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Institute of Control and Computation
Engineering, Faculty of Electronics and
Information Technology, Warsaw
University of Technology, Warsaw, Poland

Correspondence
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Abstract

This work is concerned with identification of Wiener models (a linear dynamic
part connected in series with a nonlinear dynamic one). A neural network with
one hidden layer is used as the nonlinear block of the model, two network config-
urations are considered. For model identification three algorithms are described.
In the first case model accuracy only in transient conditions is considered, only
the dynamic data is used for model training. In the next two algorithms model
accuracy in both transient and steady-state conditions is considered, dynamic
and steady-state data sets are used. The steady-state model errors are taken into
account by an additional term in the minimized cost-function or by additional
inequality constraints. For comparison of discussed algorithms and model struc-
tures, identification of a Wiener model of a solid oxide fuel cell (SOFC) process
is considered. It is shown that the best results are obtained by the algorithm

2 which minimizes at the same time both dynamic and steady-state model
errors, additional constraints used in the algorithm 3 are computationally quite
demanding.
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1 INTRODUCTION

Cascade Wiener models are composed of a linear dynamic
part connected in series with a nonlinear steady-state
block [1]. Such structures turn out to be very precise
models of numerous dynamic systems, e.g. chemical
reactors [2], distillation columns [3], separation processes
[4], hydraulic systems [5], and even biological systems
[6]. Unlike numerous black-box models, e.g. neural

networks, Wiener models typically are characterized
by a smaller number of parameters. Moreover, they
may be very efficiently used in control algorithms, e.g.
[7], and in fault detection, e.g. [1]. Unlike black-box
models, block-oriented models have a clear physical
interpretation, since the model gain is calculated eas-
ily as a multiplication of the constant gain of the linear
dynamic block and the gain of the nonlinear steady-state
block, which depends on the current operating point.
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For identification of Wiener models different approaches
have been proposed: correlation methods [8],
non-parametric regression methods [9,10] and nonlinear
optimization methods [4]. An excellent review of identifi-
cation algorithms and applications of Wiener systems in
process modelling and fault detection is given in [1].

During model identification model parameters are
determined in such a way that the difference between
model output and a data set is minimized. Typically,
dynamic model performance is optimized, i.e. model accu-
racy only in transient conditions is considered. Unfor-
tunately, such an approach may result in a model
whose steady-state properties are far from the prop-
erties of the process, as demonstrated in this work.
This work is concerned with identification of Wiener
models for dynamic and steady-state performance. Two
multiple-input single-output (MISO) Wiener structures
are considered (structures A and B) with different config-
urations of the nonlinear part in which a neural network
with one hidden layer is used. For model identification
three algorithms are described (algorithms 1, 2 and 3). In
the first case model accuracy only in transient conditions is
considered, only the dynamic data is used for model train-
ing. In the second algorithm model accuracy in both tran-
sient and steady-state conditions is optimized, dynamic
and steady-state data sets are used. The steady-state model
errors are taken into account by an additional term in
the minimized cost-function. In the third approach model
accuracy only in transient conditions is optimized, but
additional inequality constraints are used to obtain precise
steady-state model properties.

For comparison of the discussed algorithms and model
structures, identification of a Wiener model of a solid oxide
fuel cell (SOFC) process is considered. Fuel cells are very
promising sources of energy since they are able to directly
convert the chemical energy stored in hydrocarbon fuels
(e.g. hydrogen) into electrical energy [11]. Among differ-
ent types of fuel cells, SOFCs [11,12] may be distinguished
since they have many advantages: high electrical effi-
ciency, fuel flexibility, low emission, quiet operation and
relatively low cost. SOFCs are expected to become sound
alternatives to conventional power generation schemes not
only for domestic, but also for commercial and indus-
trial sectors. For economically efficient and safe operation
of SOFCs precise control is necessary. Recently, a num-
ber of model-based control methods have been developed
for different types of fuel cells: observer-based state feed-
back control [13], optimal control [14], extremum seeking
control cooperating with model reference adaptive con-
trol [15], adaptive control [16], model predictive control
(MPC) [17-19] and fractional order controllers [20]. A pre-
cise model of the process is necessary for developing all
these algorithms.

2 STRUCTURES OF WIENER
MODELS

In this work identification of MISO dynamic processes
is considered with nu input variables u1, … ,unu and one
output y.

2.1 Structure A
The first structure of the Wiener model (the structure
A) is depicted in Figure 1. It consists of nu single-input
single-output (SISO) linear dynamic blocks connected in
series with a SISO nonlinear steady-state block, v1 … , vnu

denote outputs of the consecutive linear blocks. The lin-
ear blocks of the model are described by the following
difference equations:

v𝑗(k) =
n𝑗

B∑
i=𝜏𝑗

b𝑗

i u𝑗(k − i) −
n𝑗

A∑
i=1

a𝑗

i v𝑗(k − i) (1)

where j = 1, … ,nu. The integers n𝑗

A, n𝑗

B, 𝜏 j define the
order of dynamics, 𝜏𝑗 ≤ n𝑗

B, j = 1, … ,nu. The constant
parameters of the linear dynamic blocks are denoted by
the real numbers a𝑗

i (i = 1, … ,n𝑗

A, j = 1, … ,nu) and b𝑗

i
(i = 𝜏𝑗, … ,n𝑗

B, j = 1, … ,nu). The sum of output signals
of the SISO linear dynamic blocks is taken as the input v
of the steady-state one. Hence, the nonlinear steady-state
part of the model is described by the general equation

𝑦(k) = g

( nu∑
𝑗=1

v𝑗(k)

)
(2)

As the differentiable function g ∶ R → R a neural net-
work with one input, one hidden layer with K units and
one linear output is used [21]. Its output is

𝑦(k) = w2
0 +

K∑
l=1

w2
l 𝜑

(
w1

l,0 + w1
l,1

nu∑
𝑗=1

v𝑗(k)

)
(3)

where𝜑∶R → R is a nonlinear transfer function (e.g. hyper-
bolic tangent). The weights of the network are denoted by
w1

l,m, l = 1, … ,K, m = 0, 1 and w2
l , l = 0, … ,K, for the

first and the second layers, respectively. The overall number
of weights is 3K + 1.

FIGURE 1 The structure A of the Wiener model
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FIGURE 2 The structure B of the Wiener model

2.2 Structure B
The second structure of the Wiener model (the structure
B) is depicted in Figure 2. Similarly to the structure A, it
also consists of nu SISO linear dynamic blocks described by
Equatiton 1. In contrast to the previous structure, a MISO
nonlinear steady-state block is used. It is described by the
general equation

𝑦(k) = g
(

v1(k), … , vnu (k)
)

(4)

As the differentiable function g ∶ R → R a neural net-
work with nu inputs, one hidden layer with K units and
one output is used. Its output is

𝑦(k) = w2
0 +

K∑
l=1

w2
l 𝜑

(
w1

l,0 +
nu∑
𝑗=1

w1
l,𝑗v𝑗(k)

)
(5)

The weights of the network are denoted by w1
l,m, l =

1, … ,K, m = 0, … ,nu and w2
l , l = 0, … ,K, for the first

and the second layers, respectively. The difference between
the structure A and B is the fact that in the first case the
neural network has only one input (v = v1 + … + vnu )
whereas in the second one there are nu inputs (v1, … , vnu ).
The overall number of weights is K(nu + 1) + K + 1.

3 IDENTIFICATION OF WIENER
MODELS

During model identification the values of b𝑗

i , w1
l,m and w2

l
are directly calculated from an optimization problem the
objective of which is to minimize model errors. In order
to enforce model stability poles of transfer functions corre-
sponding to the discrete-time difference equations (1) are
determined rather than directly the coefficients a𝑗

i . Let the
poles be denoted by r 𝑗

i for i = 1, … ,n𝑗

A, j = 1, … ,nu.
The relation between the poles and the coefficients a𝑗

i are
described by the general functions

a𝑗

i = 𝛼
𝑗

i

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
(6)

where i = 1, … ,n𝑗

A, j = 1, … ,nu. The coefficients a𝑗

i
may be easily calculated for the poles r 𝑗

i . For the first-order
dynamic blocks (i.e. n𝑗

A = 1, j = 1, … ,nu)

a𝑗

1 = 𝛼
𝑗

1(r
𝑗

1 ) = r 𝑗

1 (7)

for the second-order blocks (i.e. n𝑗

A = 2, j = 1, … ,nu)

a𝑗

1 = 𝛼
𝑗

1(r
𝑗

1 , r 𝑗

2 ) = −r 𝑗

1 − r 𝑗

2

a𝑗

2 = 𝛼
𝑗

2(r
𝑗

1 , r 𝑗

2 ) = r 𝑗

1 r 𝑗

2 (8)

etc. All model identification constrained optimization
problems are solved by means of the sequential quadratic
programming (SQP) algorithm [22]. Analytical derivatives
of the minimized objective function are provided for the
SQP solver for all algorithms.

3.1 Algorithm 1
In the first identification algorithm the parameters of the
model are determined considering only model accuracy
in transient conditions, using dynamic data. The objec-
tive of model identification is to find all parameters by
minimization of the model error which is defined as

Edyn = 1
ndyn

ndyn∑
k=1

(𝑦mod(k) − 𝑦(k))2 (9)

The symbols ymod(k) and y(k) denote the model output and
the process output (i.e. a data sample from the available
data set) for the sampling instant k, respectively, the num-
ber of dynamic training patterns is denoted by ndyn. Model
parameters are determined from the following constrained
optimization task

min
r 𝑗

i , b𝑗i , w1
l,m, w2

l

Edyn (10)

subject to

− 1 + 𝛿 ≤ r 𝑗

i ≤ 1 − 𝛿

During calculation of the minimized cost function, Edyn,
the coefficients a𝑗

i are found from the poles r 𝑗

i using
Equations (7) or (8). The constraints −1 + 𝛿 ≤ r 𝑗

i ≤ 1 − 𝛿

are used to enforce stability of the linear dynamic blocks,
where 𝛿 is a small positive number, e.g. 10−4. The coeffi-
cients b𝑗

i and the weights of the neural network are not
constrained.

3.1.1 Model structure A
The gradients of the objective function (9) with respect to
the poles are

𝜕Edyn

𝜕r 𝑗

i

= 2
ndyn

ndyn∑
k=1

(𝑦mod(k) − 𝑦(k))𝜕𝑦mod(k)
𝜕r 𝑗

i

(11)

where i = 1, … ,n𝑗

A, j = 1, … ,nu. The gradients with
respect to the coefficients b𝑗

i are

𝜕Edyn

𝜕b𝑗

i

= 2
ndyn

ndyn∑
k=1

(𝑦mod(k) − 𝑦(k))𝜕𝑦mod(k)
𝜕b𝑗

i

(12)
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where i = 1, … ,n𝑗

B, j = 1, … ,nu. The gradients with
respect to the weights w1

l,m are

𝜕Edyn

𝜕w1
l,m

= 2
ndyn

ndyn∑
k=1

(𝑦mod(k) − 𝑦(k))𝜕𝑦mod(k)
𝜕w1

l,m

(13)

where l = 1, … ,K, m = 0, 1. The gradients with respect
to the weights w2

l are

𝜕Edyn

𝜕w2
l

= 2
ndyn

ndyn∑
k=1

(𝑦mod(k) − 𝑦(k))𝜕𝑦mod(k)
𝜕w2

l

(14)

where l = 0, … ,K. The partial derivative used in the
right side of Equation (11) is derived by differentiating
Equations (1), (3) and (6)

𝜕𝑦mod(k)
𝜕r 𝑗

i

= −
K∑

l=1
w2

l
d𝜑(zl(k))

dzl(k)
w1

l,1

n𝑗

A∑
n=1

𝜕𝛼
𝑗
n
(

r 𝑗

1 , … , r 𝑗

n𝑗

A

)
𝜕r 𝑗

i

v𝑗(k − n)

(15)

where the sum of inputs of the lth hidden node is

zl(k) = w1
l,0 + w1

l,1

nu∑
𝑗=1

v𝑗(k) (16)

for all l = 1, … ,K. If hyperbolic tangent is used as nonlin-
ear transfer functions 𝜑 in the hidden layer of the neural
network, one has

d𝜑(zl(k))
dzl(k)

= 1 − tanh2(zl(k)) (17)

The derivatives of the function 𝛼
𝑗

i (r
𝑗

1 , … , r 𝑗

n𝑗

A
) (Equation 6)

depend on the dynamic order defined by the integer num-
bers n𝑗

A. If n𝑗

A = 1, from Equation (7) one has

𝜕𝛼
𝑗

1(r
𝑗

1 )

𝜕r 𝑗

1

= 1 (18)

If n𝑗

A = 2, from Equation (8) one has

𝜕𝛼
𝑗

1
(

r 𝑗

1 , r 𝑗

2
)

𝜕r𝑗n
= −1, n = 1, 2

𝜕𝛼
𝑗

2
(

r 𝑗

1 , r 𝑗

2
)

𝜕r 𝑗

1

= r 𝑗

2 ,
𝜕𝛼

𝑗

2
(

r 𝑗

1 , r 𝑗

2
)

𝜕r 𝑗

2

= r 𝑗

1 (19)

The partial derivatives used in the right sides of
Equations (12), (13) and (14) are derived by differentiating
Equations (1) and (3), which gives

𝜕𝑦mod(k)
𝜕b𝑗

i

=
K∑

l=1
w2

l
d𝜑(zl(k))

dzl(k)
w1

l,1u𝑗(k − i) (20)

and

𝜕𝑦mod(k)
𝜕w1

l,m

=
⎧⎪⎨⎪⎩

w2
l

d𝜑(zl(k))
dzl(k)

if m = 0

w2
l

d𝜑(zl(k))
dzl(k)

nu∑
𝑗=1

v𝑗(k) if m = 1
(21)

and
𝜕𝑦mod (k)

𝜕w2
l

=
{

1 if l = 0
𝜑(zl(k)) if l = 1, … ,K (22)

3.1.2 Model structure B
The general formulas for gradient calculation, i.e.
Equations (11)–(13) and (14), are the same for both model
structures, the only minor difference is that in the case
of the structure B the neural network has nu inputs. It
means that the partial derivative used in the right side of
Equation (11) is derived by differentiating Equations (1),
(5) and (6)

𝜕𝑦mod(k)
𝜕r 𝑗

i

= −
K∑

l=1
w2

l
d𝜑(zl(k))

dzl(k)
w1

l,𝑗

n𝑗

A∑
n=1

𝜕𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
𝜕r 𝑗

i

v𝑗(k − n)

(23)

where the sum of inputs of the lth hidden node is

zl(k) = w1
l,0 +

nu∑
𝑗=1

w1
l,𝑗v𝑗(k) (24)

for all l = 1, … ,K. The derivatives of the function
𝛼
𝑗

i

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
(Equation 6) are calculated in the same

way it is done in the model structure A, i.e. from
Equations (18) or (19). The partial derivatives used in
the right sides of Equations (12) and (13) are derived by
differentiating Equations (1) and (5), which gives

𝜕𝑦mod(k)
𝜕b𝑗

i

=
K∑

l=1
w2

l
d𝜑(zl(k))

dzl(k)
w1

l,𝑗u𝑗(k − i) (25)

and

𝜕𝑦mod(k)
𝜕w1

l,m

=
⎧⎪⎨⎪⎩

w2
l

d𝜑(zl(k))
dzl(k)

if m = 0

w2
l

d𝜑(zl(k))
dzl(k)

vm(k) if m = 1, … ,nu
(26)

One must remember that for the model structure B the
gradients with respect to the weights w1

l,m must be calcu-
lated for all l = 1, … ,K, m = 0, … ,nu. Finally, the
partial derivative in the right side of (14) is calculated from
Equation (22), but remembering that the signals zl(k) are
defined by Equation (24) for the model structure B.



ŁAWRYŃCZUK 5

3.2 Algorithm 2
In the second identification algorithm model accuracy
not only in transient conditions defined by the error Edyn

(Equation 9), but also in steady-state conditions is con-
sidered. It means that two training data sets are used:
the dynamic data set and the steady-state one. Analo-
gously, there are two validation data sets. Model error for
steady-state data is defined as

Ess = 1
nss

nss∑
s=1

(𝑦ss
mod(s) − 𝑦ss(s))2 (27)

where 𝑦ss
mod(s) and yss(s) denote the steady-state model out-

put and the process output (i.e. a data sample from the
available data set) in steady-state for the data sample s,
respectively, the number of steady-state training patterns
is denoted by nss. Model parameters are determined from
the following constrained optimization task

min
r 𝑗

i , b𝑗i , w1
l,m, w2

l

E = Edyn + 𝜆Ess (28)

subject to

− 1 + 𝛿 ≤ r 𝑗

i ≤ 1 − 𝛿

The above optimization problem is very similar to the one
used in the identification algorithm 1 (Equation 10), the
only difference is the fact that now the objective is to
minimize both model errors in dynamic and steady-state
conditions, 𝜆 > 0 is a weighting parameter (the bigger its
value, the more important the steady-state error).

3.2.1 Model structure A
The gradients of the objective function E = Edyn + 𝜆Ess,
minimized in the optimization problem (28), with respect
to the poles are

𝜕E
𝜕r 𝑗

i

= 𝜕Edyn

𝜕r 𝑗

i

+ 𝜆
𝜕Ess

𝜕r 𝑗

i

(29)

where for i = 1, … ,n𝑗

A, j = 1, … ,nu. The gradients with
respect to the coefficients b𝑗

i are

𝜕E
𝜕b𝑗

i

= 𝜕Edyn

𝜕b𝑗

i

+ 𝜆
𝜕Ess

𝜕b𝑗

i

(30)

where i = 1, … ,n𝑗

B, j = 1, … ,nu. The gradients with
respect to the weights w1

l,m are

𝜕E
𝜕w1

l,m

= 𝜕Edyn

𝜕w1
l,m

+ 𝜆
𝜕Ess

𝜕w1
l,m

(31)

where l = 1, … ,K, m = 0, 1. The gradients with respect
to the weights w2

l are

𝜕E
𝜕w2

l

= 𝜕Edyn

𝜕w2
l

+ 𝜆
𝜕Ess

𝜕w2
l

(32)

where l = 0, … ,K. The gradients of the first part of the
minimized objective function, Edyn, are calculated in the
same it is done in the case of the identification algorithm
1 for the structure A (Section 3.1.1). The gradients of the
objective function Ess with respect to the poles are

𝜕Edss

𝜕r 𝑗

i

= 2
nss

nss∑
s=1

(𝑦mod(s) − 𝑦(s))𝜕𝑦mod(s)
𝜕r 𝑗

i

(33)

where for i = 1, … ,n𝑗

A, j = 1, … ,nu. The gradients with
respect to the coefficients b𝑗

i are

𝜕Ess

𝜕b𝑗

i

= 2
nss

nss∑
s=1

(𝑦mod(s) − 𝑦(s))𝜕𝑦mod(s)
𝜕b𝑗

i

(34)

where i = 1, … ,n𝑗

B, j = 1, … ,nu. The gradients with
respect to the weights w1

l,m are

𝜕Ess

𝜕w2
l,m

= 2
nss

nss∑
s=1

(𝑦mod(s) − 𝑦(s))𝜕𝑦mod(s)
𝜕w1

l,m

(35)

where l = 1, … ,K, m = 0, 1. The gradients with respect
to the weights w2

l are

𝜕Ess

𝜕w2
l

= 2
nss

nss∑
s=1

(𝑦mod(s) − 𝑦(s))𝜕𝑦mod(s)
𝜕w2

l

(36)

where l = 0, … ,K. In order to derive the partial deriva-
tives in the right sides of Equations (33)-(36), it is necessary
to consider steady-state behavior of the dynamic Wiener
model. In steady-state, from Equation (1), one has

v𝑗 = u𝑗

n𝑗

B∑
i=𝜏𝑗

b𝑗

i

⎡⎢⎢⎣1 +
n𝑗

A∑
n=1

𝛼
𝑗
n(r

𝑗

1 , … , r 𝑗

n𝑗

A
)
⎤⎥⎥⎦
−1

(37)

and Equation (3) gives

𝑦 = w2
0 +

K∑
l=1

w2
l 𝜑

(
w1

l,0 + w1
l,1

nu∑
𝑗=1

v𝑗

)
(38)

In the steady-state conditions the relations between the
poles and the coefficients a𝑗

i of the linear dynamic part
(Equation 6) described by Equations (7) or (8) or are true.
The partial derivatives used in the right side of Equation 33
are derived by differentiating Equations (37), (38) and (6)
which gives

𝜕𝑦mod(s)
𝜕r 𝑗

i

= −
K∑

l=1
w2

l
d𝜑(zl(s))

dzl(s)
w1

l,1u𝑗

n𝑗

B∑
i=𝜏𝑗

b𝑗

i

⎡⎢⎢⎣1 +
n𝑗

A∑
n=1

𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)⎤⎥⎥⎦
−2

×
n𝑗

A∑
n=1

𝜕𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
𝜕r𝑗n

(39)
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where from Equation 16

zl(s) = w1
l,0 + w1

l,1

nu∑
𝑗=1

v𝑗(s) (40)

The derivatives of the function 𝛼
𝑗

i

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
(Equation 6), used in the right side of Equation (39), are
given by Equations (18) or (19), they are true no matter
if the model is considered in dynamic or steady-state
conditions. The partial derivatives used in the right
sides of Equations (34) are derived by differentiating
Equations (37) and (38), which gives

𝜕𝑦mod(s)
𝜕b𝑗

i

=
K∑

l=1
w2

l
d𝜑(zl(s))

dzl(s)
w1

l,1u𝑗(s)

⎡⎢⎢⎣1 +
n𝑗

A∑
n=1

𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)⎤⎥⎥⎦
−1 (41)

The partial derivatives used in the right sides of
Equations (35) and (36) are calculated from Equations (21)
and (22), respectively, but the index k must be
replaced by s.

3.2.2 Model structure B
The general formulas for gradient calculation, i.e.
Equations (29)- (36), are the same for both model struc-
tures, the only minor difference is that in the case of the
structure B the neural network has nu inputs. Equation 37
is true, but from Equation (5), in place of Equation (38),
one obtains

𝑦 = w2
0 +

K∑
l=1

w2
l 𝜑

(
w1

l,0 +
nu∑
𝑗=1

w1
l,𝑗v𝑗

)
(42)

The partial derivatives used in the right side
of Equation (33) are derived by differentiating
Equations (37), (42) and 6 which gives

𝜕𝑦mod(s)
𝜕r 𝑗

i

= −
K∑

l=1
w2

l
d𝜑(zl(s))

dzl(s)
w1

l,𝑗u𝑗

n𝑗

B∑
i=𝜏𝑗

b𝑗

i

×
⎡⎢⎢⎣1 +

n𝑗

A∑
n=1

𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)⎤⎥⎥⎦
−2

×
n𝑗

A∑
n=1

𝜕𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)
𝜕r𝑗n

(43)

where from Equation (24)

zl(s) = w1
l,0 +

nu∑
𝑗=1

w1
l,𝑗v𝑗(s) (44)

The derivatives of the function 𝛼
𝑗

i (r
𝑗

1 , … , r 𝑗

n𝑗

A
) (Equation 6),

used in the right side of Equation 43, are also given by
Equations (18) or (19) for the structure B. The partial deriva-
tives used in the right side of Equations (34) are derived by
differentiating Equations (37) and (38), which gives

𝜕𝑦mod(s)
𝜕b𝑗

i

=
K∑

l=1
w2

l
d𝜑(zl(s))

dzl(s)
w1

l,𝑗u𝑗(s)

⎡⎢⎢⎣1 +
n𝑗

A∑
n=1

𝛼
𝑗
n

(
r 𝑗

1 , … , r 𝑗

n𝑗

A

)⎤⎥⎥⎦
−1 (45)

The partial derivatives used in the right sides of
Equations (35) and (36) are calculated from Equations (21)
and (22), respectively, but the index k must be replaced by s.

3.3 Algorithm 3
In the third identification algorithm, similarly to the sec-
ond one, model accuracy in both transient and steady-state
conditions is considered. However, in contrast to the
second algorithm, as the minimized cost-function the
dynamic model error Edyn is only taken into account, but it
is explicitly required that in steady-state the model output
is exactly the same as the steady-state training data

𝑦ss
mod(s) = 𝑦ss(s) (46)

for all steady-state data samples, i.e. s = 1, … ,nss. It leads
to the following constrained optimization task

min
r 𝑗

i , b𝑗i , w1
l,m, w2

l

Edyn (47)

− 1 + 𝛿 ≤ r 𝑗

i ≤ 1 − 𝛿

𝑦ss
mod(s) = 𝑦ss(s), s = 1, … ,nss

Although theoretically correct, the optimization problem
(47) is not recommended since the nonlinear equality con-
straints (46) greatly increase computational complexity. In
general, equality constraints always are difficult to satisfy,
they may even lead to the infeasibility problem, i.e. the
set of solutions of the whole optimization task may be
empty. Hence, the equality constraints (46) are relaxed by
the following equality ones

𝑦ss(s) − 𝜀min
≤ 𝑦ss

mod(s) ≤ 𝑦ss(s) + 𝜀max (48)

The values of quotients 𝜀min ≥ 0 and 𝜀max ≥ 0 define the
degree of violation of the original equality constraints (46).
The resulting constrained optimization problem is
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min
r 𝑗

i , b𝑗i , w1
l,m,

w2
l , 𝜀

min, 𝜀max

E = Edyn + 𝜆min(𝜀min)2 + 𝜆max(𝜀max)2 (49)

− 1 + 𝛿 ≤ r 𝑗

i ≤ 1 − 𝛿

− 𝑦ss
mod(s) + 𝑦ss(s) − 𝜀min

≤ 0, s = 1, … ,nss

𝑦ss
mod(s) − 𝑦ss(s) − 𝜀max

≤ 0, s = 1, … ,nss

𝜀min
≥ 0, 𝜀max

≥ 0

The original hard constraints (46) can be temporarily vio-
lated, but it enlarges the admissible set of possible solu-
tions when necessary. The degree of constraint violation
is minimized by adding a quadratic penalty to the mini-
mized cost function, 𝜆min > 0, 𝜆max > 0 are weights. A very
similar relaxation technique is commonly used in control
algorithms [23,24].

Since the model parameters do not depend on the slack
optimization variables, 𝜀min and 𝜀max, the gradients of
the objective function E, minimized in the optimization
problem (49), with respect to model parameters are the
same as those used in algorithm 1, which is discussed in
Sections 3.1.1 and 3.1.2 for the model structures A and B,
respectively. Additional derivatives are

𝜕E
𝜕𝜀min = 2𝜆min𝜀min,

𝜕E
𝜕𝜀max = 2𝜆max𝜀max (50)

4 SIMULATION RESULTS

In this section the effectiveness of the three discussed iden-
tification algorithms and two Wiener structures is studied.

4.1 Solid oxide fuel cell system
description
Details of mathematical modeling of SOFCs using
first-principle laws are given e.g. in: [11,12,25-27]. The fun-
damental model of the SOFC introduced in [28] and next
discussed in [19,29] is used in this work. The considered
SOFC has two manipulated variables (the inputs of the
process): the input gas flow rate qin

f (mols−1) and the input
oxygen flow rate qin

O2
(mols−1) as well as one disturbance

(the uncontrolled input) Iin which is the external current
load (A). There is one main controlled variable (the output
of the process) which is the stack output voltage Vr (V).
The values of process inputs are constrained

0 mol s−1
≤ qin

f ≤ 1.7023 mol s−1 (51)

FIGURE 3 Training (left) and validation (right) dynamic data sets [Color figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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TABLE 1 Errors of the model structure A trained using different algorithms for the training
and validation data sets, errors for dynamic and steady-state data are given

Identification algorithm Etrain
dyn Etrain

ss Eval
dyn Eval

ss

Algorithm 1 1.4586 × 101 1.6423 × 102 2.5439 × 101 1.5013 × 102

Algorithm 2 2.3129 × 101 1.1233 × 102 4.1340 × 101 1.1845 × 102

Algorithm 3 2.3158 × 101 1.2105 × 102 3.0193 × 101 1.3437 × 102

FIGURE 4 The dynamic validation data set (solid line) vs. the
output of the model structure A trained using different algorithms
(dashed line) [Color figure can be viewed at wileyonlinelibrary.com]

0 mol s−1
≤ qin

O2
≤ 1.6134 mol s−1 (52)

The value of the disturbance is also limited

250 A ≤ Iin ≤ 350 A (53)

4.2 Wiener models identification of solid
oxide fuel cell
The discussed SOFC is characterized by linear dynamic
behavior and nonlinear steady-state bahavior. Hence, as the
empirical models the Wiener structure is straightforward.

For model identification, the manipulated variables of
the process, qin

f and qin
O2

, the disturbance, Iin, and the out-
put, Vr, are scaled in the following way:

u1 = qin
f − q̄in

f , u2 = qin
O2

− q̄in
O2

(54)

FIGURE 5 The relation between the validation data vs. the
outputs of the model structure A trained using different algorithms
for dynamic validation data set (top panels) and steady-state
validation data set (bottom panels) [Color figure can be viewed at
wileyonlinelibrary.com]

u3 = 0.02(Iin − Īin), 𝑦 = Vr − V̄r (55)

where q̄in
f = 0.7023 mol s−1, q̄in

O2
= 0.6134 mol s−1, Ī in =

300 A and V̄r = 3.335865× 102 V denote values of process
variables at the initial operating point.

The objective is to find a Wiener model of the stack volt-
age, Vr, taking into account both dynamic and steady-state
model accuracy. The fundamental model of the SOFC is
treated as “the real process” to generate the data next
used for identification of Wiener models. When one has
to develop a model for a real process, real data sets
recorded during process operation are used for model
identification. In general, as many as four data sets are
used: dynamic training and validation data sets as well
as steady-state training and validation ones. The training
data sets are used only for model identification, i.e. to
find parameters of models. The validation data sets are
used only to assess generalisation ability of models. Firstly,
the continuous-time fundamental model is simulated (the
resulting system of differential equations is solved by the
Runge-Kutta method of order 45). The sampling period is
1 second. The dynamic training and validation data sets
are depicted in Figure 3, both sets consist of 4000 sam-
ples. As the process inputs and the disturbance signals a
series of random sequences from the range characterized
by Equations (51)–(53) is used. Secondly, from the fun-

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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TABLE 2 Errors of the model structure B trained using different algorithms for the training
and validation data sets, errors for dynamic and steady-state data are given

Identification algorithm Etrain
dyn Etrain

ss Eval
dyn Eval

ss

Algorithm 1 2.8125 × 10−1 5.3972 × 101 9.4749 × 10−1 3.5639 × 101

Algorithm 2 3.8580 × 10−1 4.2385 × 10−1 5.9092 × 10−1 1.8888 × 100

Algorithm 3 5.6838 × 10−1 1.6694 × 100 1.5833 × 100 2.2336 × 100

FIGURE 6 The dynamic validation data set (solid line) vs. the
output of the model structure B trained using different algorithms
(dashed line) [Color figure can be viewed at wileyonlinelibrary.com]

damental dynamic model, the steady-state one is derived.
From that model the steady-state training and validation
data sets are generated for random values from the range
characterized by Equations (51)–(53). Both steady-state
data sets consist of 500 samples.

The order of all compared Wiener models is defined by
𝜏 j = 1, n𝑗

A = n𝑗

B = 2, j = 1, 2, 3, which means that three
dynamic model blocks shown in Figures 1 and 2 are of the
second order. In all cases neural networks with 10 hidden
nodes are used (K = 10). Since the solved optimization
problems may have local minima, each model configura-
tion has been trained 10 times, only the best results are
presented. The maximal number of training epochs is 500,

FIGURE 7 The relation between the validation data vs. the
outputs of the model structure B trained using different algorithms
for dynamic validation data set (top panels) and steady-state
validation data set (bottom panels) [Color figure can be viewed at
wileyonlinelibrary.com]

but training is stopped when the validation error grows.
Additional parameters are: 𝜆 = 1 (algorithm 2), 𝜆min =
𝜆max = 0.02 (algorithm 3).

4.2.1 Effectiveness of model structure A
At first the model structure A and 3 discussed identifica-
tion algorithms are considered. Table 1 shows model errors
for the training and validation data sets, both errors for
dynamic and steady-state data are given. The errors for
the training set are given for information purposes, the
model is always assessed taking into account its valida-
tion errors. Figure 4 depicts the dynamic validation data
set vs. the output of the model. Figure 5 shows the rela-
tion between the validation data vs. the outputs of models
for both dynamic and steady-state data sets, respectively
(for perfect models the relation figures should consist of
points which form lines of the slope 45 degrees). In gen-
eral, the model A gives very poor results, both dynamic
and steady-state validation errors, Eval

dyn and Eval
ss , respec-

tively, are big. The steady-state error is the biggest when it
is not minimized during model identification (algorithm
1). Unfortunately, in algorithms 2 and 3 the dynamic error
is bigger than in the case of the algorithm 1. One may con-

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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clude that for the considered SOFC process with 3 input
variables the simple steady-state nonlinear block with only
1 input is insufficient.

4.2.2 Effectiveness of model structure B
Next, the model structure B and 3 discussed identifica-
tion algorithms are considered. Table 2 shows model errors
for the training and validation data sets, both errors for
dynamic and steady-state data are given. Figure 6 depicts
the dynamic validation data set vs. the output of the
model. Figure 7 shows the relation between the valida-
tion data vs. the outputs of models for both dynamic and
steady-state data sets, respectively. In general, the model
B is much more precise in comparison with the model
A, but the three compared training algorithms give differ-
ent results. Taking into account the validation errors, the
algorithm 1 gives quite a low value of the dynamic error
since its identification task is defined as minimization of
that error. Unfortunately, during model identification the
steady-state error is not considered and it has the biggest
value for all 3 compared algorithms. The algorithm 2 dur-
ing identification takes into account both dynamic and
steady-state error and both of them have minimal values
in the case of the structure B. It is interesting to note
that when compared with the algorithm 1, the algorithm
2 gives not only lower model error for steady-state, but
also for dynamic data. The objective of the algorithm 3 is
to minimize the dynamic error and take into account the
constraints to enforce good steady-state properties of the
model. Unfortunately, the necessity of satisfying the addi-
tional constraints makes the whole optimization problem
computationally demanding and difficult. The obtained
model in terms of the dynamic error is the worst one
among the B structure, but it is much better when com-
pared to the model A. At the same time, the steady-state
error of the model B trained by the algorithm 3 is only
somehow worse than that of the model determined by the
algorithm 2, much better than the model obtained by the
algorithm 1.

Considering the obtained results one may conclude
that for the considered Wiener model of the SOFC stack
voltage, the best model accuracy both in dynamic and
steady-state conditions are obtained in the structure B of
the model and when the algorithm 2 is used. It turns
out that minimization at the same time the dynamic and
steady-state errors is simple, yet very efficient. Incorpora-
tion of additional inequality constraints to enforce good
model accuracy in steady-state does not lead to better
results, but significantly increases computational com-
plexity of the identification procedure.

5 CONCLUSIONS

Efficient advanced control schemes [7,24], process opti-
mization algorithms [24], fault tolerant control [30] and
estimation [31] require precise models of considered pro-
cesses. Typically, during model identification accuracy in
dynamic conditions is optimized, but such a model may
have poor steady-state performance, which is crucial, e.g.
in on-line process set-point optimization [24]. In this work
two model identification algorithms are discussed the
objective of which is to optimize model accuracy both
in dynamic as well as in steady-state conditions. In the
first approach (algorithm 2) both dynamic and steady-state
model errors are directly taken into account in the min-
imized cost function. In the second method (algorithm
3) good model bahaviour in steady-state is enforced by
additional inequality constraints. Implementation details
of these algorithms for two Wiener MISO structures are
discussed. To compare effectiveness of the algorithms and
two model structures, the problem of obtaining a precise
model of the SOFC process is considered. The best results
are obtained by the algorithm 2 which minimizes at the
same time both dynamic and steady-state model errors,
additional constraints turn out to be computationally quite
demanding and do not lead to better models. The pre-
sented approach may be directly used for identification of
models of alternative fuel cells, e.g. [32].

The identification algorithms presented in this work are
universal since they are developed for the MISO case.
Moreover, general ideas are true for other Wiener struc-
tures, with different types of the steady-state part. Appli-
cation e.g. of Radial Basis Function (RBF) neural net-
works in place of the multi-layer perceptrons is possible.
Finally, it is also possible to use a different kind of a
nonlinear model, but it must be stressed that it is rela-
tively easy to consider steady-state behavior in the iden-
tification algorithm of cascade models, i.e. Hammerstein,
Wiener, Hammerstein-Wiener and Wiener-Hammerstein
structures [1]. For general black-box models, it may be not
possible.
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born in Warsaw, Poland, in
1972. He obtained his M.Sc.
in 1998, Ph.D. in 2003, D.Sc.
in 2013, in automatic control,
from Warsaw University of
Technology, Faculty of Elec-

tronics and Information Technology. Currently he is
employed at the same university at the Institute of
Control and Computation Engineering as an asso-
ciate professor. He is the author or a co-author of 6
books and more than 100 other publications, includ-
ing more than 30 journal articles. His research
interests include: advanced control algorithms, in
particular MPC algorithms, set-point optimization
algorithms, soft computing methods, in particular
neural networks, modeling and simulation.

How to cite this article: Ławryńczuk M. Iden-
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