedpair of nodes

�
s
�
i ��� d � i �	� (the source

and the destinationof the datatraffic), and it requiresthe
amountwi of the datatraffic (demandweight wi ). A rela-
tively small subsetH � N of p nodesarechosento serve
as hubs. Hubs h1, h2,. . . , hp % 1, hp are arrangedclock-
wise in a cycle (ring). That means,thereare p clockwise
directed inter-hub links:

�
h1 � h2 � , � h2 � h3 � ,. . . , �

hp % 1 � hp � ,�
hp � h1 � , and p counterclockwisedirectedinter-hub links:�
hp � hp % 1 � , � hp % 1 � hp % 2 � ,. . . , � h2 � h1 � , � h1 � hp � .

Themaindecisionsmaybemodeledwith variablesx�i jk and
x� �i jk (i 
 I ; j � k 
 H) expressingthe amountof datatraffic
relatedto servicei routedvia hubsh j andhk usingclockwise
or counterclockwiseconnection,respectively. To meetthe
servicedemandrequirements,thedecisionvariableshaveto
satisfythefollowing constraints:

∑
j � H

∑
k � H

�
x�i jk � x� �i jk � � wi for i 
 I (6)

x�i jk � x� �i jk  0 for i 
 I ; j � k 
 H (7)

Recallthatthereis apieceof datatraffic whichpassestrough
a singlehubnot generatingthering traffic eitherclockwise
or counterclockwise.Namely, x�i j j � x� �i j j for j 
 H is the
amountof suchtraffic andit couldberepresentedby asingle
variablebut we have acceptedthe redundancy to keepthe
constraints(6) simpler.
To analyzethe bandwidth(links capacity)allocation one
needsto accumulatethe traffic load of specificlinks in the
ring. Let

�
l1 � l2 �&
 C denotea clockwiselink in thering, i.e.

l2 � l1 � 1 for l1 � 1 ���	���	� p ' 1 or l2 � 1 for l1 � p. Thelink
is loadedwith clockwisetraffic from hub h j to hub hk for
j � 1 ���	����� l2 ' 1 andk � l2 �	���	�(� p or k � 1 �	���	�(� j ' 1 aswell
as(if l2 � p ' 1) for j � l2 � 1 ���	���	� p andk � l2 ���	����� j ' 1.
Hence,theclockwisetraffic of all theservicesgeneratesthe
following (clockwise)link load

z�l1 � l2 � ∑
i � I

)
l2 % 1

∑
j � 1 * p

∑
k� l2

x�i jk � j % 1

∑
k � 1

x�i jk + � p

∑
j � l2 , 1

j % 1

∑
k� l2

x�i jk - (8)

for each
�
l1 � l2 �.
 C. By symmetry, the counterclockwise

traffic of all the servicesgeneratesthe (counterclockwise)
link load

z� �l1 � l2 � ∑
i � I

)
l2 % 1

∑
k � 1 * p

∑
j � l2

x� �i jk � k % 1

∑
j � 1

x� �i jk + � p

∑
k� l2 , 1

k % 1

∑
j � l2

x� �i jk - (9)

for each
�
l1 � l2 �/
 C. Notethatz� �l1 � l2 denotes,in fact,theload

of directedcounterclockwiselink
�
l2 � l1 � . With commonly

consideredbidirectionalcapacity(bandwidth)limits thelink
loadsmustsatisfytheconstraints

z�l1 � l2 � z� �l1 � l2 � bl1 � l2 for
�
l1 � l2 �&
 C (10)

In the caseof independentlyconsideredseparatesingle-
directionalcapacitylimits, the latter needsto be replaced
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with constraints

z�l1 � l2 � b�l1 � l2 and z� �l1 � l2 � b� �l1 � l2 for
�
l1 � l2 �&
 C

The unit performancemeasure(delay) for the servicei is
expressedwith thefollowing linearfunction:

fi
�
x � � 1

wi
∑ j � k � H

�
cs� i ��� j � d �jk � ck � d � i � � x�i jk� 1

wi
∑ j � k � H

�
cs� i ��� j � d � �jk � ck � d � i � � x� �i jk

(11)

whered �jk andd � �jk denotethedelaysalongtheclockwiseand
counterclockwise,respectively, pathsfrom h j to hk in the
ring C. For instance,in thecaseof 1 � j 0 k � p onegets
d �jk � c j � j , 1 � ���	� � ck % 1 � k. Certainly, all the functions fi

�
x �

needto be minimized. Hence,a simpletraffic engineering
problemwith bidirectionalring loadingissuescanbe con-
sideredasmultiple criteria minimizationof (11) subjectto
constraints(6)–(10).
Theproblem(6)–(11)maybeadaptedto therequirementof
a single inter-hub routeassignedto eachservice,if neces-
sary. Let usassumethat the datatraffic relatedto servicei
androutedvia hubsh j andhk hasto useeitherclockwise
or counterclockwiseconnectionwithout any splitting. This
requirementcanbemodeledby introducingbinarydecision
variablesr i jk equal1 whenthe clockwiseconnectionfrom
h j to hk is usedto implementservicei, and0 for thecoun-
terclockwiseconnection.The modelneedsto be extended
thenwith theconstraintsof thefollowing form:

x�i jk � wi r i jk and x�i jk � wi

�
1 ' r i jk � for i 
 I � j � k 
 H

One may also formulatea network designproblemwhere
quantitiesbl1 � l2 for

�
l1 � l2 �1
 C areconsideredasasetof mul-

tiple criteriato beminimizedsubjectto constraints(6)–(10)
with possibleupperlimits on servicedelaysfi

�
x � .

3. Thesolutionconcept

Assumingthat thegenericallocationproblemhasbeendis-
aggregatedto the unweightedform (all wi � 1), it may be
statedasthefollowing multiple criteriaminimizationprob-
lem:

min � f � x � : x 
 Q � (12)

wheref � �
f1 ���	����� fm � is avectorof theindividualobjective

functionswhich measuretheoutcome(effect) yi � fi
�
x � of

theallocationpatternx for servicei.
We do not assumeany specialform of thefeasiblesetwhile
introducingthesolutionconcepts.We ratherallow thefea-
siblesetto bea general,possiblydiscrete(nonconvex), set.
Similarly, we do not assumeany specialform of the indi-
vidual objective functionsnor their specialproperties(like
convexity). Therefore,thesolutionconceptsmaybeapplied
to variousallocationproblems. Nevertheless,the solution
concepts,we consider, areimplementableby a linearobjec-
tive anda numberof auxiliary linear inequalities.Thusthe
solutionconceptspreserve a possiblestructure(LP or con-
vexity) of theallocationproblemunderanalysis.

Most classicalallocationstudiesfocuson theminimization
of the mean(or total) outcomeor the minimizationof the
maximum (the worst) outcome. Both the corresponding
solution conceptsare well definedfor aggregatedalloca-
tion modelsusingdemandweightswi � 0. Exactly, for the
weightedallocationproblem,theminisumsolutionconcept
is definedby theminimizationof theobjective functionex-
pressingthemean(average)outcome

µ
�
y � � m

∑
i � 1

w̄iyi

but it is alsoequivalentto theminimizationof thetotal out-
come∑m

i � 1 wiyi . The minimaxsolutionconceptis defined
by the minimizationof the objective function representing
themaximum(worst)outcome

M
�
y � � max

i � 1 � 2 2 2 �m yi

andit is not affectedby thedemandweightsat all. Both the
classicalsolutionconceptsarerepresentedwith simpleag-
gregationof multiple criteriamodel(12). Namely, themin-
isumapproachsimply usetheweightedsumof criteria

min � m

∑
i � 1

w̄i fi
�
x � : x 
 Q � (13)

while theminimaxapproachresultsin a problem

min � t : x 
 Q; t  fi
�
x � for i � 1 � 2 ���	���	� m� (14)

with only oneauxiliary variablet andm inequalitiesto de-
fine it.
Sincethe minisum approachis basedon averaging,it of-
ten providessolutionswherelow demandservicesrelated
to remotedestinationsarediscriminatedin termsof delays.
On theotherhand,allocatingthe resourcesto optimizethe
worstcasemaycausealargeincreasein thetotaldelaysthus
generatingasubstantiallossin theoverallsystemefficiency.
This hasled to a searchfor somecompromisesolutioncon-
cept.
A naturalgeneralizationof the maximum(worst) outcome
M
�
y � is the worst conditionalmeandefinedas the mean

within the specifiedtolerancelevel (amount)of the worst
outcomes. For the simplest caseof the unweightedal-
location problem (12), one may simply define the worst
conditional meanM k

m

�
y � as the meanoutcomefor the k

worst-off services(or ratherk � m portion of the worst ser-
vices). This can be mathematicallyformalized as fol-
lows. First, we introducethe orderingmap Θ : Rm 3 Rm

suchthat Θ
�
y � � �

θ1

�
y ��� θ2

�
y �����	�	�(� θm

�
y �	� , whereθ1

�
y �  

θ2

�
y �  54�4	41 θm

�
y � and there exists a permutationτ of

set I suchthat θi

�
y � � yτ � i � for i � 1 � 2 ���	�	��� m. The useof

orderedoutcomevectorsΘ
�
y � allows us to focus on dis-

tributionsof outcomesimpartially. Next, the linear cumu-
lative map is applied to orderedoutcomevectors to get
Θ̄
�
y � � �

θ̄1

�
y ��� θ̄2

�
y �����	�	�(� θ̄m

�
y �	� definedas

θ̄k

�
y � � k

∑
i � 1

θi

�
y ��� for k � 1 � 2 �	���	�	� m� (15)
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The coefficients of vector Θ̄
�
y � express,respectively: the

largestoutcome,the total of the two largestoutcomes,the
total of the threelargestoutcomes,etc. Hence,the worst
k
m–conditionalmeanM k

m

�
y � is givenas

M k
m

�
y � � 1

k
θ̄k

�
y ��� for k � 1 � 2 �	���	�	� m� (16)

Note that for k � 1, M 1
m

�
y � � θ̄1

�
y � � θ1

�
y � � M

�
y � thus

representingthemaximumoutcome,andfor k � m, M1

�
y � �

1
mθ̄m

�
y � � 1

m ∑m
i � 1 θi

�
y � � 1

m ∑m
i � 1 yi � µ

�
y � which is the

meanoutcome.Exceptfor thesetwo limiting cases,thedef-
inition (16) is hardly implementabledue to the useof the
orderingoperator. The following theorem[11] shows that
the worst conditionalmeancanbe found by minimization
of a scalarpiecewiselinearconvex function.
Theorem1: For any vectory 
 Rm thecorrespondingquan-
tity θ̄k

�
y � representstheminimumvalueof the(scalar)opti-

mization:

θ̄k

�
y � � min

t � R

1
m

m

∑
i � 1

!
k
�
t ' yi � , � �

m ' k � � yi ' t � , "6� k
m

m

∑
i � 1

yi

(17)
while t̄ � θk

�
y � is an optimal solution (argument)of the

aboveoptimization.
Proof. First,weshow thatt̄ � θk

�
y � minimizesthefunction:

gk

�
t � � m

∑
i � 1

!
k
�
t ' yi � , � �

m ' k� � yi ' t � , " � (18)

Note that gk

�
t � � m

∑
i � 1

!
k
�
t ' θi

�
y �	� , � �

m ' k� � θi

�
y �7' t � , " .

Considert � t̄ � δ with any δ 
 R (positive or negative).
For i � k � 1 �	�	���	� m�	�

t̄ � δ �8' θi

�
y �	� ,  �

t̄ ' θi

�
y �	� , � δ

and �
θi

�
y �9' �

t̄ � δ �	� ,  0 �
while for i � 1 �	���	�(� k�

θi

�
y �8' �

t̄ � δ �	� ,  �
θi

�
y �8' t̄ � , ' δ

and ���
t̄ � δ �8' θi

�
y �	� ,  0 �

Hence,onegets

k
m

∑
i � 1

�	�
t̄ � δ �9' yi � ,  k

m

∑
i � 1

�
t̄ ' yi � , � k

�
m ' k� δ

and�
m ' k� m

∑
i � 1

�
yi ' �

t̄ � δ �	� ,  �
m ' k � m

∑
i � 1

�
yi ' t̄ � ,' �

m ' k � kδ �
Thusfinally, gk

�
t̄ � � gk

�
t̄ � δ � for all δ 
 R.

Further, calculatingtheminimalvalueof (18),we get:

gk

�
θk

�
y �	�� m

∑
i � 1

!
k
�
θk

�
y �8' yi � , � �

m ' k� � yi ' θk

�
y �	� , "� k

m

∑
i � k , 1

�
θk

�
y �9' θi

�
y ���9' �

m ' k � k

∑
i � 1

�
θk

�
y �8' θi

�
y ���

� k
m

∑
i � 1

�
θk

�
y �8' θi

�
y �	�8' m

k

∑
i � 1

�
θk

�
y �8' θi

�
y ���

� m
k

∑
i � 1

θi

�
y �8' k

m

∑
i � 1

θi

�
y � � mθ̄k

�
y �9' k

m

∑
i � 1

yi

Hence

θ̄k

�
y � � 1

m
gk

�
θk

�
y ��� � k

m

m

∑
i � 1

yi � 1
m

min
t � R

gk

�
t � � k

m

m

∑
i � 1

yi

whichcompletestheproof of (17).
It follows from Theorem1 that, for a given vector y, the
valueof θ̄k

�
y � maybefoundby solvingthelinearprogram:

θ̄k

�
y � � min

m

∑
i � 1

� k
m

d %i � m ' k
m

d ,i � � k
m

m

∑
i � 1

yi

subjectto

d ,i ' d %i � yi ' t � d ,i � d %i  0 : i

wheret is an unboundedvariablerepresentinga freely se-
lectedtarget while nonnegative variablesd ,i and d %i rep-
resent, for several outcome values yi , their upside and
downsidedeviationsfrom theselectedtargett, respectively.
Moreover, the target variablet takes the valueof θk

�
y � at

theoptimalsolution.Thelinearprogramcanbefurthersim-
plified by the eliminationof variablesd %i representingthe
downsidedeviations.Hence,following (16),theworstk � m–
conditionalmeanM k

m

�
y � , for k � 1 � 2 �	���	�(� m, is givenby the

following optimization:

M k
m

�
y � � min � t � 1

k

m

∑
i � 1

d ,i : d ,i  yi ' t � d ,i  0 : i �;�
(19)

Thisallowsusto definethek � m–conditionalminimaxsolu-
tion for theunweightedallocationproblem(12) astheopti-
mal solutionto theoptimizationproblem:

min � t � 1
k

m

∑
i � 1

d ,i : x 
 Q; d ,i  fi
�
x �8' t � d ,i  0 : i �

(20)
or simply

min � t � 1
k

m

∑
i � 1

�
fi
�
x �8' t � , : x 
 Q �

where
� �<� , denotesthenonnegativepartof a number.

Onemay noticethat formula (17) in Theorem1 aswell as
thesubsequentoptimizationproblems(19) or (20) defining
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theconditionalminimax,all they aregivendirectly on out-
comesyi without any useof theorderingoperatorΘ. Thus,
in the caseof a weightedallocationproblem,Theorem1
appliedto the correspondingdisaggregatedproblem(with
equalweights)resultsin formulasallowing us to reaggre-
gatethe outcomesrelatedto the sameservices.Hence,in
the presenceof demandweightswi � 0, for any real tol-
erancelevel 0 0 β � 1, thereis well definedthe worst β–
conditionalmean

Mβ
�
y � � min � t � 1

β

m

∑
i � 1

w̄id ,i : d ,i  yi ' t � d ,i  0 : i �
wherew̄i denotethe normalizedweights(1). This allows
us to define the β–conditional minimax solution for the
weightedallocationproblemasthe optimal solutionto the
following problem:

min � t � 1
β

m

∑
i � 1

w̄id ,i : x 
 Q; d ,i  fi
�
x �8' t � d ,i  0 : i �;�

(21)
Notethat(21)usesm � 1 auxiliaryvariablesandm inequal-
ities to defineminimizationof the worst conditionalmean.
When the tolerancelevel β tendsto 0, thenall the devia-
tional variablesd ,i are forced to 0. Therefore,the limit-
ing problemof thestandardminimaxoptimizationtakesthe
simplerform (14). On the otherhand,for β � 1, problem
(21) takestheform

min � m

∑
i � 1

w̄i

�
d ,i � t � : x 
 Q; d ,i � t  fi

�
x ��� d ,i  0 : i �

which canbesimplified to thestandardminisumoptimiza-
tion (13).
The cumulative orderedoutcomes(15), usedto introduce
the worst conditional mean, are closely relatedwith the
Pigou-Daltontheory of inequality measurement[13] and
the Lorenz curves. Assumethat the allocation problem
(12) is transformed(disaggregated)into theunweightedone
(that meansall the demandweightsareequalto 1). Vec-
tor Θ̄

�
y � (exactly 1

mΘ̄
�
y � ) can be viewed graphicallywith

the curve connectingpoint (0,0) andpoints
�
i � m� θ̄i

�
y � � m�

for i � 1 � 2 �	�	����� m. Graphsof vectorsΘ̄
�
y � take theform of

unnormalizedconcave curves,the (upper)absoluteLorenz
curves.
The absoluteLorenzcurvesdefinesthe relation(partial or-
der)of the equitabledominance.Theequitabledominance
is originally definedby axiomsof efficiency, impartiality
and the Pigou-Daltonprinciple of transfers[7, 10]. Nev-
ertheless,dueto the resultsof the majorizationtheory[7],
it canbeexpressedwith inequalitieson theabsoluteLorenz
curves.Exactly, outcomevectory �=
 Y equitablydominates
y � �9
 Y, if andonly if θ̄i

�
y ��� � θ̄i

�
y � ��� for all i 
 I whereat

leastonestrict inequalityholds. We saythat an allocation
patternx 
 Q is equitablyefficient (is anequitablyefficient
solutionof the multiple criteria problem(12)), if andonly
if theredoesnot exist any x �>
 Q suchthat f

�
x � � equitably

dominatesf
�
x � . Notethatwith therelationof equitabledom-

inanceanoutcomevectorof smallunequaloutcomesmaybe

preferredto an outcomevectorwith large equaloutcomes.
Eachequitablyefficient solutionis alsoanefficientsolution
but not viceverse.?
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Fig. 1. AbsoluteLorenzcurve andtheworstconditionalmeans.

Recall that the worst conditional mean is defined as
M k

m

�
y � � θ̄k

�
y � � k while vector 1

mΘ̄
�
y � canbeviewedgraph-

ically with theupperabsoluteLorenzcurveconnectingpoint
(0,0)andpoints

�
i � m� θ̄i

�
y � � m� for i � 1 � 2 �	�	���	� m. Hence,as

shown in Fig. 1, the worst conditionalmeanrepresentsthe
projectionof thepoint of theLorenzcurveontothevertical
line at point 1 (i � m). This alsodemonstratesthat for any
givenoutcomevectory, theworstconditionalmeanMβ

�
y �

is monotonic(nonincreasing),whenconsideredasa func-
tion of β , i.e. 0 0 β � � β � � � 1 implies Mβ � � y �  Mβ � � � y � .
Further, sincetheworstconditionalmeanMβ

�
y � is a quan-

tity proportionalto the valueof the absoluteLorenzcurve
at a specificpoint β , comparisonof the worst conditional
means(for thesamegivenβ ) is consistentwith theequitable
dominance.Exactly, this leadsto thefollowing assertion.
Theorem2: Exceptfor allocationpatternswith identicalthe
worst conditional meansMβ

�
y � , every allocation pattern

x 
 Q that is minimal for Mβ
�
f
�
x ��� is anequitablyefficient

solutionof theallocationproblem(12).

4. Computationalresults

In this sectionwe reportsomeresultsof our initial compu-
tational experiencewith the conditionalminimax solution
conceptappliedto traffic engineeringproblems. We have
solved randomlygeneratedproblemsfollowing the formu-
lationof Example1. Thusouranalysisis limited to asimple
allocationmodelwherethehubsarearrangedin a ring and
the traffic engineeringproblemneedsto take into account
thebidirectionalring-loadingissues.
Our computationaltestsarebasedon the randomlygener-
atedproblems(6)–(11).Thegenerationprocedureworksas
follows. First, a ring with a givennumberof hubsis built.
Theclockwiseandcounterclockwiseinter-hublinks aredis-
tinguished.Thedelaysfor theselinks aregeneratedasran-
domintegersuniformly distributedbetween5 and10. Hav-
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ing thering defined,agivennumberof servicesis randomly
generated.For eachservicei, the sourcenodes

�
i � aswell

asthe destinationnoded
�
i � arelinked to uniquelyselected

hub each.The pair of hubsfor the givenserviceis chosen
randomlyfrom all hubsin thering, excludingthecaseof the
sourcenodeandthe destinationnodeattachedto the same
hub. Thedelaysof links betweenthesourceor thedestina-
tion nodesandtheirrespectivehubsin thering arerandomly
generatedasintegersuniformly distributedbetween10 and
20. Finally, thedemandswi for theservicesaregeneratedas
randomintegersuniformly distributedbetween1 and100.
All the inter-hub links areassumedto have thesameband-
width. Thebandwidthvalueis definedasa resultof thefol-
lowing procedure.We startwith initial bandwidthdefined
as ∑m

i � 1 wi to guaranteethe feasibility (solvability) of the
generatedproblem.Further, we try to reducethebandwidth
still preservingthe feasibility. For this purpose,8 stepsof
thebisectionprocedureis appliedwhereasthecurrentband-
width is decreasedor increaseddependingon thefeasibility
of the problem. This allows us to built nontrivial feasible
bidirectionalring-loadingproblems.
The solution conceptof conditional minimax provides a
compromisebetweenthe minimax and the minisum ap-
proaches.Table1 shows thequality of this compromise.It
providesaveragepercentagedistributionof delaysfor condi-
tionalminimaxsolutionsobtainedby varyingtolerancelevel
β in theobjectiveMβ . Distribution is calculatedasanaver-
ageof 100randomlygeneratedproblemswith 20 hubsand
8 services.Resultingdelaysarepartitionedinto clustersof
rangeten:

!
20;30� , ! 30;40� etc.Eachrow representsaverage

distribution for a particulartolerancelevel β . Exactly, each
field givesthepercentageof delayswithin a givenrangein
100optimalsolutions.It is clearthatpercentageof low de-
lays increaseswith β (left columns). On the other hand,
for small valuesof the tolerancelevel β , the percentageof
largedelaysis forcedto zero. With β increasing,largede-
laysbegin to occur, first incidentallylikedelaysover120for
β � 0 � 1 or 0.2(resultingin averagepercentagebelow 0.1%),
next with a raisingpercentage.

Table1
Averagedistributionsof delaysfor 100randomproblems.

Averagepercentageof delaysfor β–conditionalminimaxsolutions
β 20 30 40 50 60 70 80 90 100 110 120 130 140
0.1 2.3 9.0 9.3 8.3 10.5 12.2 12.8 15.9 16.3 3.4 0.0
0.2 2.1 8.9 8.8 8.4 10.0 10.9 16.3 15.8 15.8 2.9 0.0
0.3 2.3 8.6 7.9 7.6 11.5 14.5 15.3 16.8 11.7 3.3 0.3 0.1
0.4 2.3 8.6 8.4 7.9 11.8 15.4 14.3 16.6 10.7 3.5 0.5 0.1
0.5 2.3 8.6 9.0 8.3 12.8 15.7 13.9 14.2 10.6 4.1 0.5 0.1
0.6 2.3 8.6 10.7 8.9 12.3 15.4 12.9 13.1 9.9 5.1 0.6 0.2
0.7 2.3 9.2 11.3 11.3 12.3 14.2 10.3 11.1 11.2 5.2 1.1 0.2 0.2
0.8 2.3 10.1 11.9 12.2 12.9 11.9 8.7 11.3 11.2 5.7 1.3 0.2 0.2
0.9 2.3 10.6 13.4 11.0 11.9 12.2 8.3 10.9 11.9 5.8 1.1 0.4 0.2
1.0 2.3 10.8 13.6 10.8 11.6 12.2 8.3 10.4 12.3 5.9 0.9 0.6 0.2

The main propertiesof the conditional minimax solution
conceptsarevisible in averagesfor 100 problems. Never-
theless,asingleproblemallowsusto demonstratemuchbet-
ter thedifferencesamongthesolutions.Therefore,we have
selectedandanalyzedin detailsoneof therandomlygener-

atedproblems.Table2 shows theresultingdistributionsof
delaysfor four variousconditionalminimax solutioncon-
ceptsappliedto this sampleproblem. Onemaynoticethat
thedistributionsof delaysaresignificantlydifferentdespite
theirmeansarequiteclose.

Table2
Distributionsof delaysfor a sampleproblem.

Percentagedistribution of delays
β 30 40 50 60 70 80 100 120 µ M
0 P 1 22.3 0.2 5.1 22.6 16.7 33.0 65.64 85.35
0 P 4 22.3 0.2 5.1 50.9 21.4 66.00 85.35
0 P 7 22.3 0.2 39.3 16.7 21.4 65.43 101.74
1 P 0 22.3 34.4 5.1 16.7 21.4 64.46 124.86
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Fig. 2. Curvesof theworstconditionalmeans.

The distributions of delaysgeneratedby several solutions
from Table 2 are also presentedgraphically. In Figure 2,
for eachof four distributionsof delaysthevaluesof all the
worst conditionalmeansareshown asfunctionsof the tol-
erancelevel. This resultsin four curves,eachstartingfrom
the correspondingmaximumdelayand reachingthe mean
delaywhenthe tolerancelevel tendsto 1. Onemay notice
thatamongour four solutionsthe0 � 4–conditionalminimax
hasthesmallestworstconditionalmeanfor tolerancelevels
between0.21and0.6aswell asit remainsanalternativeop-
timal solutionto theminimaxsolutionfor smallertolerance
levels.
Figure3 shows theabsoluteLorenzcurvesbuilt for thedis-
tributionsof delaysfor our four conditionalminimax solu-
tionsof thesampleproblem.Onemightnoticefrom Table2
that the0 � 4–conditionalminimaxgeneratesthesamemaxi-
mumdelayasthe 0 � 1–conditionalminimaxwhile its mean
is greaterthanthatof the latter. Hence,while dealingwith
only two criteriaof themaximumdelayandthemeandelay,
the 0 � 4–conditionalminimax solution is dominated. Nev-
ertheless,as shown with the absoluteLorenz curves, it is
equitablynondominatedandthe minimizationof the worst
conditionalmeanwith the tolerancelevel β between0.21
and0.6pointsout thissolutionastheoptimalone.
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Fig. 3. AbsoluteLorenzcurvesfor thesampleproblem.

We testedsolution times for different numberof services
m andnumberof hubsp. For eachspecifiedsizeparame-
terswe generatedrandomly5 problems(6)–(11). The0 � 5–
conditionalminimaxsolutionswerethenfound.All compu-
tationswereperformedon a PCwith thePentium200MHz
processoremploying the CPLEX 6.0 package[5]. The re-
sults are presentedin Table 3. Every reportedtime is an
averageof 5 results(in seconds)for problemsof the given
size.Onemaynoticethatevenproblemswith 500hubswere
solvedvery fast.

Table3
Averagesolutiontimesfor the0.5–conditionalminimax.

Hubs Numberof services(m)
p 50 100 200 500

50 0.10 0.40 0.60 3.20
100 0.40 0.60 1.40 5.40
200 0.40 1.20 2.40 11.00
500 1.20 3.40 6.40 38.60

5. Concludingremarks

Resourceallocationproblemsareconcernedwith thealloca-
tion of limited resourcesamongcompetingservicesor other
activities soasto achieve thebestoverall performances.In
varioussystemswhich serve many users,like in telecom-
municationsystems,there is a needto allocateresources
equitablyamongthe competingservices.In this paperwe
have developedan equitablesolutionconceptof thecondi-
tional minimax. Although similar to thestandardminimax
approach,the conditionalminimax takes into accountthe
amountof servicesrelatedto theworstperformances.For a
specifiedtolerancelevel (portionof servicesamount)β we

take into accountthe entire group of the β portion maxi-
mumresultsandweconsidertheiraverageastheworstcon-
ditional meanto beminimized.Accordingto this definition
the solutionconceptis basedon averagingrestrictedto the
group of the worst performancesdefinedby the tolerance
level. Hence,by theselectionof thetolerancelevel various
equitablepreferencesmaybemodeled.
The solution conceptof the conditionalminimax, similar
to the standardminimax approach,can be definedby op-
timization of a linear objective and a numberof auxiliary
linear inequalities. Therefore,the conceptmay be effec-
tively appliedto variousresourceallocationproblems.Our
initial computationalexperimentswith theconditionalmin-
imax appliedto a straightforwardtraffic engineeringmodel
(restrictedto asinglering bidirectionalloading)confirmthe
theoreticalpropertiesof thesolutionconcept.Bidirectional
ring loadingproblemscontainingup 500hubsweresolved
very fastwith thegeneralpurposeLP solver. Nevertheless,
many specificlarge-scaleallocationmodels(especiallydis-
creteones)mayneedsomespecializedexactor approximate
algorithms.Thus,furtherresearchoncomputationalaspects
of theconditionalminimaxsolutionconceptis necessary.
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