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The presented input convex neural multi-modelling approach to Model Predictive Control (MPC) has two
essential advantages. Firstly, the MPC algorithm solves only convex optimisation tasks; complex not con-
vex and multi-modal problems are not considered. Secondly, the model is trained in a simple one-step-
ahead configuration and it is not used recurrently for prediction. Two neural multi-model structures are
considered: fully input convex and partially input convex ones. The fully convex model structure turns
out to be too restrictive for the considered polymerisation reactor benchmark process. The partially con-
vex model leads to very good prediction accuracy and excellent control quality. Development of fully and
partially input convex multi-models is thoroughly described, particularly selection of the number of the
hidden nodes. Additionally, low effectiveness of a linear multi-model is discussed for comparison.
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1. Introduction, motivation and contribution

1.1. Research area and the main problem

Model Predictive Control (MPC) is an advanced control
approach that has two special features: a) the use of a dynamical
model of the controlled process for online prediction, b) the use
of an optimisation procedure to find online the best control policy
[28,41]. Due to good control quality, MPC algorithms find many
applications. Typical industrial applications are: chemical reactors
[26], electromagnetic mills [34], wastewater treatment plants [33],
hydroelectric generating units [47] and activated sludge processes
[46]. Nowadays, MPC methods are increasingly popular in fast
embedded systems; example applications are: autonomous driving
systems [27], unmanned surface [35] and aerial vehicles [38].

When a nonlinear dynamical model is used for prediction in
MPC, a general nonlinear optimisation problem must be solved at
each sampling instant online. Two main disadvantages of such a
rudimentary nonlinear MPC approach are: significant difficulty
which may require long calculation time and the minimised cost
function may be multi-modal and non-convex, meaning that shal-
low local minima may be found rather than a global solution. Sev-
eral methods have been formulated to reduce computational
difficulty of nonlinear MPC:
1. Successive online linearisation may be used, which leads to
quadratic optimisation tasks which have only one global solu-
tion [21,25,31]. Nonlinear optimisation is not necessary.

2. In the case of block-oriented dynamical models comprised of
independent linear dynamic and nonlinear static blocks, an
inverse static model may be used to compensate for process
nonlinearity [25,37]. It also leads to quadratic optimisation.

3. When the Koopman operator lifts the nonlinear dynamics into a
higher-dimensional space, a linear model may describe a non-
linear process. As a result, a quadratic MPC optimisation task
is obtained [17].

4. Neural networks may approximate the explicit MPC control law
or time-varying coefficients of the control law [3,22,30].

5. Constrained explicit nonlinear MPC algorithms utilise a set of
unconstrained, simple local control laws [12,14]. No online
optimisation is used, but, unfortunately, the necessary number
of such controllers may be high.

6. Convexification of the multi-modal MPC cost function is possi-
ble [10,13,36]. The resulting cost function is not expected to be
quadratic, but convexity guarantees that the global solution is
easily found.

7. Globally optimal nonlinear MPC based on multi-parametric dis-
aggregation may be used [43]. In this approach, the nonlinear
optimisation task is repeatedly relaxed online into a mixed-
integer linear programming problem which generates a starting
point for a nonlinear solver.
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Nomenclature

Model Predictive Control
J kð Þ the MPC cost-function minimised at each sampling in-

stant
N;Nu prediction and control horizons
nA;nB integer numbers which define the order of model

dynamics
u kþ pjkð Þ the future value of the manipulated variable for the

sampling instant kþ p calculated at the current time
step k

u kð Þ the vector of MPC decision variables (the future manip-
ulated variables over the control horizon)

umin;umax minimal and maximal values of the manipulated vari-
able

ymin; ymax minimal and maximal values of the controlled variable
ysp kþ pjkð Þ the future value of the set-point of the controlled

variable for the sampling instant kþ p known at the
current time step k

ŷ kþ pjkð Þ the predicted value of the controlled variable for the
sampling instant kþ p calculated at the current time
step k

Mu kþ pjkð Þ the future increment of the manipulated variable for
the sampling instant kþ p calculated at the current time
step k

Mumin;Mumax minimal and maximal changes of the manipulated
variable

k the penalty coefficient in MPC

General Symbols Used in Modelling and Prediction
d kð Þ the estimation of the unmeasured disturbance that acts

on the process output at the current sampling instant k
(the classical model used recurrently)

d kþ pjkð Þ the estimation of the unmeasured disturbance that
acts on the process output for the future sampling in-
stant kþ p calculated at the current sampling instant k
(the multi-model not used recurrently)

f a nonlinear function that describe a classical nonlinear
model

f p a nonlinear function that describe a nonlinear sub-
model for the sampling instant kþ p

k discrete time (the current sampling instant)
nA;nB integer numbers that define the order of model dynam-

ics

u the process input (the manipulated variable)
xd kþ pjkð Þ the vector of model arguments used to calculate the

unmeasured disturbance d kþ pjkð Þ
xf kþ pjkð Þ the vector of future manipulated variables used in

prediction for the future sampling instant kþ p calcu-
lated at the current time step k

xp kð Þ the current operating point vector of the process de-
fined by past measurements of the process input and
output signals

y the process output (the controlled variable)
y kþ pjkð Þ the model output for the sampling instant kþ p calcu-

lated at the current time step k

Input Convex Neural Network
bi bias coefficients
Ki the number of hidden nodes in the ith layer
L the number of layers
W zð Þ

i and W xð Þ
i weights of the network

x the network input vector
y the network output vector
zi the output vector of the ith layer

Partially Input Convex Neural Network
~bi bias coefficients in the v-path
b zð Þ
i ; b xð Þ

i ; bi bias coefficients in the x-path
Ki the number of hidden nodes in the ith layer
L the number of layers
ui the output vector of the ith layer related to the v-path
v the network input vector that does not have a convex

influence on the outputfWi weights in the v-path
W zð Þ

i ;W zuð Þ
i ;W xð Þ

i ;W xuð Þ
i ;W uð Þ

i weights in the x-path
x the network input vector that has a convex influence on

the output
y the network output vector
ui the nonlinear activation function of the ith layer in the

x-path
~ui the nonlinear activation function of the ith layer in the

v-path
zi the output vector of the ith layer related to the x-path
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8. Input Convex Neural Networks (ICNNs) [1] may be used for pre-
diction. As a result, the resulting MPC optimisation task is also
convex.

1.2. Motivation

This work is concerned with using input convex neural net-
works in MPC. Specifically, two types of networks are considered:
fully ICNNs and partially ICNNs introduced in [1]. Both types of
ICNNs are convex in one-step-ahead prediction. To make a
multiple-step-ahead prediction, a procedure described in [7] may
be used in the case of ICNNs models. An alternative method that
requires additional constraints in the network architecture is pre-
sented in [4]. Of course, when multiple-step-ahead prediction is
required, model errors are propagated and are likely to be larger
than in the one-step-ahead configuration.

Because the input convex neural network is a relatively novel
structure, only a limited number of applications are reported in
the literature. A Hammerstein-Wiener model comprised of two
274
nonlinear static blocks represented by ICNNs and one linear
dynamic block is discussed in [32]. The model is used in MPC of
an engine airpath system. An application of ICNNs in operation
optimisation and MPC of a chemical reactor is reported in [45].
The use of ICNNs in optimisation of transient control against Denial
of Service (DoS) attacks on an energy storage system is considered
in [40]. An optimal voltage regulation methodology using ICNNs in
a distribution network is detailed in [8]. Polyconvex networks for
finite deformations are proposed in [16]. Typically, in fully and par-
tially ICNNs, simple ReLU or LeakyReLU activation functions are
used. An alternative convex neural network relying on Log-Sum-
Exp functions is discussed in [5].

Typically, the process behaviour is predicted over several time
steps in MPC. It means that the underlying dynamical model must
be used recurrently online. In such a case, the predictions depend
in a complex, i.e. nonlinear, possibly multi-modal and non-
convex way on the calculated decision variables, i.e. the optimised
control policy of MPC. Furthermore, recurrence may lead to inaccu-
racies of predictions (the prediction errors are accumulated), in
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particular at the end of the horizon, as demonstrated in [20,21].
There are two modelling approaches that eliminate recurrence:
the multi-model [21] and the factorised structure [2,18,39]. Both
approaches allow to calculate the process predictions without
any recurrence. In the multi-model approach, separate sub-
models determine the consecutive predictions. Only one model is
used in the factorised approach, but it is not recommended for
long-range prediction. Since the cited multi-model and the fac-
torised structure are nonlinear, successive online linearisation is
necessary to obtain quadratic optimisation MPC problems. The rel-
evant procedure for the multi-model comprised of neural networks
of the Multi-Layer Perceptron (MLP) is discussed in [21] and the
solution for the factorised MLP model is presented in [18].

It is true that convexity of the MPC optimisation task is guaran-
teed when a nonlinear model, including a neural network, is suc-
cessively linearised online at the current operating point of the
process [21,25,31]. Let us recall that MPC algorithms with succes-
sive linearisation dominate in practical applications [41]. Unfortu-
nately, accuracy of the time-varying linearised model cannot be
assessed beforehand. Possible inaccuracy of the linearised model
badly influences the quality of predictions and the resulting control
quality of MPC [21,25]. The problem does not exist when convex
neural networks are used because the model is used for prediction
without any linearisation, simplification and truncation, but con-
vexity is still guaranteed.

State-space fundamental models may be used in MPC [28,41],
but they require a description of technological processes using first
principles. Conversely, the discussed convex neural models are
developed using some data sets; no fundamental knowledge is
necessary. The use of fundamental nonlinear models results in
the same problems as in the case of other nonlinear models, i.e.
the MPC optimisation task is nonlinear and when the model is lin-
earised online, the mismatch between the original nonlinear model
and its linear approximation is inevitable.

1.3. Contribution

This work presents a nonlinear MPC algorithm that uses fully
and partially ICNNs models. Unlike the previous works concerned
with convex neural networks [4,7,32,45], the model is deliberately
not used recurrently. Instead, the multi-model approach is utilised,
i.e. a set of convex models is used; they determine predictions for
the consecutive sampling instants. The presented solution has two
general advantages. Firstly, using input convex networks, the MPC
optimisation problem is convex; there are no problems with mul-
tiple shallow local minima. Secondly, recurrence is unnecessary
due to the multi-model structure, which means that the problem
with accumulation of the prediction errors does not exist.

Four model structures for a polymerisation reactor benchmark
process are considered: the linear multi-model, the full ICNN
multi-model and the partially ICNN multi-model in two versions.
In the case of the nonlinear neural models, determination of the
best number of hidden nodes is discussed. Next, all models are
used in MPC and the influence of model accuracy on control quality
is discussed. Two simulation scenarios are considered for all model
structures: a disturbance-free case and a more interesting situation
when the process is affected by external time-varying distur-
bances. Finally, the influence of the model structure and the hori-
zons used in MPC on the calculation time is discussed.

This work is organised in the following way. Section 2 defines
the rudimentary MPC optimisation task. Next, Section 3 describes
the classical fully and partially ICNN models, conditions necessary
for model convexity are formulated and selection of the activation
function is discussed. The main part of the article is given in Sec-
tion 4 that describes the prediction method and the MPC algorithm
based on fully and partially ICNN multi-models. Section 5 presents
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and thoroughly discusses simulation results. Finally, Section 6
summarises the whole work; advantages and limitations of the
presented approach are pointed out.

2. Problem formulation

2.1. Definition of the Basic MPC Optimisation Task

In this work, u and y stand for the manipulated and controlled
variables, respectively. In MPC [6,28,41], a set of current and future
values of the manipulated variable are calculated at each sampling
instant, k ¼ 0;1;2; . . .

u kð Þ ¼ u kjkð Þ . . .u kþ Nu � 1jkð Þ½ �T ð1Þ
The symbol kþ pjk refers to the future sampling instant kþ p

considered at the current sampling k. In some versions of MPC,
the decision vector is comprised of current and future changes of
the manipulated variable, not their values. The length of the deci-
sion variable vector (1) is defined by the control horizon denoted
by Nu. The current and future control policy is determined on-
line as a result as an optimisation procedure. Typically, the min-
imised MPC cost function is

J kð Þ ¼
XN
p¼1

ysp kþ pjkð Þ � ŷ kþ pjkð Þð Þ2 þ k
XNu�1

p¼0

Mu kþ pjkð Þð Þ2 ð2Þ

The set-point value of the controlled variable for the sampling
instant kþ p known at the current instant k is denoted by
ysp kþ pjkð Þ. The predicted value of the controlled variable for the
sampling instant kþ p calculated at the instant k is ŷ kþ pjkð Þ.
Hence, the first part of the MPC cost function measures the squared
control errors predicted over the prediction horizon N. The second
part of the MPC cost function measures squared changes of the
manipulated variable over the control horizon. It is a penalty term
with a weight k > 0 used to minimise unwanted abrupt changes of
that variable; the changes are defined as
Mu kþ pjkð Þ ¼ u kþ pjkð Þ � u kþ p� 1jkð Þ. MPC optimisation is usu-
ally performed subject to some constraints that result from physi-
cal limitations of the hardware used. The classical MPC
optimisation task is

min
u kð Þ

J kð Þf g
subject to
umin 6 u kþ pjkð Þ 6 umax; p ¼ 0; . . . ;Nu � 1
Mumin 6 Mu kþ pjkð Þ 6 Mumax; p ¼ 0; . . . ;Nu � 1
ymin 6 ŷ kþ pjkð Þ 6 ymax; p ¼ 1

ð3Þ

In general, three types of constraints may be considered. Firstly,
the magnitude of the manipulated variable may be limited; umin

and umax stand for minimal and maximal magnitude, respectively.
Secondly, the rate of change of the manipulated variable may be
constrained; Mumin and Mumax stand for maximal negative and max-
imal positive changes, respectively. Thirdly, the predicted value of
the process output may be limited; ymin and ymax stand for minimal
and maximal magnitude, respectively. When the MPC optimisation
task (3) is solved, the first element of the optimal vector (1) is
applied to the process. The optimisation procedure is repeated at
the next sampling instants.

3. Input convex neural networks

Let us recall equations that define the fully input convex neural
network and the partially input convex architecture [1].
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3.1. Fully input convex neural network

The fully input convex neural network is described by the gen-
eral relation

y ¼ f xð Þ
We assume that x 2 Rnx and y 2 R. L stands for the number of

layers. The output vector of the consecutive layers is defined by

ziþ1 ¼ ui W zð Þ
i zi þW xð Þ

i xþ bi

� �
ð5Þ

where i ¼ 0; . . . ; L� 1. The weights are denoted by W zð Þ
i and W xð Þ

i ,

the symbol bi stands for bias coefficients. W zð Þ
0 ¼ 0 and ui stands

for the nonlinear activation function of the ith layer, respectively.
The last layer of the network has one linear node which means that
the output is

y ¼ zL ð6Þ
It is recommended to calculate the network output from Eq. (5)

using vector–matrix representation, not scalars. A very computa-
tionally efficient vector–matrix calculations are possible, e.g., in
MATLAB.

As proved in [1], the considered neural network is convex in
terms of the input vector x provided that all weights

W zð Þ
1 ; . . . ;W zð Þ

L�1 are non-negative and all activation functions ui

are convex and non-decreasing.
In order to evaluate convex properties of the described convex

neural network, let us consider two static nonlinear functions.
The first of them is the R ! R function

f 1 xð Þ ¼ x2 þ 10 sin 2xð Þ ð7Þ

the second one is the R2 ! R function

f 2 xð Þ ¼ x21 þ x22 þ 10 sin x1ð Þ þ 10 sin x2ð Þ ð8Þ
Both functions have multiple local minima. In general, they are

not convex. A three-layer convex neural network is used to approx-
imate the above functions. The first two layers have five hidden
nodes of the ReLU type, while the last layer is linear. Figs. 1 and
2 compare the static functions (the validation data set) and outputs
of convex neural networks. In both cases, the neural approximation
is convex.
Fig. 1. Approximation of the static function (7): the validation data set vs. the
output of the fully input convex. neural network.

276
The obtained result needs a comment. On the one hand, it is
expected that the resulting approximation maps provided by the
neural networks are convex. It means that the approximator con-
vexifies all local non-convexities. Such an approach works very
well when the approximated function is generally convex with
some minor local non-convex parts. On the other hand, the fully
input convex neural network does not work when the approxi-
mated function is generally non-convex.

3.2. Partially input convex neural network

The fully input convex neural network models may be too
restrictive which means that the resulting approximation accuracy
may be below expectations. Hence, in the case of the partially
input convex structure, we require that the model is convex in
terms of a part of arguments. However, it may be not convex in
terms of the rest of them. The general relation describes the par-
tially input convex neural network

y ¼ f v; xð Þ ð9Þ
We assume that v 2 Rnv ; x 2 Rnx and y 2 R. The network is

required to be convex in terms of x but not convex in v. L stands
for the number of layers. There are two types of hidden units: they
are responsible for the v-path and the x-path, respectively. The out-
put vector of the consecutive layers related to the v-path is

uiþ1 ¼ ~ui
fWiui þ ~bi

� �
ð10Þ

where i ¼ 0; . . . ; L� 1;u0 ¼ v and ~ui stands for the nonlinear activa-
tion function of the ith layer, respectively. The weights are denoted

by fWi, the symbol ~bi stands for bias coefficients. The output vector
of the consecutive layers related to the x-path is

ziþ1 ¼ ui W zð Þ
i zi � W zuð Þ

i ui þ b zð Þ
i

h i� �
þW xð Þ

i x � W xuð Þ
i ui þ b xð Þ

i

� ���
þW uð Þ

i ui þ bi

��
ð11Þ

where i ¼ 0; . . . ; L� 1;u0 ¼ v ;ui stands for the nonlinear activation
function of the ith layer and � represents the Hadamard product,

respectively. The weights are denoted by W zð Þ
i ;W zuð Þ

i ;W xð Þ
i ;W xuð Þ

i

and W uð Þ
i , the symbols b zð Þ

i ; b xð Þ
i and bi stand for bias coefficients.

The last layer of the network has one linear node which means that
the output is given by Eq. (6). It is recommended to calculate the
network output from Eq. (11) using vector–matrix representation
that are possible, e.g., in MATLAB.

As proved in [1], the considered neural network is convex in
terms of the input vector x provided that all weights

W zð Þ
1 ; . . . ;W zð Þ

L�1 are non-negative and all activation functions ui

are convex and non-decreasing.

3.3. Selection of activation functions

Selection of activation functions used in convex neural net-
works is crucial since for convexity of the model, it is required that
all activation functions are convex and non-decreasing. Fig. 3
depicts 11 popular activation functions used in machine learning
applications.

At first, let us consider the classical sigmoid function

r xð Þ ¼ 1
1þ e�x

ð12Þ

and the hyperbolic tangent one

tanh xð Þ ¼ ex � e�x

ex þ e�x
ð13Þ



Fig. 2. Approximation of the static function (8): the validation data set vs. the output of the fully input convex. neural network.

Fig. 3. The activation functions.
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These functions are shown in Fig. 3a. Both functions are non-
decreasing. They are convex for x 2 R� but concave for x 2 Rþ. As
a result, they cannot be used in convex neural networks.

Next, we consider the Rectified Linear Unit (ReLU) function

ReLU xð Þ ¼ max 0; xð Þ ¼ 0 if x 6 0
x if x > 0

�
ð14Þ

and the Leaky Rectified Linear Unit (LeakyReLU) one
277
LeakyReLU xð Þ ¼ max ax; xð Þ ¼ ax if x 6 0
x if x > 0

�
ð15Þ

These functions are shown in Fig. 3b; the parameter a ¼ 0:1 is
used in the case of the LeakyReLU function. These functions have
two essential advantages: simplicity of calculation and elimination
of the vanishing gradient problem that occurs in the case of the
classical sigmoid and hyperbolic tangent functions (the gradient
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frequently saturates which leads to very slow training). The ReLU
and LeakyReLU functions are convex and non-decreasing.

Fig. 3c depicts the following functions: the Exponential Linear
Unit (ELU) one

ELU xð Þ ¼ a ex � 1ð Þ if x 6 0
x if x > 0

�
ð16Þ

and the Inverse Square Root Linear Unit (ISRLU) function

ISRLU xð Þ ¼
xffiffiffiffiffiffiffiffiffiffi

1þax2
p if x 6 0

x if x > 0

(
ð17Þ

where a ¼ 1. The parameter a of ELU and ISRLU functions has been
adjusted in such a way that they have similar shape. Both functions
are supposed to be continuous versions of the ReLU function. Both
functions are convex and non-decreasing.

Next, Fig. 3d shows another continuous versions of the ReLU
function: Softplus

Softplus xð Þ ¼ ln 1þ exð Þ ð18Þ
and LogSumExp

LogSumExp xð Þ ¼ ln eax þ exð Þ ð19Þ
Both functions are convex and non-decreasing.
Finally, Fig. 3e depicts the following functions: Sigmoid Linear

Unit (SiLU)

SiLU xð Þ ¼ xr xð Þ ¼ x
1þ e�x

ð20Þ

Gaussian Error Linear Unit (GELU)

GELU xð Þ ¼ x
1þ e�1:702x ð21Þ

and Mish

Mish xð Þ ¼ x tanh ln 1þ exð Þð Þ ð22Þ
We can see that all these functions are decreasing for x 2 R�.

Hence, they cannot be used in convex neural networks.
The following functions are non-decreasing and convex: ReLU,

LeakyReLU, ELU, ISRLU, LogSumExp and Softplus. It means that
each of them may be used and model convexity is guaranteed.
However, one additional aspect has to be considered, namely the
calculation time. In particular, it is enormously important in train-
ing since, during the training process, the model output is calcu-
lated numerous times in the consecutive training epochs. Let us
give calculation times (scaled) obtained in MATLAB. Let the calcu-
lation time of the ReLU function be equal to 100%. The time
increases moderately to approximately 150% for the LeakyReLU
function, to some 500% for ELU and ISRLU functions, to some
1700% and 2000% for Softplus and LogSumExp functions, respec-
tively. It is evident that ReLU and LeakyReLU functions have a
major advantage compared to other functions: simplicity and fast
calculation. Since the ReLU function may suffer from the ‘‘dead
neuron” phenomenon (the neuron output signal is 0 for any
x < 0), the LeakyReLU function is used in this work and
recommended.

4. MPC algorithm based on input convex neural multi-models

Let us consider an example dynamical model described by the
classical discrete-time equation

y kð Þ ¼ f u k� 1ð Þ; . . . ;u k� nBð Þ; y k� 1ð Þ; . . . ; y k� nAð Þð Þ ð23Þ
where the function f : RnAþnBþ1�!R is nonlinear, e.g. represented by
a neural network of a chosen structure. The MPC cost function (2)
uses the predictions of the controlled variable that must be calcu-
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lated from the model. For the example model (23), the consecutive
predictions are

ŷ kþ 1jkð Þ ¼ f u kjkð Þ;u k� 1ð Þ; . . . ;u k� nB þ 1ð Þ; y kð Þ; . . . ;ð
y k� nA þ 1ð ÞÞ þ d kð Þ ð24Þ

ŷ kþ 2jkð Þ ¼ f u kþ 1jkð Þ;u kjkð Þ;u k� 1ð Þ; . . . ;u k� nB þ 2ð Þ;ð
ŷ kþ 1jkð Þ; y kð Þ; . . . ; y k� nA þ 2ð ÞÞ þ d kð Þ

ð25Þ
ŷ kþ 3jkð Þ ¼ f u kþ 2jkð Þ;u kþ 1jkð Þ;u kjkð Þ;u k� 1ð Þ; . . . ;u k� nB þ 3ð Þ;ð

ŷ kþ 2jkð Þ; ŷ kþ 1jkð Þ; y kð Þ; . . . ; y k� nA þ 3ð ÞÞ þ d kð Þ
ð26Þ

where d kð Þ stands for an estimation of the unmeasured disturbance
that acts on the process output at the current sampling instant k.
We can easily make four observations. Firstly, the predictions
(24)-(26) depend on the current and future values of the manipu-
lated variables, i.e. u kjkð Þ;u kþ 1jkð Þ; . . .; they comprise the decision
vector u kð Þ (Eq. (1)) that is found at each sampling instant of MPC.
The decision vector is calculated on-line as the result of solving the
MPC optimisation problem (3). Secondly, the predictions (24)-(26)
depend on some values of the manipulated variable calculated
and applied to the process at the previous sampling instants are
necessary, i.e. u k� 1ð Þ;u k� 2ð Þ; . . .. Thirdly, some measured values
of the controlled variable for the current and previous sampling
instants are necessary, i.e. y kð Þ; y k� 1ð Þ; . . .. Finally, the most impor-
tant observation is the fact that the classical dynamical model (23)
is used recurrently. More precisely, the prediction ŷ kþ 1jkð Þ is in
fact a one-step-ahead prediction, while the prediction ŷ kþ 2jkð Þ
depends recurrently on the prediction ŷ kþ 1jkð Þ, the prediction
ŷ kþ 3jkð Þ depends recurrently on the predictions ŷ kþ 1jkð Þ and
ŷ kþ 2jkð Þ etc.

Let us emphasise that recurrent model training (identification)
is much more computationally demanding and time-consuming
than obtaining the simple one-step-ahead predictor. Moreover,
the resulting models are susceptible to noise and improper selec-
tion of the model order of dynamics; prediction errors are propa-
gated. These factors may lead to inaccurate predictions and low
control quality of MPC. Finally, the consecutive predictions depend
in a complex, nonlinear way on the calculated decision vector (1).
As a result, the MPC optimisation problem may be multi-modal
and non-convex.

In order to eliminate the need of recurrent training and recur-
rent model utilisation in MPC, the multi-model approach may be
used [21]. In this modelling methodology, independent sub-
models are used for each sampling instant within the prediction
horizon. It means that as many as N sub-models are necessary,
i.e. the number of sub-models is defined by the prediction horizon
used in MPC. Selection of appropriate horizons is discussed in clas-
sical books, e.g. [28,41]. In short, the prediction horizon should be
long enough to obtain good control quality. On the other hand, long
horizons lead to complicated models and longer calculation time.
Hence, the horizon should be selected as a result of a compromise
between control quality and model complexity. The essential
advantage of the multi-model is the fact that all sub-models are
trained independently as one-step-ahead non-recurrent models,
computationally demanding recurrent training is not used. The
consecutive sub-models are represented by the following functions

ŷ kþ 1jkð Þ ¼ f 1 u kjkð Þ; xp kð Þ� �þ d kþ 1jkð Þ ð27Þ

ŷ kþ 2jkð Þ ¼ f 2 u kþ 1jkð Þ;u kjkð Þ; xp kð Þ� �þ d kþ 2jkð Þ ð28Þ

ŷ kþ 3jkð Þ ¼ f 3 u kþ 2jkð Þ;u kþ 1jkð Þ;u kjkð Þ; xp kð Þ� �þ d kþ 3jkð Þ...

ð29Þ
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The arguments of the predictors are chosen in the following
way. The multi-model predictions depend on future calculated
future values of the manipulated variable, exactly in the same
way the classical predictions defined by Eqs. 24,25 do. Moreover,
the multi-model predictions depend on the current operating point
of the process that is defined by the following past measurements
of the manipulated variables as well as the current and past values
of the controlled variable

xp kð Þ ¼ u k� 1ð Þ . . .u k� nBð Þ y kð Þ y k� 1ð Þ . . . y k� nAð Þ½ �T ð30Þ
where the index p refers to past signals. Let us introduce the vectors
of future manipulated variables

xf kþ 1jkð Þ ¼ u kjkð Þ ð31Þ
xf kþ 2jkð Þ ¼ u kþ 1jkð Þ;u kjkð Þ½ �T ð32Þ
xf kþ 3jkð Þ ¼ u kþ 2jkð Þ; u kþ 1jkð Þ;u kjkð Þ½ �T

..

. ð33Þ

In general, for p ¼ 1; . . . ;N, we have

xf kþ pjkð Þ ¼ u kþ p� 1jkð Þ; . . . ;u kjkð Þ½ �T ð34Þ
Hence, the universal multi-model prediction equation is

ŷ kþ pjkð Þ ¼ y kþ pjkð Þ þ d kþ pjkð Þ ð35Þ
for p ¼ 1; . . . ;N, where

y kþ pjkð Þ ¼ f p xf kþ pjkð Þ; xp kð Þ� � ð36Þ
denotes the output of the p-th sub-model. Since for each sampling
instant a different sub-model is used, independent disturbance esti-
mations should be used. They are calculated as differences between
the measured process output signal for the current sampling
instant, y kð Þ, and outputs of the consecutive sub-models. From Eq.
(36), we have

d kþ pjkð Þ ¼ y kð Þ � f p xdf kþ pjkð Þ; xdp kþ pjkð Þ
� �

ð37Þ

When the sub-models are used for estimation of the unmea-
sured disturbances at the time k, the indices in Eqs. (30) and (34)
must be moved back p steps which gives the following vectors of
arguments

xdf kþ pjkð Þ ¼ u k� 1ð Þ; . . . ;u k� pð Þ½ �T ð38Þ
xdp kþ pjkð Þ ¼ u k� 1� pð Þ . . .u k� nB � pð Þ y k� pð Þ . . . y k� nA � pð Þ½ �T

ð39Þ
For simplicity, let us rewrite the Eq. (37) as

d kþ pjkð Þ ¼ y kð Þ � f p xd kþ pjkð Þð Þ ð40Þ
where the argument vector used for the sub-model p consists of
past signals

xd kþ pjkð Þ ¼ xdf kþ pjkð Þ� �T
xdp kþ pjkð Þ

� �T
� 	T

ð41Þ

The term ‘‘unmeasured disturbance” in MPC literature, e.g.
[28,41], describes model inaccuracy and actual disturbances that
act on the process. The unmeasured disturbance estimation must
be considered during prediction calculation because, in practice,
all models, even very good ones, have some errors. Neglecting
the unmeasured disturbance estimation in the prediction equation
would result in an unwanted steady-state error, i.e. the actual pro-
cess output would reach a steady-state different from the required
set-point.

Prediction calculation using the multi-model is depicted in
Fig. 4. Let us note that each sub-model is used twice at each sam-
pling instant k. The first time it is used to find from Eq. (36) the out-
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put of the sub-model for the future sampling instant kþ pjk. Next,
the sub-model is used to assess from Eq. (40) the unmeasured dis-
turbance d kþ pjkð Þ.

Different approximators may be used as the sub-models. For
example, MLP neural networks with tanh activation functions
are considered in [21]. Unfortunately, such MLP networks are
non-convex approximators. As a result, the consecutive predic-
tions ŷ kþ 1jkð Þ; . . . ; ŷ kþ Njkð Þ are nonlinear and possibly non-
convex functions of the calculated decision vector of MPC (Eq.
(1)). To simplify calculations, in this work, we use fully input con-
vex neural networks and partially input convex neural networks
to represent the functions f p. In the first case, both future and
past vectors, i.e. xf kþ pjkð Þ and xp kð Þ, respectively, are delivered
as the inputs of the network. As a result, the predictions of the
controlled variables are convex functions of all arguments of
the model as defined by Eqs. (34) and (30). Of course, it means
that the MPC optimisation task with the cost function (2) is con-
vex in terms of the decision vector, which is good. However, it is
also convex in terms of the past vector xp kð Þ, which is likely to
lower approximation accuracy of the sub-models. Hence, in the
second case, we use partially input convex neural networks to
represent the functions f p. In order to obtain convex predictions
and the MPC optimisation task, only the future vector
xf kþ pjkð Þ is delivered as the input vector x in Eq. (9) and the past
vector is delivered as the input vector v. Hence, the network out-
put is convex in terms of the vector xf kþ pjkð Þ, but not convex in
terms of the vector xp kð Þ. As a result, the influence of the future is
modelled in a convex way, while the influence of the past is
approximated in a possibly non-convex manner.

When fully or partially convex neural multi-models are used for
prediction calculation, the predictions ŷ kþ 1jkð Þ; . . . ; ŷ kþ Njkð Þ are
convex in terms of the calculated decision vector u kð Þ defined by
Eq. (1). Because the minimised MPC cost function (2) is quadratic,
it is also convex in terms of the decision vector. As far as the con-
straints possible in the MPC optimisation task (3) are concerned,
we have to distinguish two cases. The limits imposed on the mag-
nitude and the rate of change of the manipulated variables are
purely linear in the decision vector. Conversely, the constraints
put on the predicted values of the controlled variable are nonlinear
but convex which is guaranteed by convexity of the model. As a
result, if the fully or partially convex neural multi-models are used
for prediction, we obtain a convex MPC optimisation problem with
linear and (or) convex constraints. Such problems have only one
minimum which is a global solution, no other local minima are
possible. Therefore, it can be solved very efficiently using available
gradient-based optimisation solvers.

It is also possible to consider purely linear sub-models. They
result in linear predictions and a quadratic MPC optimisation func-
tion, which is convex. In such a case, all constraints are linear.
Unfortunately, when the considered process has nonlinear proper-
ties, linear sub-models may suffer from low approximation accu-
racy and result in unsatisfactory control quality.
5. Simulations

5.1. Process description

Effectiveness of convex multi-modelling and MPC based on
such models is evaluated for a polymerisation reactor benchmark
process [11]. The process manipulated variable is the inlet initiator
flow rate FI (m3 h�1), the controlled variable is the value of Number
Average Molecular Weight (NAMW) of the product (kg kmol�1).
The continuous-time fundamental model of the process presented
in [11] is used as the simulated process. The model consists of four
nonlinear ordinary differential equations
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dCm tð Þ
dt

¼� ZP exp
�EP

RT


 �
þ Zfm exp

�Efm

RT


 �� 	
Cm tð ÞP0 tð Þ ð42Þ

� F tð ÞCm tð Þ
V þ F tð ÞCmin

V

dCI tð Þ
dt ¼ �ZI exp �EI

RT

� �
CI tð Þ � F tð ÞCI

V þ FI tð ÞCIin
V

ð43Þ

dD0 tð Þ
dt

¼ 0:5ZTc exp
�ETc

RT


 �
þ ZTd exp

�ETd

RT


 �� 	
P2
0 tð Þ ð44Þ
Fig. 4. Prediction calculation using the multi-mo

Table 1
Parameters of the fundamental model of the polymerisation react

Parameter Value

CIin 8 kmol m�3

Cmin 6 kmol/m�3

ETc 2:9442� 103 kJ kmol�1

ETd 2:9442� 103 kJ kmol�1

Efm 7:4478� 104 kJ kmol�1

EI 1:2550� 105 kJ kmol�1

EP 1:8283� 104 kJ kmol�1

f � 0.58
Mm 100.12 kg kmol�1
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þ Zfm exp
�Efm

RT


 �
Cm tð ÞP0 tð Þ � F tð ÞD0 tð Þ

V
dDI tð Þ
dt

¼ Mm ZP exp
�EP

RT


 �
þ Zfm exp

�Efm

RT


 �� 	
Cm tð ÞP0 tð Þ � F tð ÞDI tð Þ

V

ð45Þ

where

P0 tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2f �CI tð ÞZI exp �EI
RT

� �
ZTd exp

�ETd
RT

� �
þ ZTc exp

�ETc
RT

� �vuut ð46Þ
del based on input convex neural networks.

or.

Parameter Value

R 8.314 kJ kmol�1 K�1

T 335 K
ZTc 3:8223� 1010 m3 kmol�1 h�1

ZTd 3:1457� 1011 m3 kmol�1 h�1

Zfm 1:0067� 1015 m3 kmol�1 h�1

ZI 3:7920� 1018 h�1

ZP 1:7700� 109 m3 kmol�1 h�1

V 0.1 m3



Table 2
Errors of linear sub-models for training and validation data sets.

p Number of parameters Etrain Eval

1 6 4:7391� 10�1 5:5597� 10�1

2 7 3:2125� 100 3:6753� 100

3 8 8:9096� 100 9:9670� 100

4 9 1:7215� 101 1:8930� 101

5 10 2:7431� 101 2:9798� 101

6 11 3:8827� 101 4:1841� 101

7 12 5:0767� 101 5:4437� 101

8 13 6:2734� 101 6:7089� 101

9 14 7:4338� 101 7:9413� 101

10 15 8:5308� 101 9:1131� 101
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and one algebraic output equation

NAMW ¼ DI tð Þ
D0 tð Þ ð47Þ

Initial operating conditions are: FI ¼ 0:028328 m3 h�1, F ¼ 1 m3

h�1, NAMW ¼ 20000 kg kmol�1, Cm ¼ 5:3745 kmol m�3,
CI ¼ 2:2433� 10�1 kmol m�3, D0 ¼ 3:1308� 10�3 kmol m�3,
DI ¼ 6:2616� 10�1 kmol m�3. All parameters of the model are
given in Table 1.

As a result of its nonlinear behaviour, the discussed polymerisa-
tion reactor is a typical benchmark used in modelling and control
tasks. As far as a black-box approximation of the reactor is con-
cerned, different model structures are possible: Volterra models
[11], dynamical models obtained through genetic programming
[29]; a comparison of black-box neural MLP models, neural Wiener
and Hammerstein models are presented in [21].

As far as control of the reactor is concerned, several approaches
are possible: an MPC algorithm based on a linear model with an
auxiliary loop to capture process nonlinearity [11], an adaptive
Internal Model Control (IMC) algorithms [9], an adaptive MPC
strategy based on the just-in-time learning (JITL) technique [15],
an adaptive MPC method based on orthogonal wavelet networks
[44], offset-free state-space MPC algorithms based on the
discrete-time fundamental model with state estimation [23,42],
computationally efficient MPC algorithms with on-line linearisa-
tion in which MLP neural black-box, MLP neural Wiener and MLP
neural Hammerstein models are used [21], Dynamic Matrix Con-
trol (DMC) algorithm based on step response MLP neural models
[19].

The polymerisation reactor may be approximated for MPC using
the MLP multi-model [21] or the factorised MLP model [18].

5.2. Process modelling for MPC

In this work, three classes of models are considered:

a) the linear multi-model,
b) the fully input convex neural multi-model,
Fig. 5. Training and va
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c) the partially input convex neural multi-model.

Training of all models is performed off-line and the obtained
models are also validated off-line. The whole training and valida-
tion data sets are depicted in Fig. 5; no other data sets are used.
It is assumed that sufficiently reach training and validation data
sets are available. Data sets may be recorded during process oper-
ation or from open-loop simulations (without any controller) of the
fundamental model of the process. The data sets used in this work
have been obtained from simulations of the fundamental model,
which is defined by Eqs. (42)–(47). The sampling time is 1.8 s. Since
the manipulated and controlled variables have different magni-
tude, they are scaled

u ¼ 100 F I � F I
� �

; y ¼ 0:0001 NAMW� NAMW
� �

ð48Þ

where FI ¼ 0:016783 and NAMW ¼ 20000 denote values of process
variables at the nominal operating point.

We assume the second order of model dynamics, i.e.
nA ¼ nB ¼ 2. Taking into account Eq. (30), the past vector

xp kð Þ ¼ u k� 1ð Þ u k� 2ð Þ y kð Þ y k� 1ð Þ y k� 2ð Þ½ �T ð49Þ
lidation data sets.
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is the same for all sampling instants within the prediction horizon.
Conversely, from Eq. (34), it is clear that the future vector xf kþ pjkð Þ
depends on the number of the sub-model. We assume that the pre-
diction horizon N ¼ 10. It means that we have to develop 10 sub-
models.

5.2.1. Linear multi-model
First, let us verify if the linear multi-model may be used for the

polymerisation benchmark process. Model errors for training and
validation data sets are given in Table 2; they are denoted by
Etrain and Eval, respectively. Two observations are possible. Firstly,
the greater p, the lower model accuracy, i.e. model accuracy dete-
Fig. 6. The relation between the validation data set v

Fig. 7. The validation data set (the first 1000 samples) vs
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riorates for the sampling instants far from the current sampling
instant. Secondly, the order of model errors is the same for two sets
of data which means that model identification is performed cor-
rectly. In order to easily assess accuracy of all sub-models, let us
consider Fig. 6 that depicts the relation between the validation
data set vs. outputs of the consecutive linear sub-models. We
may accept the accuracy of the first three or four sub-models,
but the rest of them are imprecise. Fig. 7 compares the first 1000
samples of the validation data set vs. outputs of linear sub-
models for p ¼ 1 and p ¼ 10. The first sub-model is very good,
while the last one is very imprecise; it cannot provide long-range
prediction.
s. outputs of linear sub-models for p ¼ 1; . . . ;10.

. outputs of linear sub-models for p ¼ 1 and p ¼ 10.



Fig. 8. The influence of the number of hidden nodes K on errors for training and validation data sets of fully input convex neural sub-models for p ¼ 1; . . . ;10; validation
errors of the best sub-models are marked.

Table 3
Errors of the best fully input convex neural sub-models for training and validation
data sets.

p Number of
nodes (K)

Number of
parameters

Etrain Eval

1 6 6½ � 133 3:6292� 10�1 5:9880� 10�1

2 7 7½ � 176 2:2067� 100 2:8145� 100

3 5 5½ � 129 6:3731� 100 6:5829� 100

4 5 5½ � 140 1:1249� 101 1:1166� 101

5 8 8½ � 259 7:9324� 100 8:5904� 100

6 8 8½ � 276 1:3074� 101 1:2443� 101

7 9 9½ � 337 1:0743� 101 1:1102� 101

8 9 9½ � 356 1:7380� 101 1:6039� 101

9 8 8½ � 327 2:2865� 101 2:1674� 101

10 7 7½ � 296 3:0585� 101 3:2916� 101

Fig. 9. The relation between the validation data set vs. outputs of t
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5.2.2. Fully input convex neural multi-models
Next, we study effectiveness of fully input convex neural multi-

models. At first, we have to find the necessary number of hidden
layers and the number of nodes in each layer. The LeakyReLU acti-
vation function is used. Unfortunately, large errors are obtained
when only one hidden layer is used, even for a high number of hid-
den nodes. That is why neural networks with two hidden layers are
considered. For simplicity, we assume that the same number of
hidden nodes, denoted by K, is used in both hidden layers. Fig. 8
shows the influence of the number of hidden nodes K on errors
for training and validation data sets of fully input convex neural
sub-models for p ¼ 1; . . . ;10. In order to select the sub-models
which are next used in MPC, we consider the validation error only,
i.e. we choose the sub-models for which the validation error has
the lowest value. The chosen sub-models have 5, 6, 7, 8 or 9 nodes
in two hidden layers. When the number of hidden nodes is
increased, the training error decreases while the validation error
he best fully input convex neural sub-models for p ¼ 1; . . . ;10.
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increases. It means that we cannot use too many hidden nodes. The
application of a much more complicated network with three hid-
den layers does not improve accuracy.

For the chosen sub-model architectures, model errors for train-
ing and validation data sets are given in Table 3; the total number
of parameters is also specified. Fig. 9 depicts the relation between
the validation data set vs. outputs of the consecutive neural sub-
models. When compared with the linear multi-model (Table 2
and Fig. 6), we can see that the neural networks result in lower
errors. Namely, for p ¼ 1;2;3, the neural sub-models have slightly
lower errors, but for p P 4 the errors are 2–3 times lower. Similarly
to the linear sub-models, the greater p, the lower model accuracy
Fig. 10. The validation data set (the first 1000 samples) vs. outputs

Fig. 11. The influence of the number of hidden nodes K on errors for training and validati
errors of the best sub-models are marked.
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in the case of the neural ones. Fig. 10 compares the first 1000 sam-
ples of the validation data set vs. outputs of fully input convex neu-
ral sub-models for p ¼ 1 and p ¼ 10. When compared with Fig. 7
that presents a similar comparison for linear sub-models, we see
that approximation accuracy at the end of the prediction horizon
is better in comparison with the linear case but not excellent.

In general, it is essential to emphasise that the accuracy of the
neural sub-models based on fully input convex neural networks
is better than that of linear ones. However, neural sub-models
are not excellent, particularly for long-range prediction. Further-
more, increasing the number of hidden layers does not improve
accuracy of neural sub-models. The considered class of models
of fully input convex neural sub-models for p ¼ 1 and p ¼ 10.

on data sets of partially input convex neural sub-models for p ¼ 1; . . . ;10; validation



Table 4
Errors of the best partially input convex neural sub-models for training and validation
data sets.

p Number of
nodes (K)

Number of
parameters

Etrain Eval

1 3 73 5:0542� 10�4 1:2724� 10�3

2 5 143 3:2198� 10�3 1:4102� 10�2

3 4 130 1:3593� 10�2 4:3726� 10�2

4 2 86 7:0774� 10�2 1:4592� 10�1

5 3 129 7:4714� 10�2 2:2721� 10�1

6 3 143 1:5831� 10�1 2:4418� 10�1

7 4 194 1:8125� 10�1 3:1890� 10�1

8 4 210 9:1876� 10�2 2:7971� 10�1

9 3 185 1:8057� 10�1 3:7536� 10�1

10 4 242 2:1155� 10�1 4:5007� 10�1

Table 5
Errors of the simplest partially input convex neural sub-models for training and
validation data sets.

p Number of
nodes (K)

Number of
parameters

Etrain Eval

1 1 29 2:1452� 10�2 2:5171� 10�2

2 1 39 2:4121� 10�2 6:4469� 10�2

3 1 49 8:2006� 10�2 1:4233� 10�1

4 1 59 6:5950� 10�1 8:3014� 10�1

5 1 69 4:1105� 10�1 9:2013� 10�1

6 1 79 5:4284� 10�1 9:5637� 10�1

7 1 89 1:1587� 100 1:3140� 100

8 1 99 1:1418� 100 1:9499� 100

9 1 109 1:5541� 100 2:6174� 100

10 1 119 2:0398� 100 3:4100� 100
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has a structural limitation that is full convexity with respect to all
model arguments.
5.2.3. Partially input convex neural multi-models
Finally, we concentrate on partially input convex neural multi-

models. One hidden layer with the LeakyReLU activation function
is used. Fig. 11 shows the influence of the number of hidden nodes
K on errors for training and validation data sets of fully input con-
vex neural sub-models for p ¼ 1; . . . ;10. To choose the best sub-
models which are next used in MPC, we consider the sub-models
which yield the minimal validation error. The chosen sub-models
have 3, 4 or 5 nodes in the hidden layer.

Errors of the best partially input convex neural sub-models for
training and validation data sets are shown in Table 4; the total
number of parameters is also specified. Fig. 12 depicts the relation
between the validation data set vs. outputs of the consecutive par-
tially input convex neural sub-models. When compared with the
fully input convex neural sub-models (Table 3 and Fig. 9), we can
see that the best partially input convex structures are many times
more precise than corresponding fully input convex ones. The least
favourable ratio is 34.8 (the sub-models for p ¼ 7) while the most
favourable gain is 470.6 (the sub-models for p ¼ 1). Of course, we
can see that the prediction error increases at the end of the predic-
tion horizon. However, in the case of partially input convex sub-
models, all errors are much lower than in the case of fully input
Fig. 12. The relation between the validation data set vs. outputs of th
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convex structures. As model accuracy is very good, increasing the
number of hidden layers is unnecessary.

It is interesting to analyse accuracy of the simplest partially
input convex sub-models in which only one hidden node is used,
i.e. K ¼ 1. Table 5 presents training and validation errors of the
consecutive sub-models; the total number of parameters is also
specified. Fig. 13 depicts the relation between the validation data
set vs. outputs of the simplest partially input convex neural sub-
models for p ¼ 1; . . . ;10. When compared with the results for the
best partially input convex neural sub-models (Table 4, Fig. 12),
the results are worse, but still good. In particular, prediction accu-
racy at the end of the prediction horizon is good. Furthermore, the
partially input convex multi-models are much better than fully
convex architectures (Fig. 9 and Table 3).

Let us consider Fig. 14 that compares the first 1000 samples of
the validation data set vs. outputs of two considered versions of the
partially input convex neural sub-models for p ¼ 1 and p ¼ 10, i.e.
the best ones and the simplest structures with only one hidden
node. Accuracy of the best sub-models is excellent, but the sim-
plest ones are only slightly worse. When compared with Fig. 10
that presents a similar comparison for fully input convex sub-
models, we see that application of partially input convex networks
is very beneficial since fully convex networks are too restrictive,
which badly affects model accuracy.
e best partially input convex neural sub-models for p ¼ 1; . . . ;10.
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5.2.4. Model comparison
Having found four models, let us compare thoroughly their

accuracy. Fig. 15 compares the models in terms of errors for train-
ing and validation data sets for the consecutive sub-models, i.e. for
p ¼ 1; . . . ;10. Of course, the models have to be compared for the
validation error, but it is useful to find out that the order of models’
errors is the same for both training and validation sets. It means
that the number of training samples is sufficient and they are cho-
sen properly.

We can observe that the greatest errors characterise the linear
model. Interestingly, fully convex neural sub-models are slightly
Fig. 13. The relation between the validation data set vs. outputs of the s

Fig. 14. The validation data set (the first 1000 samples) vs. outputs of the best and
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better (i.e. model errors are lower) for p ¼ 1;2;3;4 while this dif-
ference increases for p ¼ 5; . . . ;N. On the other hand, fully convex
neural sub-models are the worst ones among the three considered
nonlinear models. The simplest partially input convex neural sub-
models are much better for all samplings instants over the predic-
tion horizon. It means that fully convex models cannot precisely
describe the properties of the considered process. The non-
convex part of the sub-models turns out to be beneficial. Finally,
the best partially input convex neural sub-models are better than
the simplified ones. Interestingly, the gain of replacing fully convex
models with the simplest partially convex ones is larger than the
implest partially input convex neural sub-models for p ¼ 1; . . . ;10.

the simplest partially input convex neural sub-models for p ¼ 1 and p ¼ 10.



Fig. 16. Comparison of the number of parameters for four considered types of sub-
models; p ¼ 1; . . . ;10.
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difference between simplified and the best partially input convex
models.

Fig. 16 depicts the number of parameters of the consecutive
sub-models. Because fully input convex neural sub-models have
two hidden layers, fully input structures are characterised by the
largest number of parameters. Partially input convex structures
have only one hidden layer, which results in a significantly lower
number of model parameters. The simplest partially input convex
neural networks require an even lower number of parameters.

The sub-models based on the simplest partially input convex
neural networks are the most interesting since they have good
accuracy and a moderate number of parameters.

5.3. Process control

5.3.1. Comparison of control accuracy
MPC algorithms based on four types of models are considered:

a) the linear multi-model,
b) the fully input convex neural multi-model,
c) the partially input convex neural multi-model,
d) the simplest partially input convex neural multi-model.

All MPC algorithms have the same parameters:
N ¼ 10;Nu ¼ 3; k ¼ 0:5. The constraints imposed on the manipu-
lated variable are defined by: F I;min ¼ 0:003; FI;max ¼ 0:06. The tun-
ing parameters are the same as those used in literature on MPC of
the considered process [24].

At first, let us check if the MPC algorithms based on the linear
model can control the process. Fig. 17 depicts simulation results
for a set-point trajectory comprised of five steps. Unfortunately,
the control quality is relatively low for four set-point changes since
both manipulated and controlled variables exhibit oscillatory
behaviour; the oscillations are damped but slowly. Oscillations
are not observed for one set-point change, but control is very slow.
Thus, the required set-point is never reached. The reason for unsat-
isfactory control quality is the low accuracy of the linear model, as
depicted in Fig. 6.

Next, we compare effectiveness of MPC algorithms based on
three nonlinear neural models. Simulation results are given in
Fig. 18. We observe the following. Firstly, because accuracy of
the fully input convex neural model is the lowest among all nonlin-
Fig. 15. Comparison of errors for training and validation data s
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ear models, as shown in Fig. 9, the MPC algorithm that uses such a
model for prediction gives the worst performance. Of course, the
resulting trajectories are much better compared to the MPC
scheme based on the linear model (Fig. 17). In the case of the fully
input convex neural model, we have two disadvantages: significant
overshoot present for the first and the last set-point changes and
slow response for the fourth change.

Secondly, control quality is much better when the best partially
input convex model is used since accuracy of the underlying model
is much better, as depicted in Fig. 12. The overshoot is low, the reg-
ulation time is short and there are no oscillations.

Thirdly, when the simplest partially input convex model is used
for prediction in MPC, the resulting control quality is very good,
practically the same as in the case of much more complicated
the best structures. However, although accuracy of the simplest
ets for four considered types of sub-models; p ¼ 1; . . . ;10.



Fig. 17. Simulation results of the MPC algorithm using the linear model.

Fig. 18. Simulation results of MPC algorithms using three types of nonlinear models.
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Table 6
Control quality indicators of MPC algorithms based on four types of considered
models.

Model E1 E2

Linear model 3:7875� 101 3:2354� 101

Fully input convex neural model 3:1143� 101 2:7988� 101

Partially input convex neural model 2:8274� 101 2:6992� 101

The simplest partially input convex neural
model

2:9643� 101 2:7636� 101
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models is lower than that of the best ones, as depicted in Fig. 13, it
is pretty good and the MPC algorithm compensates effectively for
minor model inaccuracies (as a result of the negative feedback
mechanism).

Having presented the obtained process trajectories, let us com-
pare effectiveness of four considered models used in MPC in terms
of two typical control quality indicators. Table 6 specifies the val-
ues of the sum of absolute values of control errors and the values
of the sum of squared control errors (they are denoted by E1 and
E2, respectively); both indicators are measured for the whole sim-
ulation horizon. The obtained numerical indicators confirm obser-
vations when the trajectories presented in Figs. 17 and 18 are
considered. Namely, the MPC algorithm based on the linear model
gives the worse results; the fully input convex neural networks
result in lower errors and the chosen partially input convex models
yield the best results. It is essential that application of the simplest
partially input convex models also gives quite good results, only
slightly worse than in the case of the best partially input convex
ones.

Let us stress that even the best partially input convex neural
model is not a perfect one, i.e. it is characterised by low but non-
zero errors. Despite that, the MPC algorithm can give zero
steady-state error. To check robustness of MPC further, let us
assume that the process is affected by an unmeasured disturbance
Fig. 19. Simulation results of the MPC algorithm using the linear
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that acts on the process output. It changes its value: it is 0 for the
sampling instants k < 15, it is 2000 for 15 6 k < 45, it is 1000 for
45 6 k < 75, it is �1000 for 75 6 k < 105, it is 0 for k P 105.
Fig. 19 shows simulation results of MPC when the linear model is
used for prediction. Since accuracy of the linear model is low, the
obtained control results are comparably poor to the disturbance-
free case depicted in Fig. 17.

Finally, let us consider simulation results of the MPC algorithm
based on three compared classes of neural models; they are pre-
sented in Fig. 20. When compared with the disturbance-free case
shown in Fig. 18, we see the effect of changing disturbances at
the sampling instants k ¼ 15;45;75;105. The controlled variable
temporarily deviates from the required set-point, but the set-
point is reached after several sampling instants thanks to the neg-
ative feedback mechanism. As far as control quality is concerned,
we observe very similar process behaviour as in the disturbance-
free case. Namely, the least accurate fully input convex neural
model gives the slowest transient response for the fourth set-
point change and large overshoot for the last step. Both partially
input convex neural models give very good control quality, charac-
terised by low overshoot and short regulation time. Control quality
indicators are presented in Table 7. They confirm observations
made considering the process trajectories. In particular, it is impor-
tant that the partially input convex models obtain lower control
errors than the fully convex ones and simplifying the partially
input convex structure does not lead to any significant increase
of the errors.

5.3.2. Comparison of calculation time
Let us study the influence of model architecture and horizons

on the calculation time of MPC algorithms. The following eight
types of partially input convex neural models are considered:

a) the simplest model with one hidden layer and only one hid-
den node (K ¼ 1) as shown in Table 5,
model; the process is affected by unmeasured disturbances.



Fig. 20. Simulation results of MPC algorithms using three types of nonlinear models; the process is affected by unmeasured disturbances.
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b) the model with one hidden layer and the best selected num-
ber of hidden nodes as shown in Table 4,
c) the model with one hidden layer and K ¼ 10 hidden nodes,
d) the model with one hidden layer and K ¼ 20 hidden nodes,
e) the model with one hidden layer and K ¼ 40 hidden nodes,
f) the model with two hidden layers and K ¼ 10 10½ � hidden
nodes,
g) the model with three hidden layers and K ¼ 10 10 10½ � hid-
den nodes,
h) the model with four hidden layers and K ¼ 10 10 10 10½ �
hidden nodes.

All models use the LeakyReLU activation function. Of course, for
the considered process, it is sufficient to use the model with only
one hidden layer and the optimised number of nodes listed in
Table 4 because an increase in the number of nodes leads to worse
accuracy, as shown in Fig. 11. Similarly, two, three or four hidden
layers do not improve accuracy; they are only considered to study
the calculation time. Two scenarios of horizons used in MPC are
considered: in the first case, N ¼ 5 and Nu ¼ 1; . . . ;5; in the second
case, N ¼ 10 and Nu ¼ 1; . . . ;10 (the control horizon cannot be
Table 7
Control quality indicators of MPC algorithm based on four types of considered
models; the process is affected by unmeasured disturbances.

Model E1 E2

Linear model 3:8920� 101 3:1992� 101

Fully input convex neural model 3:3030� 101 2:7818� 101

Partially input convex neural model 2:9930� 101 2:6544� 101

The simplest partially input convex neural
model

3:1403� 101 2:6980� 101

290
longer than the prediction one). Fig. 21 depicts the comparison of
the calculation time for eight model variants mentioned above
and two scenarios of horizons. The calculation time is scaled in
such a way that the time for the default horizons
(N ¼ 10;Nu ¼ 3) and the network with one hidden layer containing
the selected numbers of nodes corresponds to 100%. The following
observations are possible:

1. The control horizon, Nu, has the most predominant influence on
the calculation time. It is obvious since the control horizon
defines the number of decision variables of the MPC optimisa-
tion task (3). The prediction horizon, N, also has some influence
on the calculation time, but it is much weaker. It is important
that the calculation time is a linear function of the control
horizon.

2. As far as the relation between the model structure and the cal-
culation time is concerned, in the case of the model with one
hidden layer, the increase of the number of hidden nodes, K,
results in lengthening the calculation time, but this influence
is not very strong. The difference is clearly observed when we
compare the calculation time for the simplest model with only
one hidden node (Fig. 21a) and the model with the selected
number of nodes (Fig. 21b). Further increase of the number of
nodes results in a very limited lengthening of the calculation
time as depicted in Fig. 21c (the network with K ¼ 10 nodes),
Fig. 21d (the network with K ¼ 20 nodes) and Fig. 21e (the net-
work with K ¼ 40 nodes). It is worth noting that it is possible
because the network is implemented in MATLAB using a very
efficient vector–matrix representation.

3. The calculation time increases significantly when the number of
hidden layers is increased to two (Fig. 21f), three (Fig. 21g) and
four (Fig. 21h).



Fig. 21. Comparison of the calculation time of MPC algorithms using eight variants of the partially input convex neural multi-model and two scenarios of horizons.
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Taking into account the reported calculated times, short control
horizons are recommended, while the prediction horizon should be
long enough to obtain good control quality. Moreover, we should
avoid networks with multiple hidden layers and try to minimise
the number of hidden nodes. One hidden layer turns out to be suf-
ficient for the considered benchmark process.
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In addition to the prediction and control horizon, the number
of layers and the number of hidden nodes, the number of model
inputs (defined by the constants nA and nB) also influences the
calculation time. Similarly, the type of the activation function
used in the network also influences the calculation time. Natu-
rally, the ReLU and LeakyReLU functions are calculated much



M. Ławryńczuk Neurocomputing 513 (2022) 273–293
faster than the Softplus and LogSumExp ones, as discussed in
Section 3.3.
6. Conclusions

This work presents the nonlinear MPC algorithm whose unique
feature is convexity of the optimisation task solved online at each
sampling instant. Such an advantage is possible because convex
neural multi-models are used for prediction. Two classes of convex
neural networks are considered: the fully input convex structure
and the partially input convex one. As a result of using the
multi-model approach, all sub-models are trained in the simple
one-step-ahead non-recurrent mode and not used recurrently for
prediction in MPC.

Effectiveness of the described multi-modelling is evaluated for a
simulated polymerisation benchmark. The rudimentary fully input
convex model turns out to be too restrictive to approximate pre-
cisely the process, particularly at the end of the prediction horizon.
The partially input convex model with fewer parameters results in
much better accuracy. It is also interesting that a simplified par-
tially input convex model in which all sub-models have only one
hidden node gives better results than the complex full input con-
vex structure.

Next, the considered convex multi-models are used in MPC of
the polymerisation benchmark; both disturbance-free and distur-
bance scenarios are considered. The MPC algorithm based on the
partially input convex models gives excellent results in these two
cases. In contrast, utilisation of the significantly less precise fully
input convex neural multi-model gives much worse control
quality.

Computational effectiveness resulting from convexity of the
MPC optimisation task and the easiness of model development
are significant advantages of the presented approach. However,
two limitations must be named. Firstly, developing numerous
sub-models may be an essential difficulty when the prediction
horizon is long. It is obvious that the prediction is very good for
time steps close to the current sampling instant, but the prediction
accuracy is likely be poor for very distant time steps. Hence, the
presented solution is recommended for short and moderate predic-
tion horizons. Secondly, the presented modelling and control
methods are adequate when the considered process may be
described by a nonlinear representation that is approximately con-
vex in the future sequence of the manipulated variable. The convex
models are not applicable when the process itself has a signifi-
cantly non-convex nature.

Extension of the presented idea to multivariable processes is
also possible. In such a case, each sub-model calculates predictions
of all controlled variables for one future sampling instant. It is also
possible to use an adaptive version of the MPC algorithm presented
in this work when significant changes of process behaviour are
expected. In such a case, the model is retrained on-line using suc-
cessively collected data. The multi-model prediction scheme is the
same in non-adaptive and adaptive realisations.
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