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a b s t r a c t 

The objective of this work is to optimize control strategy of a vehicle which leads to low 

fuel consumption. A specialized car developed especially to take part in the Shell Eco- 

marathon competition is considered. At first a general first principle model of the vehicle 

is discussed, its parameters are tuned taking into account the data obtained experimen- 

tally and the model is validated using real measurements. Next, the optimization problem 

leading to low fuel consumption is discussed. The engine usage continuous-time control 

strategy is parametrized by means of 4 methods in order to reduce computational com- 

plexity. Since the resulting constrained optimization problem is nonlinear, as many as 5 

evolutionary algorithms are examined in terms of quality of the final result and computa- 

tional efficiency. Inefficiency of a classical gradient-based optimization method is demon- 

strated. Finally, a complete decision system which can act as an autonomous vehicle engine 

controller is discussed. 

© 2019 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Nowadays, one of the main development directions in the automotive industry is to improve energy efficiency of vehicles.

There are two important reasons for that. Firstly, reduction of energy used by cars directly results in increasing economic

efficiency of the transport sector. Secondly, reduction of energy leads to lowering CO 2 emission. It is necessary to stress

the fact that the transport sector is responsible for 23 % of the global CO 2 emission resulted from fuel consumption [8] .

Although electric cars become more and more popular due to their “zero-emission” propulsion system and relative low

cost per driven distance, the majority of vehicles used are powered by classical internal combustion engines. Unfortunately,

electric cars currently available on the market have important disadvantages: high production cost which mainly results

from the battery manufacturing cost, limited range and underdeveloped charging points infrastructure. Furthermore, the use

of electric cars does not generate any pollution, but production and recycling may be more dangerous for the environment

than in the case of the classical vehicles based on combustion engines. As a result, there is still a great need to optimize

energy consumption of petrol engines. 

Research concerned with low fuel consumption vehicles is currently carried out by many commercial companies as well

as scientific institutions. A great forum to demonstrate the latest achievement is the Shell Eco-marathon (SEM) organized

by Royal Dutch Shell company. The most interesting competition, called the UrbanConcepts, takes place between energy
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efficient city cars that are supposed to replace the ones used currently. The Shell Eco-marathon has been organized since

1985, the Europe 2017 edition engaged more than 200 teams from leading European technical universities. During the SEM

series, several world records in fuel usage minimization have been established by especially designed vehicles [34] . 

Fuel consumption is determined by multiple factors. The control strategy of the vehicle engine is one of the most impor-

tant. The problem is complex since it is possible to parametrize the control strategy in many ways, the issue is to define a

good control policy and next optimize it in such a way energy consumption is minimized. In case of an internal combustion

engine, obtaining optimal control strategy is not straightforward, especially due to its non-linear characteristic of power,

torque and energy conversion efficiency. Hence, the resulting optimization problem is not trivial (i.e. nonlinear, non-convex)

subject to some constraints imposed by technological criteria and requirements. Furthermore, energy consumption can be

also limited by engaging “start-stop” systems or engine braking, especially used in urban areas when a lot of stops caused

by traffic lights or jams can occur [38] . Such factors definitely make the problem of optimizing energy consumption difficult.

Traditionally, fuel consumption is mainly influenced by the driving technique used. Most teams competing in the SEM

series utilize a lot of time for track analysis and driver training (also on the especially designed car simulators) to achieve

the best results. This approach is significantly limited as a track change makes it mandatory to repeat the whole process. The

leading teams work on driving automation which can improve their results. Advanced Vehicle Control Systems (abbreviated

to ADAS) are also in the area of interest of scientists and automotive companies. Optimization based methods have been

proposed to limit vehicle fuel consumption in which dynamic programming [2] is used off-line to generate the reference

speed trajectory and Model Predictive Control (MPC) controller is used on-line to maintain this trajectory in car-following

scenario [42] . Dynamic programming algorithm acting as off-line optimization engine with the MPC controller is also con-

sidered in [4,33] however this solution is mainly focused on electric cars whose performance characteristics allow to take

advantage of high energy conversion efficiency in wide range of operating points. In [18] the Bellman’s approach is used

for gasoline vehicle efficiency optimization, but a real-time on-line solution is not implemented due to high computational

complexity. 

The objective of this work is to optimize control strategy of a vehicle which leads to low fuel consumption. Research

is concerned with a specialized car developed especially to take part in the Shell Eco-marathon competition. At first a

general first principle model of the vehicle is discussed, its parameters are tuned taking into account the data obtained

experimentally and the model is validated using real measurements. Next, the optimization problem leading to low fuel

consumption is discussed. The engine usage continuous-time control strategy is parametrized by means of 4 methods in

order to reduce computational complexity (by reducing the number of decision variables of the optimization problem).

Since the resulting constrained optimization problem is difficult (nonlinear, possibly non-convex) as many as 5 evolutionary

algorithms are examined in terms of quality of the final result and computational efficiency: the Particle Swarm Optimization

(PSO) algorithm [11] , the Invasive Weed Optimization (IWO) scheme [20] , the Firefly Algorithm (FA) [44] , the Grey Wolf

Optimizer (GWO) [21] and the Jaya Algorithm (JA) [30] . Finally, inefficiency of the classical gradient-based optimization

method (the Sequential Quadratic Programming algorithm [27] ) is demonstrated. Taking into account the obtained results, a

complete decision system which can act as an autonomous vehicle engine controller is discussed. It may be used as a part

of real solution intended to increase fuel consumption efficiency. Computational aspects of the proposed solution are also

discussed. 

This work is organized in the following way. At first, in Section 2 , a first principle mathematical model of the vehicle is

derived. Next, Section 3 deals with parametrization and optimization of control strategy for the vehicle engine, efficiency of

the used optimization algorithms is compared. Section 4 discusses the proposed decision system and the possible choice of

the hardware platform. Finally, Section 5 concludes the whole work. 

2. Modelling of vehicle dynamics 

2.1. PAKS Vehicle 

The PAKS car shown in Fig. 1 is considered in this work. It was built in 2011 by Student Association for Vehicle Aero-

dynamics (SAVA), affiliated with the Faculty of Power and Aeronautical Engineering at the Warsaw University of Technology

[35] . The vehicle was built with the aim of taking part in the UrbanConcept category during the Shell Eco-marathon com-

petition series. The PAKS is a concept car of a one-person urban vehicle measuring about 350cm x 140cm x 120cm. Its body

shape is based on a glider cockpit which leads to a low aerodynamic drag coefficient. The main element of its propulsion

system is 72cm 

3 air-cooled, single cylinder Honda 139FMB engine, which can generate up to 4.5HP power. The genuine

carburetor-based fuelling and ignition systems has been replaced by the indirect injection system based on ECUMASTER

EMU standalone engine management system. It allows to use more adequate fuelling strategy based on various measure-

ments instead of mechanical tuning of carburetor, which limits fuel consumption and pollution emission. The PAKS is also

equipped with an expanded on-board data acquisition system consisting of the STM32 microcontroller-based devices con-

nected with Controller Area Network (CAN) bus. The described structure, developed from scratch by the SAVA members,

allows full customization of data-logging and real-time measurements of various parameters such as vehicle position, speed

or acceleration [35] . 

During the SEM Europe 2013, which took place in Rotterdam, the PAKS won the first place in the UrbanConcept Gasoline

category with the result 334km/L. The best result of fuel economy achieved by PAKS was 376 km/L during SEM Europe
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Fig. 1. The PAKS vehicle during the SEM Challenger 2016 in Le Mans, France. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2014 competition (the second place in its category). From 2016, when competition was moved to London, results achieved

by all teams were reduced by about 40%: The competition track lap was shorten for about 1/3 whereas the total length

of trial distance remained almost unchanged, which caused greater number of required stops after every lap. Additionally,

in contrast to the actually flat Rotterdam track, the part of London track is the railway overpass which introduces steep

driveway and it also increases car fuel consumption. The best result achieved by the PAKS on the London track is about

190 km/L [34,35] . 

2.2. Model derivation 

The mathematical model of vehicle dynamics has to contain two main parts which describe its motion and fuel con-

sumption. The second part, as fully and only depending on the first one, can be solved separately after calculation of motion

trajectories. Decomposition of the full complex task significantly simplifies obtaining the results of the fuel usage optimiza-

tion problem defined next. 

When it is possible, the mathematical process description is derived using fundamental physical laws. Otherwise, simple

polynomial functions are used to numerically approximate unknown relations (datasets obtained from the real vehicle are

used for this purpose). Such an approach is commonly used when the objective is to obtain a mathematical model of real

processes [23] . 

The mathematical model which is next used in numerical simulations has been significantly simplified with the aim of

obtaining computational efficiency of calculations. Inertia of rotational parts, such as wheels, has been neglected. Since mass

is the main factor that influences rolling resistance, the vehicles that take part in the SEM competition in the UrbanConcept

category rarely weight more than 150 kg. As a result, minor mass of rotational elements cannot accumulate high amount of

energy. 

The loss of kinetic energy caused by fast cornering also has been ignored. The average speed of cars is about 25 km/h.

The maximum speed cannot exceed 50 km/h. The SEM track corners radius, according to official rules, it is never shorter

than 9 m. Hence, forces coming from quickly driven corners may be neglected in comparison with rolling resistance or

propulsion force. 

2.2.1. Motion of vehicle 

Equations which describe motion of the PAKS have been derived from the Newton’s 2nd law. One of the conditions

which allow to use this law is that a body can be idealized as a single point mass. Hence, size and shape of the body are

irrelevant. In the general case it is a strong assumption, but in case of modelling of vehicle dynamics it should not disturb

the obtained results. 

Estimation of vehicle’s acceleration, as a parameter of its motion, requires knowledge of mass and the set of forces acting

on it. The first value is simply measurable. At the SEM2017 competition, the car weighted 121 kg, the driver with necessary

equipment 71 kg, which in sum gives 192 kg. For modelling purposes, the vehicle is reduced to a point mass object. The set

of forces acting on the vehicle and considered in modelling process is presented in Fig. 2 and consists of: 

a) The aerodynamic drag force evaluated as 

F aero = 

1 

2 

ρSc x ̇ x 
2 (1) 

where ρ = 1 . 225 kg / m 

3 
is air density at sea level according to International Standard Atmosphere (ISA), S = 1 . 008 m 

2 

is cross-sectional area of vehicle, based on measurement of the Computer Aided Design (CAD) model, c x ≈ 0.25 is a

drag coefficient of vehicle, based on Computational Fluid Dynamics (CFD) simulation and x is position of vehicle. 



J. Sawulski and M. Ławry ́nczuk / Information Sciences 493 (2019) 192–216 195 

Fig. 2. Forces used in modelling of motion dynamics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) The rolling resistance force evaluated as 

F roll = mg( f 0 + f 1 ̇ x ) (2)

where m = 192 kg is mass of ready-to-run vehicle, g = 9 . 81 km / s 
2 

is standard gravity, f 0 , f 1 are unknown rolling resis-

tance coefficients. In most applications, vehicle speed-independent formula is used. In this work linear dependency is

chosen [9] . Due to well reduced friction forces in the PAKS vehicle mechanisms, the expanded formula can give more

accurate results as lower order of magnitude of resistance forces are expected in comparison to typical car. 

c) The down-slope force evaluated as 

F ele v = mg sin (α(x )) (3)

where α( x ) is the angle of the route slope as a function of the current vehicle position. It is assumed that the entire

road profile is known. In case of the SEM competition track geometry is precisely measured by organizers and data is

available for competing teams before the race. 

d) The propulsion force evaluated as 

F prop = (p 2 ̇ x 
2 + p 1 ̇ x + p 0 ) u 

2 (4)

where p 2 , p 1 , p 0 are unknown propulsion coefficients, u is a relative throttle opening variable from 0 to 1 (in case of

the PAKS vehicle, equipped with butterfly throttle valve, it corresponds to the range from 0 ◦ to 90 ◦). 

All things considered, longitudinal vehicle motion can be described by 

m ̈x = F prop − F aero − F roll − F ele v (5)

Using Eqs. (1) –(5) , one obtains 

m ̈x = 

(
p 2 u 

2 − ρSc x 

2 

)
˙ x 2 + (p 1 u 

2 − mg f 1 ) ̇ x + p 0 u 

2 − mg f 0 − mg sin (α(x )) (6)

2.2.2. Fuel consumption 

The injection time necessary for proper engine operation, which determines fuel consumption measured per time period,

is calculated by a specialized low-level engine controller called Engine Control Unit (ECU). The injection time is evaluated as

a function of many parameters, e.g.: static engine characteristics such as volumetric efficiency (VE) or real-time measured

values such as throttle position and concentration of oxygen in exhaust-gas via lambda probe. The algorithm involving all

parameters can be very complicated and in most cases is not accessible for the end-user as part of ECU software. Due to

this limitation, a simplified model of fuel consumption must be used. Instantaneous fuel consumption is influenced by many

factors, but for a simplified model it can be assumed that only two of them are important and must be taken into account:

throttle angle and rotational speed of engine. 

Quantity of fuel injected in every work cycle necessary for stable engine operation, directly depends on the volume

of intaken fresh air (it determines volume of oxygen in chamber which can be used in combustion). The ability of load

exchange is volumetric efficiency of the engine. This static characteristics of engine describes how much of fresh air is

placed in the combustion chamber relative to its volume at specific conditions. For naturally aspirated engines it can reach

up to 90–95%. 

Since many factors influence fuel consumption, the task of injection dose calculation is delegated to an especially de-

signed ECU unit while a higher-level optimizer should only calculate approximate efficiency of the desired driving strategy.
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Fig. 3. Dataset for identification of model param eters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Furthermore, instantaneous fuel consumption is almost fully independent of consumption in other time periods. In contrast

to the differential Eq. (6) which describes vehicle motion, there is no phenomenon of error accumulation due to an inac-

curate model. Moreover, fuel efficiency is “only” a quality indicator of the proposed control strategy. Knowledge of its exact

value is not necessary: for a numerical comparison of control strategies a precise value of fuel consumed in driving cycle is

not important, but relative performance difference between the consecutive control strategies. 

For the aforementioned reasons a significantly simplified model of fuel consumption is used. Fuel efficiency of the engine

is mainly determined by throttling intake air flow. Minimum consumption (measured per generated mechanical energy) is

accomplished for around wide-open throttle. As a result of this consideration, almost all teams competing in the SEM series

use the so called Pulse and Glide (PnG) control strategy [15] . According to this policy vehicle accelerates with maximum

available power (pulse phase) followed by period of coasting with engine switched off (glide phase). 

Prototypes of the fuel efficient cars usually have highly reduced aerodynamic drag and rolling resistance coefficients. Total

resistive force generated during vehicle motion can have much lower order of magnitude than engine propulsion force. In

this case the PnG strategy allows to use vehicle’s engine for several seconds and coast for a relative long distance without

significant loss of speed. Continuous use of engine in this case can be remarkably less efficient. In order to produce small

amount of energy narrow, inefficient, throttle opening is unavoidable [36] . 

It is assumed that for wide-open throttle fuel consumption can be evaluated as a quadratic function of rotational speed

of engine (vehicle). Moreover, to make fuel efficiency dependent on throttle opening, a linear change of fuel consumption

based on throttle position is postulated. Hence, fuel consumption is estimated from the following simplified equation 

˙ q = (r 2 ̇ x 
2 + r 1 ̇ x + r 0 ) u (7) 

where ˙ q is injector instantaneous fuel flow, r 2 , r 1 , r 0 are unknown fuel efficiency coefficients and u is a relative throttle

opening variable from 0 to 1. 

To simulate fuel consumption using the engine switching on and off strategies, fuel quantity dissipated in engine start

sequence has to be estimated. As the vehicle is equipped with odometry and fuel consumption measurement systems, it

can be obtained by direct measurement instead of estimation. 

2.3. Tuning of model parameters 

The following parameters must be found during model identification: 

a) c x : Aerodynamic drag coefficient, 

b) f 1 , f 0 : Rolling resistance coefficients, 

c) p 2 , p 1 , p 0 : Propulsion force coefficients, 

d) r 2 , r 1 , r 0 : Fuel consumption coefficients, 

e) r start : Fuel used for engine start. 

Identification is based on real data collected during an attempt at the Le Mans Karting International track. Longitudinal

profile of that track is notably flat, which allows to neglect F elev force while other parameters are estimated. Because of this

feature, the Ordinary Differential Equation (ODE) (6) is fully independent of absolute position of the car: position measure-

ments are not involved for identification which is remarkably simplified. Datasets used for parameter identification (speed

and used fuel quantity time series saved by datalogger) are presented in Fig. 3 . The current speed is determined by a GPS

receiver and fuel consumption is measured by a dedicated gasoline flow meter. 

As the PnG policy has been applied by the driver, large variation of speed during a race can be observed. This strategy

also gives possibility to consider phases with and without engine propulsion separately. Parameters involved in motion
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Table 1 

Model errors for roll characteristics (the test error of the chosen 

model is emphasized). 

Polynomial order Training dataset SSE Test dataset SSE 

1 50.5 × 10 3 8.91 × 10 3 

2 42.0 × 10 3 7.52 × 10 3 

3 41.5 × 10 3 7.54 × 10 3 

4 41.5 × 10 3 7.48 × 10 3 

Table 2 

Model errors for fuel consumption (the test error of the chosen 

model is emphasized). 

Polynomial order Training dataset SSE Test dataset SSE 

1 5.6129 0.9760 

2 5.5121 0.9523 

3 5.5112 0.9526 

4 5.4208 0.9480 

Fig. 4. Comparison between training and test data sets vs. the second-order polynomial model for roll characteristics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

characteristics can be split into two groups according to relation to propulsion or resistive forces. As long as a vehicle

is coasting with engine switched off, only three parameters: c x , f 1 and f 0 have the influence on vehicle behaviour. This

approach leads to six variable estimation task which is decomposed into two tasks with three searched values. Throttle

position has not been measured during test ride. It has been assumed that the driver used the technique with wide-open

throttle (maximal or minimal flow through intake manifold) and engine operation time can be deduced from fuel usage

plot. The time period with a constant value of consumed fuel leads to conclusion that it is a time of engine shut-down. 

Data presented in Fig. 3 has been split according to engine operation. For all free-wheeling periods, additionally, data

has been trimmed to ensure the same initial speed in every cycle. For both roll characteristics and fuel consumption, four

polynomial models are considered: the first-order, the second-order, the third-order and the fourth-order models. Numerical

values of the Sum of Squared Errors (SSE) for the training and test datasets are detailed in Tables 1 and 2 . Considering the

found models, taking into account the model errors for the test sets, it is evident that the second-order model structures

must be selected. They are characterized by lower errors than the first-order ones whereas increasing models’ order does

not lead to any significant improvement of accuracy. Comparison between two data sets and the second-order polynomial

models are presented in Figs. 4 and 5 . The found rolling parameters are used to propulsion force curve fitting. For fuel

efficiency estimation total consumption has been numerically differentiated to approximate the value of instantaneous usage.

Simultaneous measurement of consumption and speed allows to remap fuel consumption from term of time to the current

speed. 

The estimated values of model parameters are: 

c x = 0 . 32 (8)

f 1 = 1 . 33 × 10 

−3 , f 0 = 168 × 10 

−6 (9)
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Fig. 5. Comparison between training and test data sets vs. the second-order polynomial model for fuel consumption. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p 2 = 1 . 039 Ns 2 / m 

2 , p 1 = −18 . 15 Ns / m , p 0 = 233 . 1 N (10) 

r 2 = 740 × 10 

−6 mLs / m 

2 
, r 1 = 19 . 8 × 10 

−3 mL / m , r 0 = 45 . 8 × 10 

−3 mL/s (11) 

The obtained values may be interpreted in the following way: 

a) The value of the aerodynamic drag coefficient ( c x = 0 . 32 ) is tens of percent higher than the value estimated in CFD

simulations (0.25). It may result from many reasons. CFD experiments assume that an accurate model is available. De-

spite the PAKS manufacturing process has been based on a detailed CAD design, during years of operation some ele-

ments changed their attributes. Mainly, degradation process affect body component dimensions due to minor crashes.

b) The values of rolling resistance coefficients ( f 1 = 1 . 33 × 10 −3 , f 0 = 168 × 10 −6 ) are placed in expected range as re-

ported in [33] . Static friction force for the record vehicle Pac-Car II built by ETH Zürich amounts to about 3 N. For

comparison, the friction value generated by the PAKS tyres and mechanisms at speed 1 km/h is 2.9 N. 

c) The values of propulsion force coefficients ( p 2 = 1 . 039 Ns 2 / m 

2 , p 1 = −18 . 15 Ns / m , p 0 = 233 . 1 N ) are not comparable

to their typical ranges. Usually, in automotive benchmarks torque and power of engine are measured and furthermore

are made for unit isolated from drive-train. Additionally, it is hard to compare the PAKS engine parameters with any

other reliable measured data. Available engine characteristics are based on mass-produced car units with, typically,

three or more cylinders. Thoroughly modified, single-piston, 72 cm 

3 PAKS engine is incomparable with them in any

straightforward way. 

As described earlier, the value of r start is directly measured. Test series has been performed with real-time measurement

of speed and fuel flow. After the engine starts, the driver immediately begins accelerating. It is assumed that fuel quantity

used before the moment when speed measurement starts rising is used for the engine start sequence. Due to a significant

delay in GPS operation, a responsive odometry system has been engaged. Distance resolution is about 5 cm (1/36 of wheel

circumference), distance measurement is refreshed every 0.1 s which gives absolute speed resolution of 1.8 km/h (lower

ratio gives better speed resolution but introduces a measurement delay). This value has been set as limit between motion

and quiescence of vehicle. Averaged datasets from 15 experiments are presented in Fig. 6 . Measured value of start fuel is

r start = 0 . 11 mL which corresponds to approximately two seconds of engine work in the idle state. 

2.4. Model verification 

Vehicle model verification are based on an independent dataset acquired during the SEM2016 competition (London track).

Characteristics of this route is quite different from the track where previous data set has been collected. In particular, it

applies to its longitudinal profile since overpass has been placed on the route. There has been approximately 9.5 m elevation

difference between the highest and the lowest points of the track with total length of 1659 m. For this reason, influence

of slopes at vehicle motion cannot be easily neglected. Previously assumed, physical model of down-slope force ( F ele v =
mg sin (α(x )) ) is used, as track profile ( α( x )) is known and position ( x ) has been recorded via a GPS datalogger. Collected

time series of speed and used fuel are presented in Fig. 7 . 

Model verification is performed according to the following simple work flow. Firstly, the desired time period from test

data set is chosen. Engine operation time is obtained based on fuel usage changes. As an initial conditions for speed, position

and fuel usage, measured values from simulation start time point are taken. After that, simulation is performed and the
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Fig. 6. Estimation of start fuel value. 

Fig. 7. Dataset for model verification. 

Fig. 8. Example model test. 

 

 

 

 

 

 

 

 

result is compared to measured data. Example model simulated response vs. measured data is presented in Fig. 8 . Model-

based simulation gives reasonably accurate response. Some conclusions based on several simulations can be drawn: 

a) Simulated speed signal is ready before its measured counterpart. Typically, the positioning system based on a GPS is

characterized by a time delay between the moments the signal is received and recognized. This effect is magnified by

a limited refresh ratio of position reading. Speed, calculated by differentiation of position, is also delayed compared to

its real value. There is no significant delay between simulated and measured used fuel quantity. In contrast to speed

measurement, it is computed by counting pulses from an encoder-based fast-response flow meter. 

b) Model response better fits with measurements for acceleration than coasting periods. The engine generated propulsion

force has higher order than the total anti-motion force, even if it works with low rotational speed. Assuming that

unessential forces (neglected in modelling) have approximately invariant value, their relevancy is lower in relation to
leading forces. In consequence, when propulsion is used, their influence is more unnoticeable. 
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Generally, model accuracy is acceptable to be used as an internal model of the embedded decision system. Simulated

signal trajectories are close to measured ones. Moreover, training and test data sets for model parameter estimation have

been collected during real competition trials. There is no information about aspects such as influence of other vehicles on

the track, usage of brakes or other unexpected circumstances. Data comparison presented in Fig. 8 takes into account the

time period equal to approx. 50 s which corresponds to distance approx. 1/3 of the SEM2016 lap length. As model tests share

only initial condition with measured data, a simulation drift from measurement is unavoidable even if error of parameter

estimation is infinitesimal. The vehicle model can be easily used for real-time simulation of the PAKS dynamics. To take

into account more specific phenomena, sophisticated identification experiments need to be performed which may require

additional resources such as advanced measurement system or detailed geodetic data for test track. 

3. Optimization of control strategy for vehicle engine 

3.1. Formulation of optimization problem 

The model of vehicle motion and fuel consumption is defined by Eqs. (6) and (7) . The resulting system of first-order

ODEs is 

˙ x 1 = x 2 

˙ x 2 = 

(
p 2 u 

2 

m 

− ρSc x 

2 m 

)
x 2 

2 + 

(
p 1 u 

2 

m 

− g f 1 

)
x 2 + 

p 0 u 

2 

m 

− g f 0 − g sin (α(x 1 )) (12) 

˙ x 3 = (r 2 x 2 
2 + r 1 x 2 + r 0 ) u 

where u is the throttle opening and the state variables are: x 1 – vehicle position, x 2 – vehicle speed, x 3 – integrated fuel

consumption. 

In the general case the problem of obtaining control strategy which leads to minimal fuel usage is defined as finding the

control trajectory u ( t ) which minimizes a functional specified as integral of instantaneous fuel usage. If the control trajectory

can be defined as a function of several parameters, this task is reduced to non-linear optimization task with constraints. To

obtain this form, some necessary transformations are necessary. 

The currently used strategy of using an internal combustion engine is to run it for certain time periods with its maximum

available power. In terms of the SEM competition where one lap of a track is about 1700 m long, it corresponds to three

or four engine short operation spans. Each of them, as a constant, maximum throttle is only used, is characterized by two

parameters: Time or vehicle position at the moment of start-up and duration of engine operation. Hence, to obtain the

complete control signal trajectory from six to eight parameters should be calculated. 

A simple control policy may be applied by the driver. According to experience, he/she can estimate when and how

long the engine should work to fulfil the maximal allowed race time constraint and consume the minimal amount of fuel.

Unfortunately, this simple rule does not guarantee maximum possible fuel efficiency. Even though efficiency of the proposed

policy is satisfactory, it cannot be assumed that the driver is able to realize this strategy with required accuracy. Moreover,

unpredictable significant disturbances may occur. In such cases a human may not make accurate predictions, e.g. when

speed is sufficient to reach the finish line after brake has been used contrary to the strategy. These disturbances are typical

at the SEM competitions but also in urban traffic. 

As long as the model of vehicle dynamics is available, it is reasonable to try to set up decision system as numerical

method based on objective clues instead of intuitive human perception. This allows also to a numerical comparison of more

complicated control policies than several single engine usages with maximum throttle opening. 

Taking into account the way a human finds an optimal control policy, the nonlinear programming task leading to maxi-

mization of fuel efficiency (km/L) (minimization of fuel consumption) is 

max 
u 

s 

(∫ t max 

0 

˙ x 3 d t + 

∣∣{t : u (t −) = 0 ∧ u (t + ) � = 0 

}∣∣ · r start 

)−1 

(13) 

subject to 

˙ x 1 = x 2 (13a) 

˙ x 2 = 

(
p 2 u 

2 

m 

− ρSc x 

2 m 

)
x 2 

2 + 

(
p 1 u 

2 

m 

− g f 1 

)
x 2 + 

p 0 u 

2 

m 

− g f 0 − g sin (α(x 1 )) (13b) 

˙ x 3 = (r 2 x 2 
2 + r 1 x 2 + r 0 ) u (13c) 

x 1 (0) = 0 (13d) 

x 2 (0) = 0 (13e) 
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x 3 (0) = 0 (13f)

u (0) = 0 (13g)

t end � t max (13h)

x 1 (t end ) = s (13i)

x 2 (0 < t � t end ) � 0 (13j)

0 � u (0 < t � t end ) � 1 (13k)

where s denotes the given length of one lap track. In case of the SEM2017 competition it equals to 1659 m. t max denotes

the maximum time to cover the distance. According to official rules, it equals to 234 s. This set of rules implies that mean

speed of vehicle should be higher than approx. 25.5 km/h. The vector of decision variables u of the optimization problem

(13) depends on the chosen problem parametrization method. They are thoroughly discussed in Section 3.4 . The value of the

maximized cost function is determined by an inverse of a sum of two parts: the integral of instantaneous fuel consumption

and the costs of every single engine start-ups. The following constraints are used: 

a) The model of vehicle (the constraints (13a) –(13c) ): This subset of constraints is presented as ODEs. For proper han-

dling of those constraints, ODE integration (performed by the Cash–Karp method [28] ) is involved which allows to

obtain x 1 , x 2 and x 3 state trajectories for the complete considered period of time from t = 0 to t = t end . 

b) The zero initial condition: at the beginning of the race the vehicle is stopped, i.e. its initial speed is zero, the control

variable is also zero, no fuel is used (the constraints (13d) –(13g) ): Those constraints are handled directly by proper

setting of the ODE solver initial condition. 

c) At the time t end the distance s has to be reached and t end ≤ t max which is the maximum time stated by competition

rules (the constraints (13h), (13i) ): The intermediate and the final value constraints can be handled and checked

only after evaluation of embedded ODE integration. Satisfaction of those constraints is enforced by a proper selection

of the cost-function, i.e. by using a penalty method (the external penalty is used). In this approach a penalty term

proportional to the degree of violation of the consecutive constraints is simply subtracted from the maximized cost-

function. 

d) The vehicle has to move permanently (the constraint (13j) ): As in the previous case, handling of this constraint can

be done at least after ODEs integration and taken into account by using a penalty term. There is no practical method

to enforce generation of solution candidates which are known a priori to make a car not to stop or not to stepping

back from the hill. This effect can be observed if engine is used to short or at an improper track part. 

e) The control variable constraint (13k) : Handling of this constraint depends on the chosen parametrization of control

strategy. If parametrization assumes periods of engine usage with constant amplitude, none of additional activities

need to be performed. If the parametrization method assumes variable throttle amplitude, cubic constraints on the

proposed throttle values have to be imposed and those constraints are resolved at the stage of candidate generation

in each optimization algorithm iteration. Details of parametrization-dependent constraints handling are discussed in

Section 3.4 . 

The set of constraints may be split into two groups. First of them (connected with the initial values and direct cubic

constraints) is fulfilled by an appropriately accomplished candidate generation stage and the second one is satisfied by

usage of the penalty method. In this specific case, for example, it is not possible to verify if the condition of minimum

distance passed in maximum time is satisfied without ODE-constraints integration, the so called death-penalty function is

used which subtracts from the final cost-function value a large constant. The death-penalty function is chosen as it can be

easily implemented and fast evaluated, in this particular case, giving results no worse than by using a classical linear or

square penalty function. 

To sum up, the final form of the cost function calculation needs the following steps: 

a) Satisfaction of parametrization-specific constraints is checked: 
• In case of parametrizations which assume variable throttle opening during race, if maximal or minimal throttle

amplitudes reach values out of the unit interval, they are truncated appropriately (constraint (13k) ). 
• In case of parametrizations which use time points as parameters that have to form non-decreasing vector (to

ensure a proper order of subsequent engine startups and shutdowns), if any consecutive values placed in the

vector of parameters disturbs monotonicity, it is increased to satisfy this condition. 

b) The initial conditions for ODEs integration are applied (constraints (13d) –(13g) ), 

c) ODEs integration is performed (constraints (13a) –(13c) ) 

d) As full information about ˙ x (t) and u ( t ) is available, the temporary value of the cost function (13) is calculated. 
3 
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Fig. 9. Track longitudinal profile h (x 1 ) : 
d h 
d x 1 

= tan (α(x 1 )) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

e) Satisfaction of all transient and final value constraints (13h) –(13j) is checked. If they are fulfilled, the temporary value

of the cost function is used as its final value. If not, the temporary value is reduced by an adequate penalty factor,

calculation of which is based on measure of constraints not satisfaction. 

Track longitudinal profile (London track) is depicted in Fig. 9 [40] . 

Two issues related to the optimization problem (13) must be emphasized: 

a) Parametrization . Since there is no possibility to obtain the optimal control strategy as an analytical function, some

parametrizations methods have to be introduced to convert the task to a form in which several parameters are

searched. For example, a continuous function can be approximated as a table of its values in some characteristic

time points. However, it should be considered that convergence ratio or, in general, possibility to use a specific op-

timization algorithm can depend on the size of the decision vector. Typically, increasing dimensionality of searched

space causes difficulties in finding solution. One may expect that no more than up to several parameters are sufficient

to describe distinctive control policies. 

An alternative way of solving the problem numerically is to use dynamic programming method according to Bellman

equation. Due to continuous time problem formulation, an infinite number of possible states should be analyzed.

Conversion to discrete time leads to a finite set, but it may be huge (it depends on the discretization time step). In

view of future application using a hardware platform, it is likely to lead to memory problems. 

b) Nonlinearity . In case of a nonlinear model, the problem of maximizing fuel efficiency leads to a nonlinear optimiza-

tion problem which does not have an analytic solution. 

Since the optimization problem is in general nonlinear, likely non-convex, multi-modal and the constraints are diffi-

cult to satisfy, it is not recommended to use classical gradient-based optimization methods [1,24] . Conversely, some

global optimization algorithm are considered. Evolutionary Algorithms (EAs) are relatively simple methods which use 

some heuristic strategies to explore the whole domain of interest. Typically, only cost-function values are used, not

gradients. EAs are significantly more successful than simple searching methods (e.g. grid search). 

3.2. Optimization algorithms used 

The work flow of the global optimization methods used is the same. At the beginning, a fixed number of random vectors

are generated. For each of them (called “particles”, “individuals”, etc.) the value of the maximized cost-function is evaluated.

Next, the coordinates of vectors are updated according to some algorithm-specific policy. The consecutive iterations of the

algorithm (called epochs or generations) are repeated until a termination criterion is reached. In this work 5 optimization

methods are used. 

3.2.1. Particle swarm optimization 

The PSO algorithm is used to solve numerous complex optimization problems [11] , also in a parallel way [22] . Although

a great number of modification exist, e.g. [6,16,37] , in this work the original formulation of PSO is used. The change of

position (originally named “velocity”, v i ) for each particle in i -th generation is obtained as weighted sum of “velocity” from

the previous generation ( v i −1 ) as well as disturbed (uniformly distributed random vectors r with elements from [0; 1])

differences between the current position relative to the best known position of particle ( p ) and the best known position

achieved by whole swarm ( b ) 

v i = c 0 v i −1 + c 1 r 1 ( p i − x i −1 ) + c 2 r 2 ( b i − x i −1 ) (14) 
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x i = x i −1 + v i (15)

To make the algorithm converge to a stable equilibrium point, the weights must satisfy [25] 

0 < (c 1 + c 2 ) < 4 , 
c 1 + c 2 

2 

− 1 < c 0 < 1 (16)

3.2.2. Invasive weed optimization 

The IWO algorithm is reported to be successful in many tasks, e.g. classification [7] , model fitting [39] , scheduling [32] .

It uses rules that govern weed colony behaviour [20] . Position and number of particles in subsequent generation are func-

tions of “weeds” objective function values. Each of particles in every iterations generate variable number of new individuals

according to 

S = 

⌊
S min + (S max − S min ) 

f ( x ) − f ( w ) 

f ( b ) − f ( w ) 

⌋
(17)

where S min and S max are minimal and maximal numbers of new individuals (called “seeds”), the current, best and worst

particle in the whole swarm are x , b and w , respectively. The position of every “seed” is evaluated as the position of “parent

weed” with added Gaussian noise component. Standard deviation of disturbance is non-linearly reduced during optimization

from its maximum to minimum value. This policy causes no possibility to directly control the total number of individuals

and the resulting number of evaluations of the objective function. The only possible estimation of calculation time is based

on cases in which maximum or minimum “seeds” number is used. It is an impractical feature in perspective of using the

IWO algorithm in a real-time decision system. 

3.2.3. Firefly algorithm 

The FA strategy is inspired by behaviour of fireflies [44] . It is also used to solve complex problems, e.g. identification [13] ,

estimation [41] and feature selection [46] . The change of position of every particle is based on function called “brightness”

(which can be obtained for example as the objective function) and the distance between individuals ( d xy ). It is also randomly

noised (by the vector r from unit interval of adequate dimension). In every generation the positions are updated according

to 

x i = x i −1 + c 0 exp (−c 1 d 
2 
x y )( x i −1 − y i −1 ) + c 2 r (18)

for each pair of fireflies, denoted as x and y , only if brightness function value for x is better than for y . It is recommended

to set c 0 = 1 , c 1 ∈ [0.1; 10] and c 2 ∈ [0; 1] to get satisfactory convergence rate in typical applications [44] . 

3.2.4. Grey wolf optimizer 

The GWO algorithm is based on behaviour of grey wolves’ pack [21] . It is used in may task, e.g. for feature selection [3] ,

clustering [5] , classification [48] . The position of each individual depends on three other individuals, marked as α, β and

δ. They are chosen from the whole population as these which provide three best values of the cost-function. This choice is

updated in every iteration of the algorithm. The position of each particle in the following generations is determined as a

result of a complex formula involving positions of three best individuals, the position between the current “wolf” in relation

to them and random factors. For the initial iterations particles explore the whole searched space and finally converge to a

suboptimal point which approximate the position of “wolves” α, β , δ. 

3.2.5. Jaya algorithm 

Jaya is a relatively simple algorithm which follows the rule that single particles in each generation should be moved to-

ward the best solution and evade from the worst [30] , but it is reported to successfully solve complex engineering problems,

e.g. parameter identification [17,45] , economic optimization [29] , antenna synthesis [31] . The best and the worst individuals

are b and w , respectively. The formula for updating positions of particles is 

x i +1 = x i + r 1 ( b i − x i ) − r 2 ( w i − x i ) (19)

where r are random vectors with coordinates from [0; 1]. A characteristic feature of Jaya, unlike previously considered

algorithms, is that it does not require any parameters. 

3.3. Implementation issues 

All considered optimization algorithms are implemented in the C language. As C is relatively low-level language, it al-

lows to control code execution, especially in case of parallel computing. By using the OpenMP library pragmas, individually

independent cost-function calls are performed in parallel mode on 4 threads using Intel i5 560M CPU. 

For numerical integration of ODEs the Cash–Karp method is used [28] . Due to discontinuities occurring in control poli-

cies, the ODE solver wrapper splits integrated time span into periods with constant control value and solves the problem

sequentially by restarting integration with the current initial value and a new control value. This workaround allows not
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Fig. 10. Parametrization method 1: A solution obtained for 3 single starts policy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

to use very short integration steps at the ends of constant-control periods, which extends calculation time and decreases

solution accuracy. 

At first the results obtained for the PSO algorithm are presented and next efficiency of all algorithms is compared. Due

to heuristic nature of the considered optimization algorithms, for all algorithm configurations the experiments are repeated

5 times and the best results are presented. Two stopping criteria are used: the maximum number of iterations (epochs) is

set to 500 and optimization is stopped if there is no improvement of cost-function value in the last 50 epochs. 

3.4. Parametrization methods 

Optimization results for 4 different parametrization methods of the control policy are presented and discussed in

Section 3.4.1 –3.4.4 , Section 3.5 compares the obtained results. 

3.4.1. Parametrization method 1: Multiple start policy with maximum throttle opening 

Parametrization which describes the control trajectory as single engine starts with constant, maximal throttle opening

uses the smallest number of parameters. Since the strategy is used in global optimization problem and the number of

parameters is equal to dimensionality of the searched space, this is an advantageous property which allows to solve it

relatively fast. It is assumed that searched parameters are moments of time in which engine is started and switched off,

respectively. The number of constraints for values of the decision variable vector is equal to the number of parameters. As

a result, the searched vector can be written as 

u = [ e 1 s 2 e 2 . . . s N e N ] 
T (20) 

where e n is the time of the n -th engine operation span end, s n is the time of the n -th engine operation span start and N is

the number of engine operation spans. 

It is required that the sequence of parameters is strictly monotonically increasing: engine must be in operation before it

can be turned off. An additional constraint is imposed since the last parameter (the moment of last engine shutdown) has to

be lower than the maximum time of trial according to the competition rules. A solution obtained by the PSO algorithm for

the strategy with three engine uses is presented in Fig. 10 . Convergence of the optimization procedure is shown in Fig. 11 . 

Experiments with four and five engine operation periods have been also performed. As discussed in Section 3.5 , very

similar control and state trajectories have been obtained with one main difference: the length of every single engine oper-

ation time is significantly reduced. It causes less variability of vehicle speed. Fig. 12 presents convergence of optimization

procedure for obtaining strategy with five engine operation periods. Increasing number of parameters does not give note-

worthy improvement of fuel efficiency. Unfortunately, approximately twice as many algorithm epochs have to be performed

in order to stop by number of stall iterations condition. In contrast to the policy with three engine start-ups which involve 5

parameters, for strategy with five start-ups, 9 parameters are required. Greater dimension of parameters vector slows down

algorithm convergence. In the first case a solution close to the final one is achieved after 40–50 epochs whereas as many
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Fig. 11. Parametrization method 1: Convergence of the PSO algorithm to a solution obtained for 3 single starts policy. 

Fig. 12. Parametrization method 1: Convergence of the PSO algorithm to a solution obtained for 5 single starts policy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

as 120 epochs are necessary in the second one which means that numerical effort of the optimization process is increased

approx. three times. 

As a result of special vehicle design with well-reduced influence of the resistive forces and aerodynamic drag, engine

power is many times greater than the power required to maintain a constant speed. If greater number of engine opera-

tion periods is required, it implies that every period has to be appropriately shortened in order to generate comparable

mechanical energy amount. 

Engine start sequence is characterized by approximately constant, fuel cost. Due to this fact, increasing the number of

single engine start-ups does not give better efficiency, although the vehicle speed trajectory is steadier and does not reach

high values. 

It can be observed that in order to obtain favourable fuel consumption the value with this type of parametrization,

the vehicle has to be accelerated to speed significantly higher than average speed and should coast to almost zero speed.

Although such a driving strategy can be difficult to apply in typical driving scenarios, it is widely used during competitions

of low fuel consumption vehicles. 

3.4.2. Parametrization method 2: Multiple start policy with variable throttle opening 

As an extension of the control trajectory discussed in Section 3.4.1 , a trajectory with multiple periods of engine operation

and variable level of throttle opening for each period is considered. This strategy slightly extends the vector of optimized

parameters: there is one additional value (throttle opening) for each engine operation interval. As a result, the searched

vector can be written as 

u = [ a 1 e 1 s 2 a 2 e 2 . . . s N a N e N ] 
T (21)

where a n is the amplitude of the n -th engine operation span, e n is the time of the n -th engine operation span end, s n is the

time of the n -th engine operation span start and N is the number of engine operation spans. 

In addition to the set of constraints used in the previous parametrization method, a constraint related to the throttle

opening limits must be taken into account. As PAKS throttle uses butterfly valve, minimum value of opening is 0 ◦ and

maximum value is 90 ◦. 
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Fig. 13. Parametrization method 2: A solution obtained for 4 single starts with variable throttle opening policy. 

Fig. 14. Parametrization method 2: Convergence of the PSO algorithm to a solution obtained for 4 single starts with variable throttle opening policy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13 depicts state and control trajectories obtained by optimization of policy with four engine operation periods and

variable throttle opening in each period. The proposed control policy is related to the one presented in Fig. 10 with constant

full-throttle at engine operation periods. In the considered case, however, amplitude and duration of the second throttle

operation is reduced which means that obtained strategies are quite similar. In the three other cases, throttle openings

have maximal values allowed. It can be assumed that the maximum fuel efficiency is obtained in case of maximum throttle

opening. 

It can be observed that the absolute value of the cost function in the case of non constant throttle opening is several

percent higher than in the case where throttle openings are elements of the searched vector. The difference between fuel

consumption at the optimal and the maximal throttle point is not significant, but there is a significant change of optimiza-

tion problem complexity. In this situation, a theoretically more efficient strategy with near-maximum throttle opening does

not give better fuel-efficiency results as optimization ratio of convergence is lower (especially when maximal time of execu-

tion constraint is imposed) and there is no guarantee that it converges to the same local minimum in the extended search

space. 

Fig. 14 depicts a solution history over optimization process execution. It can be compared with Fig. 12 which shows the

same data for obtaining trajectory with one more engine operation period and constant throttle openings. The extended

vector of parameters in the first case causes that the PSO algorithm reaches immediate surroundings of solution approx.

50 epochs later than in the case of maximum throttle opening. Assuming that in this case the optimization process can
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Fig. 15. Parametrization method 3: A solution obtained for 4 single starts with variable and continuous throttle opening policy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

be aborted after approx. 140 epochs (more epochs do not lead to any significant improvement of the solution) and in the

current case this value is approx. 190 epochs, elongation of optimization by some 37% is observed, whereas length of the

decision vector increases only by approx. 20%. 

3.4.3. Parametrization method 3: Multiple starts with variable throttle opening and continuous opening trajectory 

Two previously used parametrization methods assume that zero rising and falling time of a control signal can be reached.

In many applications it is impossible to obtain such fast signal changes. It should be examined if it is possible to increase

energy efficiency by control policy based on slowing control slopes. This type of control trajectory parametrization also

complicates the optimization task. For each engine operation period, two additional parameters: rising and falling time have

to be calculated. As a result, the searched vector can be written as 

u = [ r 1 a 1 f 1 s 2 r 2 a 2 f 2 . . . s N r N a N f N ] 
T (22)

where r n is the rising time of the n -th engine operation span, a n is the amplitude of the n -th engine operation span, f n is

the falling time of the n -th engine operation span end, s n is the time of the n -th engine operation span start and N is the

number of engine operation spans. 

The set of constraints imposed on optimized parameters is also similar to the previously considered cases. They are

implicated by the logical order of events. Firstly, engine has to be started, used for some period of time and stopped. After

this sequence, the next one can be performed. There are also limits for minimum and maximum throttle opening angle. 

The trajectories of speed, position, used fuel and throttle angle obtained as solution of optimization task in the case of

four engine operation periods and non-constant throttle angle value are presented in Fig. 15 . The control sequence, despite

more optimized parameters, is analogous to the trajectory for the case of maximal and zero rising/falling times throttle

angle operation periods. Slopes in the control trajectory are steep even though there is only one constraint which forces

non-negative rising and falling time. In three of four engine operation periods, maximum throttle openings are proposed as

optimal. This case shows that more parameters involved into optimization, which introduces more flexibility in obtaining

optimal control sequence, does not give significantly better final results. 

It should be pointed out that computation of the control strategy characterized by more parameters also causes big-

ger numerical effort in comparison with two previous parametrization methods. Convergence of optimization procedure to

described solution is presented in Fig. 16 . A trajectory specified by values of 15 parameters results in convergence to the

final solution in approx. 320–330 epochs. In comparison with the previous case which uses 11 parameters it means that

computational burden is increased by 100% while the number of searched parameters is increased only by approx. 37%. 

Knowing that the zero rising/falling times are feasible in the engine control task, it can be assumed that non-zero times

strategy does not give better solution. Values of the cost-function in both cases are comparable, but time necessary to find

the solution significantly increases which is caused by an expanded vector of parameters. It can be stated that a much more

appropriate choice is to use the control trajectory described by the shorter vector of decision variables which gives the

solution faster. 
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Fig. 16. Parametrization method 3: Convergence of the PSO algorithm to a solution obtained for 4 single starts with variable and continuous throttle 

opening policy. 

Fig. 17. Parametrization method 4: a solution obtained for 25 changes of throttle opening and continuous engine operation. 

 

 

 

 

 

 

 

 

 

 

 

 

3.4.4. Parametrization method 4: Changing throttle opening with continuous engine operation 

The fourth type of parametrization uses trajectories in which engine is started at the beginning of the route and stay

running until its end. This control policy is highly different from the previously considered ones. It allows to save the

amount of fuel which is consumed for several engine start-ups in strategies with periodical propulsions. On the other hand,

mechanical energy generated by engine working in optimal operating point during the trip many times exceeds the amount

necessary to its overcoming. The proposed parametrization assumes that decision variables are values of throttle angle at

several, equal time periods, which in sum, cover the maximal allowed time of trip. This time is split into N sections, which

is also the number of decision variables. As a result, the searched vector can be written as 

u = [ a 1 a 2 . . . a N ] 
T (23) 

where a n is the amplitude of the n -th engine operation span and N is the number of engine operation spans. Cubic con-

straints are imposed on those values to force minimum (0 ◦) and maximum (90 ◦) throttle angle. 

During experiments control strategies with: 5, 10, 15, 20, 25, 30, 35 and 45 constant control value periods are considered.

They correspond to splitting trip for 48 s–6 s time periods. Example solution results obtained with this class of strategies is

presented in Fig. 17 . It can be observed that the optimization procedure leads to a solution in which for some control periods

throttle angle is close to its minimal or maximal values. On this basis, it can be supposed that optimization converges to a

solution similar to the strategy with periods of engine operation. Full time span divided into only several periods leads to its
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Fig. 18. Parametrization method 4: convergence of the PSO algorithm to a solution obtained for 25 changes of throttle opening and continuous engine 

operation. 

Fig. 19. Parametrization method 4: a solution obtained for 40 changes of throttle opening and continuous engine operation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

inadequate length. In contrast, discretization with short constant control periods allows to precise match control value, but

it may be computationally expensive to obtain the solution since a long vector of decision variables results in complicated

optimization process which takes significant larger resources. 

Convergence characteristics in case of the path divided into 25 equal time periods is presented in Fig. 18 . In the initial

epochs a temporary best solution, which is randomly chosen before algorithm start, is not revised for about 50 iterations.

In the next phase, solution slowly converges to the final one. It can be supposed that the whole swarm, at the beginning,

is focused on a randomly chosen local minimum and after several iterations a better solution is found. Similar character

of convergence history is obtained in cases with more parameters (shorter periods of constant control value). Increasing

decision variables vector length leads to relatively chaotic solutions. An example solution for strategy with time split into 40

periods is presented in Fig. 19 . Greater dimension of feasible solutions hyperplane induces more local maxima. Evolutionary

algorithms allow to relatively fast find maxima in case of a small number of them. However, generally, there is no guarantee

of finding global optimal point. Especially, if extended vector of decision variables is used, in order to obtain comparable

solution, adequate enhanced swarm has to be used, which lengthens calculation time. It can be concluded that evolutionary

algorithms are able to calculate values only for a limited number of parameters. In order to searching solutions from large

spaces, EA population needs to be enlarged, but this action is not costless: more memory and computation time resources

are necessary. 
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Table 3 

Comparison of analyzed control policies. 

Parametrization 

method 

Test 

number 

Description Number of 

decision 

variables 

Score (fuel 

efficiency) 

[km/L] 

Computation 

time [s] 

1 1 3 single starts with maximum throttle opening 5 177.6 21.3 

1 2 4 single starts with maximum throttle opening 7 176.5 330 

1 3 5 single starts with maximum throttle opening 9 185.4 180 

2 4 3 single starts with variable throttle opening 8 177.8 288 

2 5 4 single starts with variable throttle opening 11 168.6 164 

3 6 3 single starts with maximum throttle opening and variable 

rising/falling time 

8 175.9 276 

3 7 4 single starts with maximum throttle opening and variable 

rising/falling time 

11 172.4 253 

3 8 5 single starts with maximum throttle opening and variable 

rising/falling time 

14 174.0 565 

3 9 3 single starts with variable throttle opening and variable 

rising/falling time 

11 167.3 563 

3 10 4 single starts with variable throttle opening and variable 

rising/falling time 

15 159.0 492 

4 11 5 changes of throttle opening and continuous engine operation 5 75.7 45.7 

4 12 10 changes of throttle opening and continuous engine operation 10 103.8 41.7 

4 13 15 changes of throttle opening and continuous engine operation 15 84.4 41.1 

4 14 20 changes of throttle opening and continuous engine operation 20 77.8 2.15 

4 15 25 changes of throttle opening and continuous engine operation 25 74.9 40.6 

4 16 30 changes of throttle opening and continuous engine operation 30 84.4 43.0 

4 17 35 changes of throttle opening and continuous engine operation 35 54.2 55.3 

4 18 40 changes of throttle opening and continuous engine operation 40 67.4 2.01 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.5. Comparison of obtained control policies 

As a result of performed experiments, 18 proposed control policies have been examined. The simplest ones need only

several parameters whereas the most complex uses several dozen of them. The results are presented in Table 3 in terms of

the number of optimized decision variables and the best solution obtained. 

The best result obtained in simulations is 185.4 km/L. The best result achieved by the PAKS vehicle during the SEM2017

competition is 190 km/L by using the strategy with three periods of engine operation and near maximum throttle angle.

Some 5% difference for result is acceptable taking into account that the vehicle model is significantly simplified. A precise

value of final fuel efficiency obtained by evolutionary algorithm is not the most important parameter: it gives information

about approximated result, but more essential is the possibility to compare proposed trajectories. 

Control policies with periodically used engine, in general, are more effective than continuous engine operation with

throttle angle control. This result confirms findings of some works (i.e. [15] ) and specific characteristics of internal combus-

tion engine efficiency. 

The results obtained in the class of solutions with repeated sequence of accelerating and coasting periods are comparable.

There is no possible to assess if differences are caused by real differences between policies or only by inaccurate modelling

or optimization process random factors. 

As the results obtained in all experiments are comparable to those achieved in real runs, as trajectories as simple as

possible can be taken into account in future research. Optimization calculations based on lower dimensional spaces are

performed significantly faster and does not require enlarged hardware resources. For these reasons, the strategy with three

periods of engine operation and maximum throttle has been selected for further examination. For the problem of passing

any other route, the number of this periods have to be considered individually. It is highly related to the road profile, thus

the chosen number is appropriate only for the PAKS vehicle passing the SEM2017 route. 

Taking into account optimization calculation time (the last column in Table 3 ), similar conclusions can be drawn. The

solutions returned by parametrizations with greater number of decision variables give similar fuel efficiency caused by

maximum or near to maximum engine load, but the time of computation is longer. Significantly low execution times are

achieved when the parametrizations which split the whole simulated period into subperiods with constant control value

are used. Those methods do not converge as a result of inadequate length of the periods in comparison with the process

dynamics. Similarly to the case when infeasible points are found in the consecutive iterations, cost-function evaluations are

aborted (what significantly reduces total numerical cost of the optimization) and a small constant value is applied. 

3.6. Comparison of optimization algorithms 

Five different evolutionary strategies have been examined during optimization of the control policy with three single

engine operation periods and maximum throttle angle (5 parameters). Test for each algorithm have been repeated ten times.
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Fig. 20. Convergence of compared evolutionary algorithms. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For all algorithms, population size has been set to 200 individuals and 10 0 0 epochs (iterations) have been performed. Results

of all trials are presented in Fig. 20 . 

The IWO algorithm is characterized by the worst convergence and performance. Despite the tests with different set of

parameters and increased number of particles, it is not possible to obtain a satisfactory rate of algorithm convergence. Not

directly controllable number of particles causes also relative long time of execution. 

The best scores are achieved by Jaya, PSO and GWO methods. Solutions obtained by the FA approach are unsatisfactory

and differ in the consecutive attempts. Single attempts in cases of PSO and GWO also could lead to noticeably worse solution.

Jaya execution lasts significantly longer, but the final solution is very similar for all performed tests. The fastest is the GWO

algorithm. 

Moreover, in all performed repetitions of Jaya, PSO, GWO and Firefly algorithms, time of execution is approximately

equal. High repeatability is an essential factor in context of real-time decision system based on optimization procedures. For

typical numerical problem, computational complexity can be determined, typically on the base of its inputs. Evolutionary

algorithm which engages random factors, in the worst case cannot return solution in finite time. It can lead to difficulties in

implementation. The considered set of test cases shows that the obtained solution time is almost constant for the specified

set of stop conditions and algorithms used. 

Extended test series has been performed for PSO and GWO algorithms for different numbers of individuals and epochs.

The obtained data are presented in Fig. 21 . For various numbers of epochs and individuals as many as 10 attempts of

optimization process have been carried out and mean time execution and the value of the final result are considered. The

solutions returned by both methods are similar in terms of the cost-function value. It should be pointed that generally

the GWO algorithm returns solution twice faster than the PSO. This difference can be caused by a method of generating

candidates for the following iterations. In case of a not feasible candidate, the cost-function is not evaluated and a substantial

amount of time is saved. It can be also assumed that using more than 750 epochs and 75 particles does not lead to obtaining

noteworthy better final solution. 

In general, it can be also assumed that satisfactory order of solution accuracy can be obtained by the GWO approach

very fast, within 5 s. As the time allowed by SEM rules for completing one lap route (above 1600 m) is about 230 s, it gives

possibility for real-time optimization process execution with more than 40 strategy refreshments per single lap. 

3.7. Comparison with gradient-based algorithm 

Although heuristic optimization algorithms are able to efficiently solve the optimization task (13) , it is necessary to

investigate whether or not the classical gradient-based methods may be used as well. It is because numerous very efficient

methods for solving nonlinear problems are available [1,24] , which may turn out to be faster than heuristic optimization
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Fig. 21. Detailed comparison between the GWO and PSO algorithms. 

Fig. 22. The number of trials vs. the actual number of iterations performed in 100 executions of the SQP algorithm from 100 randomly generated feasible 

points. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

methods. In particular, the Sequential Quadratic Programming (SQP) algorithm [26,27] is considered as a very good method

for solving complicated constrained nonlinear optimization problems because of its efficiency (relative low computational

complexity) and robustness. The SQP algorithm has numerous applications, e.g.: model predictive control [10] , active noise

reduction [12] , controller tuning [14] , model identification [19] and optimal design [43,47] . Unlike all heuristic optimization

methods considered in this work, the SQP algorithm does not considers a set of candidate solution vectors (individuals),

but it iteratively finds only one solution vector. It is generated using the previous one as well as the optimization direction

determined by the first- and the second-order derivatives (this are evaluated numerically in this work). 

Since the SQP algorithm uses gradients, the rudimentary formulation of the general optimization problem (13) must

be modified. The classical death-penalty function leads to non-differentiability of the cost-function in neighbourhood of

constraints, which is not a problem for the heuristic optimization because they do not use gradients. However, this problem

must be solved when the SQP algorithm is used. The external penalty function used in the case of the heuristic algorithms

is replaced by a linear one. It makes it possible to take into account the constraints (13h) and (13i) . 

To compare results obtained by the SQP method with those found by the evolutionary algorithms presented in

Section 3.6 , only parametrization with 3 single engine operation spans with the maximum throttle is considered. As many

as 100 trials of the SQP algorithm has been performed. Each algorithm execution starts from a randomly generated point.

Initial solution generation method ensures that all performed engine switching time-points occurs in the logical order (i.e.

the first engine shutdown occurs after the first start, the second engine start after the first shutdown etc.). The results and

observations concerned with the SQP algorithms are the following: 

a) For almost 80% of the initial points the SQP algorithm is stopped in the first iteration since it is not able to find any

better solution than the initial point. Fig. 22 depicts the number of trials of the SQP algorithm vs. the actual number

of iterations in 100 trials. 
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Table 4 

The best results obtained by the SQP algorithm. 

Score (fuel efficiency) [km/L] Iterations 

99.22 1 

97.96 1 

97.87 1 

97.05 1 

95.71 1 

95.70 1 

95.44 1 

95.28 1 

94.62 1 

94.27 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) Some 20% of the initial points make it possible to continue optimization, but after a few iterations calculations are

stopped. The maximal number of iterations is 15. 

c) Some starting points do not lead to any solution improvement in the consecutive iterations which is caused by trying

to finding new solutions in the infeasible region. The majority of solution trials which end in more than one iteration

do not achieve solutions which satisfy the constraints (13h) and (13i) . 

d) The penalty factor which linearly depends on the constraint (13i) is so huge that at the final phase of the optimiza-

tion process any feasible solution (which leads to reaching finish line in the time limit) is not returned, even if a

proportional factor of the penalty is significantly reduced. 

e) The best ten results (in terms of fuel efficiency) are presented in Table 4 . Each execution which returns valuable

solution is stopped after the first iteration of the SQP algorithm. It leads to conclusion that no solution improvement

is performed by the SQP method and the best solutions are obtained randomly rather than from the real optimization

process. It should be pointed that the solutions obtained this way are at least 50% worse than in case of evolutionary

algorithms presented in Section 3.6 ( Tab. 3 ). 

f) In some of the SQP optimization trials a negative value of fuel efficiency is obtained. Of course, such a result is

physically impossible, it is caused by the value of the linear penalty function which is applied when the constraints

(13h) –(13i) are not satisfied. 

Those constraints are responsible for enforcement of achieving the finish line within the imposed time limit. Other-

wise, the value proportional to the distance lack is subtracted from the achieved fuel efficiency. In those cases, the

penalty component (the subtracted value) of the cost-function is huge and no satisfactory solution is found, even if

the proportional coefficient of the penalty is significantly reduced. 

It should be also pointed out that according to the Eco-marathon rules, the better choice is to reach the finish line

faster which implies worsening the result (fuel efficiency) than not to reach it during the time limit which leads to

cancellation of a trial with zero fuel efficiency. 

All things considered, although the gradient-based SQP algorithm is reported in the literature to very efficiently solve nu-

merous constrained optimization problems, it cannot be used to find the optimal control strategy for a low fuel consumption

vehicle engine. The SQP algorithm is not able to solve the considered optimization task. The nature of the optimization prob-

lem (13) is different from that of the classical tasks, e.g. used in model identification [19] . Hence, application of heuristic

optimization algorithms is fully justified. 

4. Development of decision system 

The proposed system architecture is presented in Fig. 23 . Since the optimization process is based on the vehicle model,

it is highly reasonable to introduce mechanisms of its correction due to model inaccuracies. Observable differences between

predicted and measured vehicle responses for applied control strategy can be used as inputs for disturbance detection mod-

ule. Because some model parameters subsets are strongly correlated (for example: the set of propulsion force coefficients),

a neural network acting as an parameter approximator may be used. According to Fig. 23 , the desired control strategy is ob-

tained by the optimization algorithm based on the actual vehicle state (4) and model responses (2) for a candidate strategy

(1). The established control policy is applied to the real vehicle and its model (3). Responses of them (4 and 5) are feedback

signals which can be used for calculation of the model correction (based for example on neural network classifier) which

should be applied (6). 

All system components have to work as real-time applications. As long as developing model correction module may

be highly sophisticated and can be done separately, consideration about proper optimization algorithm selection has been

made. For application purposes, various types of calculation engine are considered. 

First of them is a classical PC-class computer located outside the vehicle. Because the PAKS is equipped with a telemetry

data link, it allows to use a powerful x64 processor. This platform allows for easy adaptation of designed procedures and

algorithms as PC was used for experiments made so far. Therefore, only a wrapper for numerical procedures and commu-

nication interface should be developed. The main disadvantage of this approach is unreliability of the data link. Based on
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Fig. 23. The proposed structure of the decision syste m. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

publicly available 433 MHz ISM band, transmission is exposed to interferences. Due to limited by law power of transmitter

also real range of used radiomodems is significantly reduced in urban areas. Those limits are not dominant in context of

usage as a system of experimental vehicle, but the system is not scalable for multiple vehicles in any straightforward way.

Even so, this disadvantages may be reduced by growing wireless technologies in near future and it will give possibilities for

usage of cloud computing architecture. 

An alternative way to implement on-line optimization is to engage a dedicated on-board embedded system. The main

advantage of this approach is independence from external infrastructure which can be achieved if it can be assumed that the

track geometry is known. Due to significant computational effort connected with engine usage optimization, a few hardware

solutions may be considered. 

One of them is a single board computer, for example, Raspberry Pi or similar. Popular ARM Cortex A53 based systems

can be relatively easily used as an optimization platform whose processor can achieve a clock frequency comparable to

a classic PC. Furthermore, the workflow typical of all considered heuristic optimization algorithms assumes that solution

space is searched according to straightforward rules. It can be expected that the cost-function is evaluated multiple times

independently and it is the most computationally complex part of whole solution process. This feature allows for successful

parallelization of the optimization procedure, which can be achieved using an OpenMP interface. 

In this way, duration of single optimization process will be improved, but devices family, typically based on Linux family

OS, does not provide any tools to force real-time execution of software. It should be pointed out that random character of

evolutionary algorithms is not ensures returning solution in certain time. In combination with a general purpose operating

system it can leads to unpredictable behaviour. 

The most robust platform can be provided by an especially designed hardware embedded system. Fast microcontrollers

equipped with floating point units allows to develop bare-metal application, which provides tools for full software flow

control. Especially, hardware (timer) interrupts can be applied for limiting maximum refresh time for optimal control policy.

An extension of this concept may be to use a dedicated device structure, e.g. Field Programmable Gate Array (FPGA). 

Implementation of ODE integration Cash-Karp routine does not require complicated hardware resources. In connection 

with a reconfigurable FPGA device and possibility of algorithms’ parallelization, it allows to use arrangement of increased

number of relative simple, parallel ODE coprocessors for fast optimization without using high-performance, dedicated single

processor. 

5. Conclusions 

The main goal of this work is to formulate and compare several possible control strategies leading to low fuel consump-

tion of a vehicle. For this purpose a mathematical model of vehicle dynamics has been derived from basic physical principles

and its parameters have been estimated using real data, recorded for the PAKS car. 

4 different parametrization methods of control policy are formulated. Generally, the strategies assuming periodic engine

operation with high power are more efficient than these using continuous operation with partial power usage which is

caused by enormous high engine power relative to dissipation power developed by resistive forces. The results obtained

by this approach are comparable and slightly better than those achieved during the Shell Eco-marathon competition with

a human controlled vehicle. The best results obtained in simulations are approximately 180 km/L. They are obtained by

the PSO algorithm with limited algorithm operation time, assuming the parametrization strategy with periods of engine

operation and coasting. The strategies with continuous engine operation are typically significantly less efficient and the

obtained results do not exceed 110 km/L. With relaxed restrictions for algorithm execution time and increased number of

iterations PSO, GW and Jaya algorithms may return solutions equal to approx. 195 km/L. Those results are better than for



J. Sawulski and M. Ławry ́nczuk / Information Sciences 493 (2019) 192–216 215 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

human-control approach and they are independent of driver experience and gives possibility of easy recalculation after

significant disturbances occur. 

Efficiency of as many as 5 evolutionary optimization methods is compared in terms of the best solution obtained and

calculation time. The most promising results are obtained by the Jaya, and in particular, the PSO and GWO approaches which

are significantly faster in comparison to other methods. Despite the expanded test series performed using the Firefly and

IWO methods, they cannot give similar results. Additionally, inefficiency of the classical gradient-based optimization method

is demonstrated. 

Although in this work a specific, experimental vehicle PAKS is considered, the presented methodology is not limited to

this particular case. The discussed methods may be easily adopted for any vehicle. In such a case a mathematical model of

the vehicle model should be developed, especially with extensions related to specific application, e.g. automatic selection of

the optimal gear for vehicles with gearbox. 

All things considered, the results of simulations carried out show that it is possible to effectively solve the problem of fuel

usage optimization in cars. During future research it is planned to develop a dedicated hardware embedded system (based

on a powerful microcontroller) which could solve on-line the optimization task and perform extended tests for a prototype

urban car. In contrast to simulations, in practice some mechanisms of model on-line adaptation may be necessary. 
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