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Abstract— The goal of this work is to analyse possibility
of performing real-time optimisation of control strategy for a
vehicle which leads to low fuel consumption using an embedded
hardware platform with limited resources (the STM32 micro-
controller). An original specialised car developed to take part in
the Shell Eco-marathon competition is considered. At first, the
optimisation task based on a vehicle model is discussed. In order
to reduce on-line computational complexity, a relatively simple,
but efficient parametrised control strategy is proposed. Next,
since the majority of computation time is consumed by Ordi-
nary Differential Equations (ODE) integration of the car model,
a customised fast calculation method is developed using specific
problem features. The discussed method is compared in terms
of speed and memory usage with two classical approaches. It
is approximately 10 times faster and is characterised by low
memory demand.

I. INTRODUCTION

One of the main development trend in the automotive
industry is to reduce vehicles’ fuel consumption. Research
concerned with fuel consumption minimisation is currently
carried out by many institutions: from great automotive
consortia to individual scientists. A well known event for
efficient car inventors is the Shell Eco-marathon (SEM)
students’ competition [1].

Although fuel consumption is influenced by numerous
factors, the vehicle engine control strategy is one of the
most important. In practice, commonly known “eco-driving”
or “hypermilling” methods improve energy efficiency. The
mathematical fuel minimisation problem is difficult to solve,
i.e. it is non-linear and non-convex. In simulations the dy-
namic programming approach based on Bellman’s Principle
of Optimality [2] may be considered, e.g. [3], [4]. Unfortu-
nately, because of huge computational burden this approach
typically cannot be used on-line on an embedded hardware
platform with limited resources (usually a microcontroller).

This work discusses implementation of on-line fuel con-
sumption minimisation using an embedded hardware plat-
form with limited resources (the STM32 microcontroller).
A mathematical model of an original specialised car [5]
developed to take part in the SEM competition [1] is
considered. The fuel consumption optimisation problem is
formulated. A relatively simple, but efficient parametrised
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2Maciej Ławryńczuk is with Warsaw University of Technology, Institute
of Control and Computation Engineering, ul. Nowowiejska 15/19, 00-665
Warsaw, Poland M.Lawrynczuk@ia.pw.edu.pl

control strategy is proposed. Based on specific problem
features, a customised fast calculation method leading to fast
integration of model differential equations is developed. The
discussed method is compared in terms of speed and memory
usage with two classical approaches.

II. VEHICLE AND ITS MODEL

A. PAKS vehicle

In this work an original concept car PAKS is considered. It
was built by Student Association for Vehicle Aerodynamics
at Warsaw University of Technology in 2011 [5]. The main
goal of its development was to maximise energy efficiency
since the PAKS was designed especially to take part in
Urban Concept challenge in the SEM competition [1]. As
a result of this assumption, the PAKS is characterised by
remarkably reduced coefficient of rolling resistance and
aerodynamic drag. In-depth modifications of mass-produced
Honda 139FMB engine leads to increased performance re-
sulting in the vehicle’s low fuel consumption.

B. Vehicle dynamics

The vehicle model used for optimisation purposes is
derived from Newton’s second law based on simplified set
of acting forces. Since only engine operation strategy is
examined, the influence of only the following significant
physical dependencies is considered:

• aerodynamic drag force,
• rolling resistance force,

Fig. 1. The original concept PAKS vehicle built at Warsaw University of
Technology
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• down-slope force,
• propulsion force.

Other forces effects, e.g. generated by cornering or con-
nected with inertia of rotational parts, are neglected due to
relatively insignificant impact on vehicle dynamics, espe-
cially in case of the specialised car and a defined track with
specified minimal corner radius.

The second main part of the mathematical model char-
acterises vehicle fuel consumption as a function of driving
strategy. Typically, instantaneous fuel consumption is a func-
tion of various parameters which describe the current state
of engine and fuelling strategy is obtained by a dedicated
on-board computer called Engine Control Unit (ECU).

For comparison of two or more different engine usage
strategies, precise estimation of the amount of burned fuel
is not necessary, but it is necessary to classify relatively the
considered strategies. Hence, in order to describe fuel con-
sumption a simplified formula, which involves only engine
rotational speed, may be used.

As the vehicle model is derived from simple physical laws,
it has a form of Ordinary Differential Equations (ODE) i
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where the manipulated variable u is the throttle opening (0 ≤
u ≤ 1) and the state variables are: x1 – vehicle position, x2 –
vehicle speed, x3 – integrated fuel consumption. Parameters
are: pn – propulsion force coefficients, m = 192 kg –
vehicle mass, ρ = 1.225 kgm−3 – atmospheric air density,
S = 1.008m2 – vehicle cross sectional area, cx = 0.32
– drag coefficient, fn – rolling resistance coefficients, g =
9.81 kgm s−2 – standard gravity, rn – fuel consumption
coefficients and α(x) is the angle of the route slope as a
function of the vehicle position (the function α(x) is known).
All those values are measurable directly.

As the parameters pn, fn and rn cannot be mea-
sured directly, they are obtained by parameter identifica-
tion based on collected real-time measurements. The opti-
mised values are: f0 = 0.000 168, f1 = 0.001 33, p0 =
233.1N, p1 = −18.15N sm−1, p2 = 1.039N s2 m−2,
r0 = 0.0458mL s−1, r1 = 0.0198mLm−1, r2 =
0.000 74mLm−2 s. In general, the mentioned parameters
may be not constant which means that a robust controller
or on-line model re-tuning is necessary.

III. OPTIMISATION TASK

A. Fuel consumption minimisation

During the SEM competition, maximum time of trip
(minimum average speed) and continuous motion constraints
are set. It leads to the necessity of solving the following

nonlinear optimisation task

min
u
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x1(0) = x2(0) = x3(0) = u(0) = 0 (2d)
tend 6 tmax (2e)
x1(tend) = s (2f)
x2(0 < t 6 tend) > 0 (2g)
0 6 u(0 < t 6 tend) 6 1 (2h)

where: s – the given length of route, tmax – the maximum
allowed time for reaching the finish line and rstart – the
amount of fuel consumed per engine start-up. The solution
of the optimisation task (2) is the trajectory of the control
variable (u(t)) for which fuel quantity used is minimised.

The consecutive constraints are derived from:
• vehicle dynamics: (2a)–(2c),
• zero initial conditions: (2d),
• maximum lap time (competition rule): (2e)–(2f),
• vehicle stop is not allowed (competition rule): (2g),
• control value limits: (2h).

B. Engine operation strategy

To solve the optimisation problem (2), continuous-time
control strategy, u(t), must be parametrised by a finite
number of characteristic point values. A typical approach
to conversion from continuous-time domain function to a
finite series of values is discretisation. Using the well-known
methods (e.g. zero-order hold), a continuous function may be
converted into series of its approximate values on a specific
time interval.

In the particular case of the SEM competition, the con-
sidered route consists of equal track laps of length approx.
s = 1700m with mean time tmax = 240 s for passing it.
Observing relative fast vehicle dynamic (acceleration from
0 kmh−1 to mean speed in approx. 2.5 s), it can be concluded
that it is not necessary to use the sampling time, Ts shorter
than 2 s. It leads to the requirement of establishing about
120 independent control values per one lap which causes
significant computational complexity of the optimisation
task (120 decision variables). Thus, other parametrisation
methods should be considered.

Various fuel efficient engine usage strategies have been
invented. One of them is Pulse and Glide (PnG) strategy,
which is commonly used at the SEM competition, especially
in Internal Combustion Engine vehicles category [6], [7].
Since the PAKS is equipped with the constant gear ratio,
the engine usage period (the pulse phase) is characterised
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by only two parameters: the time point of engine start-up
and shut-down (alternatively, engine operation time period).
Due to the well-reduced vehicle resistive force factors, not
more than four several seconds engine operation time spans
are expected. As a result, the number of decision variables
is significantly reduced in comparison with the rudimentary
case when the control trajectory is characterised by as many
as 120 parameters. Hence, simple parametrisation of the
continuous PnG strategy is chosen for further research.

IV. EXPERIMENTAL SET-UP

A. Hardware description

The main goal of the discussed methodology is to use
it as a framework of real-time optimiser executed as em-
bedded software by a simple on-board computer. For the
test purposes the STMicroelectronics NUCLEO-F446RE de-
velopment board is used. STM32F446RE microcontroller
(MCU) equipped with hardware single precision floating-
point unit and operating at 180MHz frequency allows to
solve relatively sophisticated numerical problems [8], [9].
Typically, considerable acceleration of computation (per
operating frequency) in comparison to PC-class computer
is observable as a result of no presence of a classical
operating system handling essential for its proper operation
multitasking, peripherals support etc.

The hardware platform also includes dedicated MCU
hardware peripherals:

• Controller Area Network (CAN) bus interfaces: it gives
possibility to acquire any available measurement from
the on-board CAN-based electronic system and return
the control strategy data to the engine control unit.

• UART-USB converter with Direct Memory Access
(DMA) unit: for a rapid software prototyping. During
software test it allows fast asynchronous data transmis-
sion next used for analysis and comparisons.

• 16-bit advanced control Timers: configurable in Master-
Slave topology, 32-bit counter may be built, which
results in precise measurement code execution time
opportunity, independently from the main software loop.

B. Software workflow

The basic software architecture for experiments is pre-
sented in Fig. 2. Two main parts which are responsible for
total computational effort are: the optimisation algorithm
and objective function evaluation. During computational
efficiency tests, the interface to CAN-based on-board data
acquisition system is unused since it is responsible for pro-
viding accurate initial condition for simulation and collecting
solutions.

Due to quite complex constraints included in the optimi-
sation task (2), a specific solution method needs to be found.
A solution candidate is a parameters’ vector of continuous-
time control trajectory u. At first, the constraints (2a)–(2c)
are fulfilled. As those three constraints are a classical system
of ordinary differential equations, numerical integration is
performed in time span from 0 to tmax with the initial con-
ditions (2d). After execution of this sub-routine, satisfaction

Fig. 2. Software architecture

of the remaining constraints is enforced by using exterior
penalty function methods [10].

V. IMPLEMENTATION OF ON-LINE
OPTIMISATION

A. Optimisation algorithm

As mentioned before, the optimisation task (2) is non-
linear and non-convex which means that classical gradient-
based optimisation algorithms are not expected to give good
results.

In this work Jaya optimisation method is used. Jaya is
a heuristic algorithm which concludes simple rule that a
solution candidate in each iteration should be moved toward
the best solution and evade from the worst achieved in the
set of solution candidates called population [11]. Assuming
that the best and the worst candidates (also called particles)
are b and w, respectively, the formula for update solution
candidate coordinates is

xi+1 = xi + r1(bi − xi)− r2(wi − xi) (3)

where r1, r2 are random vectors with unitary interval
coordinates. Unlike the majority of similar methods, Jaya
does not require any tunable parameters for proper operation.
15 individuals and 100 optimisation epochs are used.

The following stop conditions are used: the total number of
algorithm iterations, the number of iterations without actual
solution improvement, the total time of computation. In con-
trast to dynamic programming, which always gives the best
solution, evolutionary algorithms give some approximations
of the solution in the consecutive iterations. If so far the best
solution is stored and can be retrieved, there is guarantee
that between algorithm epochs, solution quality does not
decrease. This is a highly worthwhile feature for system with
hard real-time limitations.

B. Equations of motion integration

In order to ensure that the constraints (2a)–(2c) are fulfilled
during optimisation, some algorithms for numerical inte-
gration of ordinary differential equations must be used. Of
course, various classical well-known numerical methods may
be used for this task [12]. Furthermore, exploiting specific
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properties of the considered ODE problem, some methods for
improving accuracy and shortening computation time may
be formulated. In the considered particular case, as engine
usage strategy consists of a set of consecutive periods of
engine operation and coasting, one may conclude that:

• the entire integration time span may be divided into two
groups characterised by two different time constants,
therefore two different integration strategies may be
engaged,

• at the moments of changing the engine state the time
constant of the vehicle dynamics changes discontinu-
ously: to maintain the desired solution accuracy of the
chosen ODE solver integration restart is required [13].

Three ODEs integration methods are analysed:
1) Fixed step integration implementation: As mentioned

before, the most time consuming part of the whole optimi-
sation procedure is integration of differential equations. One
of widely used procedure for numerical ODE integration
method is the 4th order Runge-Kutta (RK4) method [14],
[15]. It has important advantages: simple implementation,
reasonable low computational complexity and satisfactory
accuracy in wide set of basic applications which can be
improved by choosing a proper integration step.

2) Adaptive step integration implementation: One of
widely used procedure for numerical ODE integration
method are modified Runge-Kutta methods. For example,
they allow for adaptive integration step size control based
on analysis difference between 4th and 5th order solutions.
It eliminates disadvantage of the “pure” RK4 method which
is a requirement of choosing a small step to ensure the
desired solution quality which causes significant lengthening
of computation time. Implementation of Cash-Karp (RKCK)
method [16] featured in [14] has been chosen.

Software implementation is slightly different from that for
the classical PC platform. In particular, it concerns memory
management, i.e. static memory allocation is used rather than
dynamic one, which also simplifies generated executables.

3) Fast integration implementation: The developed in-
tegration strategy combines advantages of two aforemen-
tioned methods. As a result of characteristic features of the
optimisation task (2), a simple decision table is built to
select the current integration step size. As vehicle down-slope
and propulsion forces have higher order of absolute values
than others and may change rapidly, a step size switching
strategy based on these premises is proposed. Hence, a more
advanced algorithm of step size adaptation is not necessary
and similar accuracy is expected, which is very important.

The integration algorithm switches between two prede-
fined steps (t1 and t2) depending on the local variability
of the right hand sides of the ODE system determined
by aforementioned specific points, i.e. points of changing
engine state and elevation data points. Shorter steps (t1) are
used in neighbourhood of them within predefined radius, in
particular case: 5m, otherwise longer time step (t2) is set.
The solver is reinitialized at points of start-ups and shut-
downs as the engine state is a straightforward indicator of
vehicle motion time constant.

Fig. 3. Solution obtained by integration with constant step size (t = 0.05 s)

VI. RESULTS OF EXPERIMENT

To ensure that the integration methods can be reliable
compared, for all presented solution trials the same engine
control strategy is simulated. The optimisation task (2) is
solved in MATLAB environment by analogous Jaya imple-
mentation with the use of ode45 solver as internal cost-
function integrator. The obtained values of the characteristic
points vector of the control trajectories are

v = [11.864; 77.209; 88.209; 181.104; 198.517]T (4)

which indicate the proposed sequence of time points for
engine state switching.

The most basic method of ODE integration is the RK4
constant time-step method. Choosing relatively small t =
0.05 s time step allows to provide high integration accuracy.
The obtained state trajectories are presented in Fig. 3. For
better readability only x2 and x3 (i.e. vehicle speed and used
fuel) are presented. At long periods with no engine operation
(constant amount of used fuel) no rapid trajectories changes
are present. At those spans, extended integration step size
may be used without considerable degradation of the solution
quality. Similar trajectories calculated by variable step Cash-
Karp method and also step size variation for further analysis
are presented in Fig. 4.

Integration with the RKCK method returns solution com-
parable with the previous case, whereas utilised step sizes are
much longer. One may observe that through the substantial
part of the integration time relatively long steps are used, but
also, for some other periods, significant step reductions are
necessary. This behaviour may be a result of rapidly varying
right-hand side of the ODE system.

Comparison with track elevation and engine state (Fig.
4) leads to conclusion that the majority of step reduction
regions are corresponding to the engine state change or
track elevation data points. As rapidly changing engine
state is a key feature to fuel efficiency improvement and
provided track elevation data set [17] has limited accuracy
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Fig. 4. Solution obtained by the RKCK method

(especially small number of data points), step size reduction
is necessary to obtain sufficient solution quality. However, a
priori knowledge about step-reduction-need regions allows
for development of faster integration method.

As it can be observed in Fig. 4, the RKCK routine shortens
time-step length typically in points of track elevation curve
or engine state rapid changes which are known before ODE
integration. Simple step size switching policy is proposed.
When integration procedure reaches neighbourhood of char-
acteristic points of aforementioned curves, shorter step is
used. For time spans without fast changes in ODE right hand
side functions, longer value is applied.

Fig. 5 presents comparison of solutions obtained by the
RKCK method and the developed fast integration method.
Despite a minor trajectory differences, final values of state
variables are similar. This results are returned by a slightly
improved “pure” RK4 formula which is enhanced by addition
of basic rule which causes reducing integration steps in
neighbourhood of characteristic points of track and near to
fast engine state changes. For three analysed ODE integration
methods, as depicted in Figs. 3, 4 and 5, resulting trajectories
of state variables and final values of used fuel are similar.

By using the developed step size switching strategy com-
putation time of integration may be reduced in comparison
to the RKCK method. Fig. 6 presents measured total time
of integration procedure evaluation as a function of the pro-
posed step sizes. It can be observed that by using reasonable
range step values, the execution time of a single integration
process is of the order of single milliseconds.

Tab. I reports measured time of code execution obtained

Fig. 5. RKCK and Fast Integration (t1 = 0.4 s, t2 = 3.1 s) method
comparison

Fig. 6. Fast implementation computation time vs. time steps’ sizes

by three compared methods. A measurement is performed
by independent hardware 32-bit counter, it is performed with
maximum available resolution. Application of fast integration
method allows to reduce computation time about by ten times
in comparison to the RKCK method and more than 20 times
vs. the fixed step size method.

Tab. II presents solution time of the optimisationg task (2)
by Jaya algorithm. The fast integration method is more than
10 times faster than the RKCK approach and more than 20
times faster than the constant step size method.

Tab. III shows memory usage in the compared meth-
ods, independently for Code, Read-Only, Read-Write and
Zero-Initialised memory banks. The fast integration method
utilises significantly less MCU memory than the sophisti-
cated RKCK procedure. It is crucial if the target embedded
platform has limited resources. Code size for RK4 and fast
integration methods are similar: the fast integration method
is based on RK4 with addition of switching step size module.
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TABLE I
ODE INTEGRATION TIME COMPARISON

Time of
execution

Constant
step size

(t = 0.05 s)

Step size
adaptation

(RKCK)

Fast integration
implementation

(t1 = 0.4 s,
t2 = 3.1 s)

Clock ticks 44320351 16110233 1711847

Time [ms] 246.22 89.50 9.51

TABLE II
JAYA MEAN OPTIMISATION TIME

Time of
execution

Constant
step size

(t = 0.05 s)

Step size
adaptation

(RKCK)

Fast integration
implementation

(t1 = 0.4 s,
t2 = 3.1 s)

Clock ticks 32343850060 14910893570 1381913079

Time [s] 179.68 82.84 7.68

Sophisticated formula of RKCK requires almost 50% code
memory size. For RO and RW memory banks differences are
not so significant as only several more integration method
parameters need to be stored for RKCK method. Size of ZI-
data depends directly on the number of performed integration
steps. As after each step actual values of state have to be
stored, increase of performed steps number linearly extends
ZI memory demand. It should be stated that given memory
usage applies to the entire software whose significant parts
are diagnostic procedures for collecting experimental data.
Independent modules responsible for integrating ODEs con-
sume a correspondingly smaller memory resources.

VII. CONCLUSIONS

The objective of this work has been successfully achieved:
an embedded real-time vehicle engine optimisation system
based on the STM32 microcontroller has been developed.
It returns the solution for the original concept PAKS car
which leads to minimisation of fuel usage on-line. It is
necessary to stress the fact that currently available hardware
platforms for embedded systems have limited resources (i.e.
speed and memory). Hence, taking into account the specific
nature of the problem, a method for efficient integration
of model equations has been proposed. As a result, the
calculation time is reduced approximately 20 and 10 times
vs. the integration method with a fixed step and adaptive step
adjustment, respectively.

TABLE III
ODE SOLVER MCU MEMORY USAGE COMPARISON

Memory Constant
step size

Step size
adaptation

Fast integration
implementation

Code [B] 12344 20232 12892

RO-data [B] 692 840 692

RW-data [B] 548 640 552

ZI-data [B] 78964 6352 4752

Calculation time of the control trajectory is shorter than
8 seconds. Multiple recalculations of the strategy during the
journey are possible, e.g. after unpredictable disturbances.
The resulting time value indicates worst-case execution time.
After driving a part of the distance, simulation time span is
shortened (simulation from the current point to the finish
line). Furthermore, significant shortening of execution time
is caused by reduction the number of the decision variables
(after every single engine usage period two parameters less
have to be found). Additionally, a more computationally
efficient MCU may be used. STM32F446RE microcontroller
can operate properly only up to 180MHz clock frequency.
The newest generations of STM32 devices can reach up to
400MHz which will shorten execution time at least twice.

During future research, the developed optimisation system
will be implemented for the real PAKS car.
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