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a b s t r a c t

This work is concerned with modelling, Model Predictive Control (MPC) and on-line energy optimisation
of a residential building in which an underfloor heating system based on electric heating foils is used. At
first, the first-principle model is developed to determine air temperature inside the building. Low-order
linear models for MPC are found. Tuning of MPC is discussed, both set-point change and disturbance
compensation cases are discussed. Next, two control system structures are considered: MPC with a
constant temperature set-point and MPC cooperating with a set-point optimiser which repeatedly cal-
culates on-line the set-point in order to minimise the amount of energy used. Effectiveness of these
structures is validated in simulations using a real scenario of outdoor temperature changes. In the first
structure a natural method to reduce energy used is to slightly reduce the temperature set-point, e.g.
reduction of the set-point from 21 +C to 18:5 +C leads to reducing the energy usage by approx. 1430 KWh
during the heating season. Introduction of the set-point optimiser makes it possible to further reduce
energy used by approx. 300 KWh annually. The presented solution is computationally efficient since in
MPC and set-point optimisation the classical quadratic optimisation method is used on-line.

© 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Radiant flow heating is an efficient solution for delivering
thermal energy in a short time period. However, due to high
operational costs (electrical energy price is significantly higher
than the price of natural gas) the use of such systems is limited. The
electrical heating systems are of high efficiency and are usedmostly
as low-temperature heating systems. The typical examples are
surface or panel heating. Their efficiency is higher compared to air
distribution systems [1] or high temperature radiator systems [2].
Due to the radiation heat transfer, the thermal comfort is sufficient
at even lower air temperature than in traditional heating solutions
i.e. hydronic radiators [2,3]. Furthermore, the low thermal inertia of
electrical flow heating systems allows one to obtain the desired
room temperature value in a very short time period. Therefore, it is
necessary to optimise electric energy usage. Furthermore, the trend
in rapid decrease of PhotoVoltaic (PV) solutions prices and
Ławry�nczuk), poclon@mech.
increased efficiency of energy storage technologies may lead in
future to coupling PV panels with electrical floor heating system,
making this solution economically reasonable.

Many studies have been made so far on investigation of floor
heating systems. Werner-Juszczuk [4] performed an experimental
and numerical investigation of lightweight floor heating with
metallised polyethylene radiant sheet. The Finite Element Method
(FEM) simulation in ANSYS software was conducted to determine
temperature and heat flux distribution in inter-floor ceiling model.
The heat flux values obtained from measurements were compared
with the numerical simulation results and the difference was up to
8.2%. Smaller errors, less than 3%, were obtained when the surface
temperatures were compared. Zhao et al. [5] studied a 20mm thick
concrete tile for radiant heating application. They developed an
innovative fabrication procedure to set the top and bottom elec-
trodes in a tile construction. They found that the electrical energy
consumptionwas 0.775 kWh =m2 which was lower than that of the
typically used heating cables. The authors also performed simula-
tion in ANSYS Fluent to simulate the temperature distribution in-
side the room with the conductive concrete tile heating floor. The
results of temperatures shown good agreement with the
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Nomenclature

First-principle model
A1a vertical wall area without windows and front door

(19.5 m2)
A1b, A2 vertical wall areas without windows (21.5 m2)
A3 horizontal wall area (100 m2)
Adoor area of entrance door (2 m2)
Aheat heating surface of building (100 m2)
Awd area of windows at the building wall (4.5 m2)
cair specific heat of air (1005 J =ðkg KÞ)
cc specific heat of ceiling material (1000 J =ðkg KÞ)
cf specific heat of floor layer material (2000 J =ðkg KÞ)
cins specific heat of wall insulation material (1300

J =ðkg KÞ)
cins;c specific heat of ceiling insulation material (1300

J =ðkg KÞ)
cins;s specific heat of spout insulation material (1300

J =ðkg KÞ)
cs specific heat of spout material (1000 J =ðkg KÞ)
cwall specific heat of wall material (1000 J =ðkg KÞ)
H height of the building (2.6m)
hext heat transfer coefficient from the external air (10

W =m2 K)
hext;g ground overall heat transfer coefficient (10 W =m2 K)
hin;c indoor air heat transfer coefficient for ceiling surface

(10 W =m2 K)
hin;f indoor air heat transfer coefficient for floor surface (6

W =m2 K)
hin;v indoor air heat transfer coefficient for vertical walls

(8 W =m2 K)
hrad radiation heat transfer coefficient (W =m2 K)
kc thermal conductivity of ceiling material (2.3

W =ðm KÞ)
kf thermal conductivity of floor layer material (0.2

W =ðm KÞ)
kins thermal conductivity of wall insulation material

(0.032 W =ðm KÞ)
kins;c thermal conductivity of ceiling insulation material

(0.032 W =ðm KÞ)
kins;s thermal conductivity of spout insulation material

(0.032 W =ðm KÞ)
ks thermal conductivity of spout material (2.3

W =ðm KÞ)
kwall thermal conductivity of wall material (0.32

W =ðm KÞ)
L length of the building (10m)
Mi energy accumulation (J =ðm2 KÞ)
nmin minimum air exchange rate per hour (0.5 l =h)
pair pressure of air (105 Pa)
Qgains heat gains (W)
Qgains;int internal heat gains (W)
Qgains;sol solar gains (W)

q heat flux density (W =m2 )
qint thermal load of room resulting from internal heat

gains (6.8 W =m2Þ
Rair specific gas constant (287.058 J =ðkg KÞ)

T1, T6, T7, T12 temperatures of the outer surface of the building
envelope corresponding to north, south, east and
west directions (+C)

T2, T5, T8, T11 temperatures of the interface between insulation
layer and building wall corresponding to north,
south, east and west directions (+C)

T3, T4, T9, T10 temperatures of the inner surface of the building
wall corresponding to north, south, east and west
directions (+C)

T13 temperature of the inner surface of the building roof
(+C)

T14 temperature of the inner surface of the building roof
insulation (+C)

T15 temperature of the outer surface of the building roof
insulation (+C)

T16 temperature of the inner surface of the flooring (+C)
T17 temperature of the outer surface of the flooring (+C)
T18 temperature of the outer surface of the spout (+C)
T19 temperature of the outer surface of the basement

insulation (+C)
T20 air temperature in the room (+C)
Text external temperature (+C)
Text;g ground temperature (5 +C)
t continuous time (s)
Udoor overall heat transfer coefficient of door (1.9

W =ðm2 KÞ)
Uwd overall heat transfer coefficient of window (1.5

W =ðm2 KÞ)
Vair volume of air in the room (m3)
Vi volumetric flow rate of air (m3 =s)
W width of the building (10m)
Dxc thickness of ceiling material (0.2m)
Dxf thickness of floor layer material (0.010m)
Dxins thickness of wall insulation material (0.25m)
Dxins;c thickness of ceiling insulation material (0.2m)
Dxins;s thickness of spout insulation material (0.15m)
Dxs thickness of spout material (0.2m)
Dxwall thickness of wall material (0.25m)
ε13, ε16 surface emissivity of floor and ceiling (� )
jvent ventilation heat loss coefficient (W =K)
rair density of air (1.1945 kg =m3)
rc density of ceiling material (2400 kg =m3)
rf density of floor material (710 kg =m3)
rins density of wall insulation material (100 kg =m3)
rins;c density of ceiling insulation material (100 kg =m3)

rins;s density of spout insulation material (100 kg =m3)

rs density of spout material (2400 kg =m3)
rwall density of wall material (1200 kg =m3)

s Stefan-Boltzmann constant (5:67� 10�8 kg s�3 K�4 )

Empirical model
ai, bi, ci parameters of the dynamic model
f ss steady-state model function
h process disturbance (uncontrolled input)
k discrete time (the current sampling instant)
m0, m1, m2 parameters of the steady-state model
nA, nB, nC integer numbers which define order of the dynamic

model
q heat flux density in the nominal operating point

(5.1054 W =m2)
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T20 temperature T20 in the nominal operating point (15
+C)

Text temperature Text in the nominal operating point (7.6
+C)

u process input (manipulated variable)
y process output (controlled variable)

Model Predictive Control
J, L auxiliary matrices
N, Nu prediction and control horizons
si, G step response coefficients and matrix
Tsp
20 set-point of air temperature in room

Ts sampling time
uðkþ pjkÞ future values of manipulated variable
umin(qmin), umax (qmax) minimal and maximal values of

manipulated variable
umin, umax vectors of magnitude constraints of manipulated

variable

ymin(Tmin
20 ), ymax (Tmax

20 ) minimal and maximal values of
controlled variable

ymin, ymax vectors of magnitude constraints of controlled
variable

yspðkþ pjkÞ set-points of controlled variable
yspðkÞ set-point trajectory of controlled variable
y0ðkþ pjkÞ elements of free trajectory of controlled variable

y0ðkÞ free trajectory of controlled variable
ŷðkþ pjkÞ predicted values of controlled variable
ŷðkÞ predicted trajectory of controlled variable
△uðkþ pjkÞ future increments of manipulated variable
△umax(△qmax) maximal change of manipulated variable
△umax vector of rate constraints of manipulated variable
△uðkÞ trajectory of future increments of manipulated

variable
ε
min
MPCðkÞ, εmax

MPCðkÞ slack variables for soft output constraints

ε
min
MPCðkÞ, εmax

MPCðkÞ vectors of slack variables
l weighting coefficient in MPC
rmin
MPC, r

max
MPC weighting coefficients for slack variables

Optimisation
KkWh cost of 1 kWh of electric energy (0.13 EUR)
Ktotal cost of heating during the heating season (EUR)
Nsim the optimisation horizon over which energy cost is

calculated
RGJ=kWh conversion factor from 1 GJ of heating energy to

1 kWh of electric energy (277.7778)
ss steady-state conditions
ε
min
ss , εmax

ss slack variables for soft output constraints
hel efficiency of electric heating (0.98)
rmin
ss , rmax

ss weighting coefficients for slack variables
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experimental data.
In electric floor heating systems new heat storage materials [6]

such as a solid-solid phase transition material i.e. neopentylglycol
[7], paraffin-concrete and water-concrete [8] and Phase Change
Materials (PCM) [9e13] are studied in order to improve the effec-
tiveness of electrical floor heating system. Such materials could be
used to store the heating energy produced in non-peak demand
hours, when the electricity price is low, and use the energy in peak-
demand time, when the cost is higher.

This work is concerned with modelling, Model Predictive Con-
trol (MPC) [14,15] and on-line energy optimisation of a residential
building in which an underfloor heating system based on the
electric heating foils is used. Important applications of MPC are
concerned with building control. Typically, only temperature con-
trol (stabilisation despite changes of the outside temperature
which is a disturbance) is considered, e.g. [16e18]. In more
advanced solutions thermal comfort is controlled [19,20], i.e.
temperature, humidity and other factors. MPC may cooperate with
on-line energy optimisation which determines optimal set-points
for MPC, e.g. [21e23]. In some MPC approaches weather forecasts
[24] or information about occupancy behaviour [25] may be used to
increase control accuracy. In some work advanced MPC techniques
are used: hierarchical MPC [26], stochastic MPC [27], cooperative
MPC [28], robust MPC [29].

In this work, at first, the first-principle model is developed to
determine air temperature inside the building. A transient heat
transfer approach employing the control volume method is used to
simulate the heat transfer through the building layers. The floor
heating system performance is also simulated using the variable
heat flux density. The simulation allows to calculate the room-air
temperature at a specified time interval. Low-order linear models
for MPC are found. Tuning of MPC is discussed, both set-point
change and disturbance compensation cases are discussed. Tun-
ing is discussed for different sampling periods of MPC. Next, two
control system structures are considered: MPC with a constant
temperature set-point and MPC cooperating with a set-point
optimiser which repeatedly calculates on-line the set-point in or-
der to minimise the amount of energy used. Effectiveness of these
structures is validated in simulations using a real scenario of out-
door temperature changes. In general, the presented solution has
two important advantages:

a) Unlike previous works on underfloor heating system in which
very simple on-off controllers are used, e.g. [30e33], in this
work an advanced MPC algorithm which may cooperate with
the set-point optimiser is used. The existing constraints
imposed on the manipulated and controlled variables are taken
analytically into account during on-line optimisation.

b) Both MPC and set-point optimiser use on-line computationally
efficient classical quadratic optimisation while in building con-
trol many MPC approaches, e.g. [34e36], and set-point optimi-
sation methods, e.g. [21e23], use on-line computationally
difficult nonlinear optimisation. Quadratic optimisation tasks
have only one global solution, the problem of shallow local
minima does not exits.

The major benefit of the considered system is low investment
cost, significantly lower than that typical of water-based radiant
flow heating. Also, there is no need to install a boiler or a heat
pump. In Poland, in places witch a limited access to natural gas, the
heating system based on electrical energy is one option. The other
one is to use air-water heat pump or water-to-water heat pump.
The problem with those solutions is:

a) Significant investment costs (at least 4 times higher than that of
the electric radiant floor heating).

b) When a water-water heat pump is used, a ground heat
exchanger is needed the efficiency of which strongly depends of
the type of the ground. Also additional space for a ground heat
exchanger is required.

Therefore, the electric radiant heating is studied as an
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alternative for the heat pump based systems.
2. Process description

The considered process is a residential building with an
underfloor heating system based on the electric heating foils.
Building height is H ¼ 2:6 m, width is W ¼ 10 m, length is L ¼
10 m. Heating surface is Aheat ¼ WL ¼ 100 m2. The underfloor
electric radiant heating is applied to deliver the heating energy to
the building. The 0.39mm thick heating foil is manufactured by
printing, in the honeycomb structure, carbon paste on Polyethylene
Terephthalate (PET) film. The heating foil can be supplied with
either alternating current (230 V) or direct current (12 V or 24 V).
The maximum heat flux generated by the heating foil is equal to
200 W =m2.

The first-principle model is derived using the one-dimensional
transient heat conduction model for determining air temperature
inside building. The model considers heat transfer through walls,
roof and basement. The following assumptions are made to
formulate the mathematical model of the process:

1. The building is not equipped with a recuperation system.
Therefore, the ventilation heat loss has a significant contri-
bution to the entire heat loss of the building.

2. The materials of each building wall layer are considered as
homogeneous with constant thermal properties. Therefore,
the model results can use the values of material properties
provided by the manufacturer.

3. Air density is calculated from the ideal gas law, which is quite
reasonable approximation in case when the differences in air
temperature and density are low.

4. Air volume in the rooms is 10% lower than the building
volume calculated for internal walls.

5. Heat losses of the building including heat loss through: the
envelope, the basement, windows, roof and the doors are
considered. Also the ventilation heat loss is taken into ac-
count. Heat losses through thermal bridges are also
considered.

6. Heat losses through the ground are modelled using an
equivalent heat transfer coefficient hext;g and ground tem-
perature Text;g.

7. Heat convection from the air surrounding the building to the
insulation material is modelled by the heat transfer coeffi-
cient hext and the external air temperature Text which is
taken from the weather data for the location of Krak�ow city.

8. The external air temperature Text changes in time which
makes it possible to carry out simulations for various tem-
perature conditions.

9. An equivalent heat transfer coefficient hrad models radiation
from the floor to the ceiling internal surface of the building.

10. The walls are made of porotherm material while the ceiling
and spout are made of reinforced concrete. Such a combi-
nation of wall and insulation materials is mostly valid for
newly built single-family houses in Poland.

11. The insulation is made of styrofoam with a thermal con-
ductivity kins.

12. The ceiling insulation is made of PUR foam, with a thermal
conductivity kins;c.

13. The floor is made of oak parquet with thermal conductivity
equal to kf .

14. Heating season lasts from October 1 till April 30. This
assumption is valid for Poland region.

15. A constant price of 1 kWh of electric energy is assumed and
equal to 0.53 PLN¼ 0.13 euro [37].
16. Efficiency of the electric heating system is 98%, which is a
typical value for such devices.

17. Material properties are taken from [38].

The modelling assumptions proposed allows one to calculate
the heat losses during the heating period. A similar approach to
modelling of building heat losses can be found in [39].

The heat transfer domain shown in Fig. 1 is subdivided into 20
nodes, which represent the building layers. Temperature in different
parts of the building are denoted by T1;…;T20: T1, T6, T7 and T12 are
temperatures of the external surface of a building envelope, corre-
sponding to north, south, east and west directions, respectively, T2,
T5, T8 and T11 are temperatures of the interface between insulation
layer and buildingwall, corresponding to north, south, east andwest
directions, respectively, T3, T4, T9 and T10 are temperatures of the
inner wall surface of the building, corresponding to north, south,
east andwest directions, respectively, T13 is temperature of the inner
surface of the building roof, T14 is temperature of the inner surface of
the building roof insulation, T15 is temperature of the outer surface
of the building roof insulation, T16 is temperature of the inner sur-
face of the flooring, T17 is temperature of the outer surface of the
flooring, T18 is temperature of the outer surface of the spout, T19 is
temperature of the outer surface of the basement insulation, T20 is
air temperature in the room.

The control volume method is used to formulate the heat bal-
ance equations for each node. The one dimensional transient heat
conduction equation is solved to obtain nodal temperatures T1;…;

T20. The electrical heating foil is applied below the spout layer.
Therefore, the heat source generated by the electric heating
component equal at the maximum of 200 W =m2 is added in the
equation of node 18. The set of ordinary differential equations
which comprise the model is solved by the Runge-Kutta method of
order 45.

From the point of view of control engineering, the considered
process has one manipulated (input) variable q, one disturbance
(uncontrolled input) variable Text and one controlled (output)
variable T20. The control objective is to calculate repeatedly on-line
the value of the manipulated variable, q, in such a way that the
temperature inside the building, T20, is close to its set-point value,
Tsp20, despite the fact that the external temperature changes in time.
Additionally, the controller must be able to quickly react when the
user changes the set-point. The developed mathematical model
allows one to simulate the thermal performance of the applied
radiant heating, as well as to perform the economic analysis of the
underground electric heating system operation.

The first-principle mathematical model is based on the Finite
Volume Method (FVM). The FVM method is used to discretize the
transient heat conduction equation. The model considers 20 nodes
for which the energy balance equations are formulated. Nodes 1, 6,
7 and 12 describe external surface of the building envelope

M1
dT1
dt

¼hextðText � T1Þ þ
kins
Dxins

ðT2 � T1Þ (1)

M6
dT6
dt

¼hextðText � T6Þ þ
kins
Dxins

ðT5 � T6Þ (2)

M7
dT7
dt

¼hextðText � T7Þ þ
kins
Dxins

ðT8 � T7Þ (3)

M12
dT12
dt

¼hextðText � T12Þ þ
kins
Dxins

ðT11 � T12Þ (4)



Fig. 1. A residential building with an underfloor heating system based on the electric heating foils.
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where energy accumulation is

Mi ¼ rinscins
Dxins
2

(5)

for i ¼ 1;6;7;12, rins is density of wall insulation material, cins is
specific heat of wall insulation material, Dxins is thickness of wall
insulation material, hext is heat transfer coefficient from the
external air, kins is thermal conductivity of wall insulation material.

Nodes 2, 5, 8 and 11 describe interface between the internal
surface of insulation layer and building wall external surface

M2
dT2
dt

¼ kins
Dxins

ðT1 � T2Þ þ
kwall
Dxwall

ðT3 � T2Þ (6)

M5
dT5
dt

¼ kins
Dxins

ðT6 � T5Þ þ
kwall
Dxwall

ðT4 � T5Þ (7)

M8
dT8
dt

¼ kins
Dxins

ðT7 � T8Þ þ
kwall
Dxwall

ðT9 � T8Þ (8)

M11
dT11
dt

¼ kins
Dxins

ðT12 � T11Þ þ
kwall
Dxwall

ðT10 � T11Þ (9)

where energy accumulation is
Mi ¼ rinscins
Dxins
2

þ rwallcwall
Dxwall

2
(10)

for i ¼ 2;5;8;11, rwall is density of wall material, cwall is specific
heat of wall material, Dxwall is thickness of wall material, kwall is
thermal conductivity of wall material.

Nodes 3, 4, 9 and 10 describe internal surface of the walls of the
building

M3
dT3
dt

¼ kwall
Dxwall

ðT2 � T3Þ þ hin;vðT20 � T3Þ (11)

M4
dT4
dt

¼ kwall
Dxwall

ðT5 � T4Þ þ hin;vðT20 � T4Þ (12)

M9
dT9
dt

¼ kwall
Dxwall

ðT8 � T9Þ þ hin;vðT20 � T9Þ (13)

M10
dT10
dt

¼ kwall
Dxwall

ðT11 � T10Þ þ hin;vðT20 � T10Þ (14)

where energy accumulation is

Mi ¼ rwallcwall
Dxwall

2
(15)
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for i ¼ 3;4;9;10, hin;v is an indoor air heat transfer coefficient
determined for vertical walls.

Node 13 describes ceiling surface

M13
dT13
dt

¼ kc
Dxc

ðT14 � T13Þ þ hin;cðT20 � T13Þ þ hradðT16 � T13Þ
(16)

where energy accumulation is

M13 ¼ rccc
Dxc
2

(17)

rc is density of ceilingmaterial, cc is specific heat of ceilingmaterial,
Dxc is thickness of ceiling material, kc is thermal conductivity of
ceiling material, hin;c is an indoor air heat transfer coefficient for
ceiling surface. Radiation heat transfer coefficient is defined as

hrad ¼
s
�
T216 þ T213

�
ðT16 þ T13Þ

1
ε13

þ 1
ε16

� 1
(18)

where s is Stefan-Boltzmann constant, ε13 and ε16 are the surface
emissivity factors of floor and ceiling, respectively.

Node 14 describes interface between the internal surface of
ceiling insulation layer and ceiling external surface

M14
dT14
dt

¼ kc
Dxc

ðT13 � T14Þ þ
kins;c
Dxins;c

ðT15 � T14Þ (19)

where energy accumulation is

M14 ¼ rccc
Dxc
2

þ rins;ccins;c
Dxins;c

2
(20)

where rins;c is density of ceiling insulation material, cins;c is specific
heat of ceiling insulation material, kins;c is thermal conductivity of
ceiling insulation material, Dxins;c is thickness of ceiling insulation
material.

Node 15 describes the external surface of the ceiling insulation

M15
dT15
dt

¼ kins;c
Dxins;c

ðT14 � T15Þ þ hextðText � T15Þ (21)

where energy accumulation is

M15 ¼ rins;ccins;c
Dxins;c

2
(22)

Node 16 describes the surface of the floor panels

M16
dT16
dt

¼ kf
Dxf

ðT17 � T16Þ þ hin;f ðT20 � T16Þ þ hradðT13 � T16Þ

(23)

where energy accumulation is

M16 ¼ rfcf
Dxf
2

(24)

rf is density of floor layer, cf is specific heat of floor layer, kf is
thermal conductivity of floor layer, Dxf is thickness of floor layer,
hin;f is an indoor air heat transfer coefficient for floor surface.

Node 17 describes interface between floor and spout layer
M17
dT17
dt

¼ kf
Dxf

ðT16 � T17Þ þ
ks
Dxs

ðT18 � T17Þ (25)

where energy accumulation is

M17 ¼ rfcf
Dxf
2

þ rscs
Dxs
2

(26)

rs is density of spout material, cs is specific heat of spout material,
Dxs is thickness of spout material, ks is thermal conductivity of
spout material.

Node 18 describes interface between spout layer and spout
insulation

M18
dT18
dt

¼ ks
Dxs

ðT17 � T18Þ þ
kins;s
Dxins;s

ðT19 � T18Þ þ q (27)

where energy accumulation is

M18 ¼ rins;scins;s
Dxins;s

2
þ rscs

Dxs
2

(28)

where rins;s is density of spout insulation material, cins;s is specific
heat of spout insulation material, Dxins;s is thickness of spout
insulationmaterial, kins;s is thermal conductivity of spout insulation
material.

Node 19 describes the external surface of the basement
insulation

M19
dT19
dt

¼ kins;s
Dxins;s

ðT18 � T19Þ þ hext;g
�
Text;g � T19

�
(29)

where energy accumulation is

M19 ¼ rins;scins;s
Dxins;s

2
(30)

hext;g is ground overall heat transfer coefficient, Text;g is ground
temperature.

Node 20 describes internal air

M20
dT20
dt

¼ hin;vA1aðT3 � T20Þ þ hin;vA1bðT4 � T20Þ

þhin;vA2ðT9 � T20Þ þ hin;vA2ðT10 � T20Þ
þhin;fA3ðT16 � T20Þ þ hin;cA3ðT13 � T20Þ
þ4UwdAwdðText � T20Þ þ UdoorAdoorðText � T20Þ
þjventðText � T20Þ þ Qgains

(31)

where energy accumulation is

M20 ¼ raircairVair (32)

rair ¼ pair=ðRairðT20 þ 273:15ÞÞ is density of air (pair is pressure of
air, Rair is specific gas constant), cair is air specific heat capacity.
Volume of air in the room is

Vair ¼ 0:9LHW (33)

Vertical areas of walls (Fig. 1) are calculated from

A1a ¼ LH � Awd � Adoor (34)
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A1b ¼ LH � Awd (35)

A2 ¼WH � Awd (36)

where Awd is total area of windows at the buildingwall, Adoor is area
of entrance door. Horizontal wall area is calculated as

A3 ¼ WL (37)

Udoor and Uwd are overall heat transfer coefficients of doors and
windows, respectively. Those values consider the existence of
thermal bridges. jvent is a ventilation heat loss coefficient calcu-
lated as

jvent ¼ 0:34Vi (38)

Volumetric flow rate of air is

Vi ¼ nminVair (39)

where nmin is a minimum air exchange rate per hour.
In Eq. (31) heat gains are considered. They are calculated as [40]

Qgains ¼Qgains;sol þ Qgains;int (40)

Internal heat gains are

Qgains;int ¼ qintA3 (41)

where qint is a thermal load of room resulting from internal heat
gains assumed for a single family house. In the heating period, for
single-family houses, the average contribution of solar gains is
approx. 50% smaller than that of the internal gains. Therefore, it is
assumed that

Qgains ¼ 1:5Qgains;int (42)
3. Model Predictive Control problem formulation

The universal notation is: the input of the dynamic process (the
manipulated variable of the control algorithm) is u, the output (the
controlled variable) is y and the disturbance (the uncontrolled
input) is h.

MPC is a computer control algorithm [14,15]. Calculations are
carried out in discrete time, i.e. they are repeated on-line, the time
between two consecutive repetitions of the controller is named the
sampling period and denoted by Ts. In the MPC algorithms not only
the value of the manipulated variable for the current sampling
instant, i.e. uðkÞ, but a future sequence of that variable over the
control horizon Nu is repeatedly determined on-line. Typically, the
control policy is defined by the vector of increments

△uðkÞ ¼ ½△uðkjkÞ…△uðkþ Nu � 1jkÞ�T (43)

where △uðkjkÞ¼ uðkjkÞ � uðk� 1Þ and △uðkþ pjkÞ¼ uðkþ pjkÞ�
uðkþ p� 1jkÞ for p � 1, respectively. The symbol uðkþ pjkÞ denotes
the value of the manipulated variable for the future sampling
instant kþ p calculated at the current instant k. It is assumed that
△uðkþ pjkÞ ¼ 0 for p � Nu. The future sequence of increments of
the manipulated variable (43) is calculated from an optimisation
problem in which the future control quality is minimized. The
typical MPC cost-function is
JðkÞ ¼
X
p¼1

N

kyspðkþ pjkÞ � ŷðkþ pjkÞk2

þl
XNu�1

p¼0

jj△uðkþ pjkÞjj2
(44)

The set-point for the sampling instant kþ p known at the cur-
rent instant k is yspðkþ pjkÞ (usually yspðkþ pjkÞ ¼ yspðkÞ for all p ¼
1;…;N), the future value of the process output signal predicted for
the instant kþ p at the instant k is denoted by ŷðkþ pjkÞ. Hence, the
first part of the minimised cost-functionmeasures the control error
calculated on the prediction horizon N. The second part of the cost-
function penalises excessive increments of the manipulated vari-
able. The bigger the weighting coefficient l>0, the smaller the
increments, but also the slower the changes of the process output.

In practice the MPC cost function (44) is minimised subject to
some constraints imposed on process variables. The rudimentary
constrained MPC optimisation task solved on-line at each sampling
instant is

min
△uðkÞ

fJðkÞg

subject to
umin � uðkþ pjkÞ � umax; p ¼ 0;…;Nu � 1
�△umax � △uðkþ pjkÞ � △umax; p ¼ 0;…;Nu � 1

ymin � ŷðkþ pjkÞ � ymax; p ¼ 1;…;N

(45)

In the above formulation it is possible to limit the values of the
manipulated variable over the control horizon, umin and umax are the
minimal and themaximal allowedvalues, respectively.Moreover, the
increments of the manipulated variable, also over the control hori-
zon, are limited, △umax is the maximal allowed change possible in
one sampling instant. Finally, it may be necessary to limit the pre-
dicted values of the controlled variable over the prediction horizon,
ymin and ymax denote the minimal and the maximal allowed values.

The constraints imposed on the value of the manipulated vari-
able limit the region of possible solutions of the MPC optimisation
problem (45), but the constraints imposed on the value of the
predicted process output may lead to an acceptable situation in
which the set of possible solutions is empty. In order to enlarge the
admissible set the output constraints are relaxed when necessary.
The resulting MPC optimisation task with soft output constraints is

min
△uðkÞ

ε
min
MPCðkÞ

ε
max
MPCðkÞ

(
JðkÞ þ rmin

MPC

�
ε
min
MPCðkÞ

�2 þ rmax
MPC

�
ε
max
MPCðkÞ

�2)

subject to

umin � uðkþ pjkÞ � umax; p ¼ 0;…;Nu � 1

�△umax � △uðkþ pjkÞ � △umax; p ¼ 0;…;Nu � 1

ymin � ε
min
MPCðkÞ � ŷðkþ pjkÞ � ymax þ ε

max
MPCðkÞ; p ¼ 1;…;N

ε
min
MPCðkÞ � 0; ε

max
MPCðkÞ � 0

(46)

where ε
min
MPCðkÞ and ε

max
MPCðkÞ are additional slack variables which are

set as greater than 0 when the output hard constraints must be
violated. The degree of constraints' violation is minimised by the
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last two penalty terms in the minimised MPC cost-function, rmin
MPC

and rmax
MPC are positive weighting coefficients.

Solution of the MPC optimisation task (46) yields the future
control increments (43), but only the first element of this sequence
is actually applied to the process, i.e. uðkÞ ¼ △uðkjkÞþ uðk� 1Þ. At
min
△uðkÞ
ε
min
MPCðkÞ
ε
max
MPCðkÞ

����yspðkÞ � G△uðkÞ � y0ðkÞ
���2 þ k△uðkÞk2L þ rmin

MPC

�
ε
min
MPCðkÞ

�2
þ rmax

MPC
�
ε
max
MPCðkÞ

�2�

subject to
umin � J△uðkÞ þ uðk� 1Þ � umax

�△umax � △uðkÞ � △umax

ymin � ε
min
MPCðkÞ � G△uðkÞ þ y0ðkÞ � ymax þ ε

max
MPCðkÞ

(51)
the next sampling instant, kþ 1, the measurement of the process
output is updated, the prediction is shifted one step forward and
the whole procedure is repeated.

MPC algorithms have been used for years in industrial process
control, e.g. to control chemical reactors and distillation columns
[41]. Currently, in addition to building control implementations
mentioned in introduction, applications of MPC algorithms also
include energy-related processes, e.g.: a fuel cell [42], a nuclear
superheated-steam supply system [43], a refrigeration system [44],
a boiler-turbine system [45], a heat exchanger [46], a gas turbine
[47], a wind turbine [48], a heat pump [49] and microgrids [50].

In this work the Generalized Predictive Control (GPC) algorithm
with the so called Dynamic Matrix Control (DMC) disturbance
model is used [15]. For prediction, i.e. to calculate the values of
ŷðkþ pjkÞ for p ¼ 1;…; N, the following discrete-time linear dy-
namic model is used

yðkÞ ¼ b1uðk� 1Þ þ…þ bnBuðk� nBÞ
þc1hðk� 1Þ þ…þ cnChðk� nCÞ
�a1yðk� 1Þ �…� anAyðk� nAÞ

(47)

The scaled process input, disturbance and output signals are

u¼ q� q; d ¼ Text � Text; y ¼ T20 � T20 (48)

where the values of process variables in the nominal operating
point are: T20, q, Text. The order of the dynamic model is deter-
mined by the integer numbers nA, nB, nC, the real numbers ai, bi, ci
are model parameters. In general, a great advantage of linear
models is the fact that the prediction vector, defined over the
prediction horizon, N, is a linear function of the MPC decision
variables,△uðkÞ. In case of the GPC algorithm it is possible to prove
that [15]

ŷðkÞ ¼ ½ŷðkþ 1jkÞ…ŷðkþ NjkÞ�T¼G△uðkÞ þ y0ðkÞ (49)

where the dynamic matrix of dimensionality N � Nu consists of
step-response coefficients si of the process model (47)

G ¼

2
664
s1 0 … 0
« « 1 «
sN sN�1 … sN�Nuþ1

3
775 (50)

The vector y0ðkÞ ¼ ½y0ðkþ 1jkÞ…y0ðkþ NjkÞ�T represents the so
called free trajectory, i.e. the reaction of the model (47) to the past.
Using the prediction equation (49), the MPC optimisation problem
with soft output constraints (46) is transformed to the following
quadratic optimisation task
where the vectors of length N are:

ysp ¼ ½yspðkþ 1jkÞ…yspðkþ NjkÞ�T, ymin ¼ ½ymin
…ymin�T,

ymax ¼ ½ymax
…ymax�T, ε

min
MPCðkÞ ¼ ½εmin

MPCðkÞ…ε
min
MPCðkÞ�

T
and

ε
max
MPCðkÞ ¼ ½εmax

MPCðkÞ…ε
max
MPCðkÞ�T. The vectors of length Nu are:

umin ¼ ½umin
…umin�T,

umax ¼ ½umax
…umax�T,△umax ¼ ½△umax

…△umax�T and

uðk� 1Þ ¼ ½uðk� 1Þ…uðk� 1Þ�T. The diagonal matrix
L ¼ diagðl;…; lÞ and the lower triangular matrix J are of dimen-
sionality Nu � Nu.

It is important to stress the fact that the obtained MPC problem
solved at each sampling instant on-line (51) is of a quadratic opti-
misation type. It is possible because the model used for prediction
(Eq. (47)) is linear and the predicted trajectory (Eq. (49)) is a linear
function of the optimised control sequence. The classical active-set
method [51] is used to solve the MPC problem. However, the basic
question if whether or not the nonlinear fundamental model
described in Section 2 may be approximated by the linear model
(47).

4. Energy optimisation

The objective of energy optimisation is to find the value of the
temperature set-point, Tsp20, for which cost of energy used is mini-
mal. It cannot be done once, off-line, but must be recalculated
successively on-line, preferably at each sampling instant of theMPC
algorithm. The necessity of set-point recalculation is caused by the
fact that the process disturbance, the external temperature, Text, is
not constant during the whole heating season.

In addition to the necessity of minimisation of energy cost, it is
also required to control the process in such a way that the air
temperature in the building, T20, is in some neighbourhood of the
preferable temperature Tsp

20. Two preferable temperatures are

considered: Tsp20 ¼ 18:5+ C and Tsp
20 ¼ 21+ C. In the first case the

constraints imposed on the predicted process output are deter-
mined by

Tmin
20 ¼ 18 +C; Tmax

20 ¼ 19 +C (52)

whereas in the second case the constraints are

Tmin
20 ¼ 20:5 +C; Tmax

20 ¼ 21:5 +C (53)
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In general, the unit cost of heating during the whole heating
season is calculated as

Ktotal ¼
KkWhRGJ=kWhAheatTs

109hel

XNsim�1

p¼0

qðkþ pÞ (54)

where KkWh is the cost of 1 kWh of electric energy, RGJ=kWh is the
conversion factor from 1 GJ of heating energy to 1 kWh of electric
energy, Aheat ¼ WL is total heated area, Nsim is the optimisation
horizon over which energy cost is calculated, hel is efficiency of
electric heating.

Typically, for set-point optimisation a steady-state model of the
process is used (Steady-State Target Optimisation, SSTO) [52,53].
For the considered problem, it has the following form

Tss20 ¼ f ss
�
qss; Tssext

�
(55)

where Tss
20, q

ss and Tss
ext denote values of the process output, input

and disturbance signals in the steady-state, respectively, f ss de-
notes the steady-state model (the superscript “ss” is used to denote
the steady-state of process variables).

Taking into account that the objective is to minimise energy
cost, assuming that the cost of energy is constant in time and the
constraints imposed on room temperature (Eq. (52) or (53)) must
be satisfied, the optimisation problem solved by the SSTO layer is

min
qss

fJE ¼ qssg

subject to

qmin � qss � qmax

Tmin
20 � Tss20 � Tmax

20

Tss20 ¼ f ss
�
qss; Tssext

�
(56)

Let us discuss in details the SSTO problem (56). The decision
variable qss is the value of the manipulated variable (heat flux
density) in the steady-state. The minimised cost-function JE is the
value of the process manipulated variable in steady-state. It has a
straightforward interpretation: the smaller the manipulated vari-
able, the lower the energy cost (Eq. (54)). Optimisation is per-
formed subject to three constraints. The first one limits the value of
the manipulated variable. The second constraint limits the value of
the process output, i.e. the temperature T20. Finally, the steady-
state model (53) is used as the last constraint.

The rudimentary SSTO optimisation problem (56) may be
reformulated for the scaled process variables u;h; y (Eq. (48)). It has
the following form

min
uss

fJE ¼ ussg
subject to
umin � uss � umax

ymin � yss � ymax

yss ¼ f ss
�
uss; hss

�
(57)

The type of the obtained set-point optimisation problem solved
at each sampling instant on-line depends on the type of the stead-
state model (Eq. (55)). In order to obtain a computationally efficient
solution, the following linear steady-state model is assumed

yss ¼m0 þm1u
ss þm2h

ss (58)

where m0, m1, m2 are coefficients. Taking into account the model
(58) and using the soft output constraints, from the general set-
point optimisation task (57) the following quadratic optimisation
problem is obtained

min
uss

ε
min
ss

ε
max
ss

�
JE ¼ uss þ rmin

ss

�
ε
min
ss

�2 þ rmax
ss

�
ε
max
ss

�2�

subject to
umin � uss � umax

ymin � ε
min
ss � yss � ymax þ ε

min
ss

yss ¼ m0 þm1u
ss þm2h

ss

ε
min
ss � 0; ε

max
ss � 0

(59)

The set-point optimisation problem (59) optimises not only the
decision variable uss, but it also calculates necessary degree of
violation of the original output constraints, specified by the quan-
tities ε

min
ss and ε

max
ss . Additionally, two penalty terms in the MPC

cost-function have the objective of minimising the degree out
constraints’ violation (rmin

ss and rmax
ss are positive weighting co-

efficients). Similarly to the MPC task (51), the resulting set-point
task may be also solved by means of the classical active-set
method [51]. However, the basic question if whether or not the
linear steady-state model (58) approximates behaviour of the
nonlinear process detailed in Section 2.

It is necessary to stress the fact that the limits imposed on both
manipulated and controlled variables, respectively, are the same in
the set-point optimisation problem (59) and in the MPC optimi-
sation task (51).

As a result of set-point optimisation performed at each sampling
instant the value of uss is obtained. Next, the steady-state model is
used to find the optimal set-point yspðkÞ

yspðkÞ¼m0 þm1u
ss þm2h

ss (60)

which is next used in the MPC optimisation problem (51).

5. Simulation results

5.1. Process modelling for MPC

At first, models which are used in the GPC algorithm for pre-
diction calculation must be found. Considering the discrete-time
model (47), it is necessary to determine model order and model
parameters. The model used in MPC is empirical, i.e. its parameters
are obtained from an identification procedure. For this purpose, the
fundamental continuous-time state-space model described in
Section 2 is excited by some sequences of the manipulated variable,
q, and the disturbance variable, Text. The resulting sequence of the
temperature T20 is recorded. Two sets of data are prepared, i.e. the
training and validation data sets which are shown in Fig. 2. The first
set is used only for model identification, i.e. to find parameters of
empirical models, the second one to compare different models and
choose the best one. Model parameters are calculated from an
unconstrained optimisation problem in which the following model
error is minimised

E ¼ 1
nsamples

Xnsamples

k¼1

ðymodðkÞ � yðkÞÞ2 (61)

The cost-function (61) is the sum of squared differences be-
tween the model output, ymodðkÞ, and the recorded value of the
process output, yðkÞ, for all available samples, i.e. for k ¼ 1; …;

nsamples. The sum of squared model errors are divided by the
number of samples. Because of that it is possible to comparemodels
in which different sampling periods (and different numbers of data
samples) are used for model identification and validation. The first-



Fig. 2. The training and validation data sets.
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principle model described in Section 2 is treated as the real process.
Since the empirical model (47) is linear and the cost-function (61) is
quadratic, optimisation task of model parameters becomes an easy
to solve least-squares problem.

Table 1 compares errors of empirical models for different sam-
pling periods, Ts ¼ 60; 300; 600 s, and for different order of dy-
namics (the order is defined as the integral number nA ¼ nB ¼ nC).
For the shortest sampling period, Ts ¼ 60 s, taking into account only
the validation error, the best model is characterised by the fifth
order of dynamics. Fig. 3 depicts the validation data vs. the output
of the first-order, second-order, third-order, fourth-order and fifth-
order models. Indeed, even in the case of the fourth-order model
there is some difference between the data and the model output, it
is really necessary to use the fifth-order model. The output of the
chosen fifth-order model is very close to the data. For the sampling
period Ts ¼ 300 s the lowest value of the validation error is ob-
tained for the fourth-order model. Fig. 4 shows the validation data
vs. the output of the first-order, second-order, third-order and
Table 1
Errors of models for different sampling periods, Ts, and for different order of dy-
namics: the chosen model in each class is emphasised.

Model order Ts (s) Etrain Eval

2 60 1:6327� 10�3 2:2898� 10�3

3 60 1:5309� 10�3 2:0133� 10�3

4 60 2:4980� 10�4 2:6375� 10�4

5 60 2:0908� 10�5 3:9492� 10�5

6 60 5:1472� 10�6 4:2161� 10�5

2 300 1:5803� 10�3 2:1196� 10�3

3 300 8:5121� 10�4 1:3304� 10�3

4 300 1:0205� 10�5 2:7426� 10�5

5 300 3:5276� 10�6 4:1862� 10�5

6 300 2:9591� 10�6 4:5757� 10�5

2 600 1:5260� 10�3 2:0408� 10�3

3 600 3:7043� 10�6 9:3153� 10�6

4 600 2:4440� 10�6 3:5955� 10�5

5 600 2:4540� 10�6 4:4330� 10�5

6 600 2:3613� 10�6 4:5836� 10�5

Fig. 3. The validation data vs. the output of the first-order, second-order, third-order,
fourth-order and fifth-order models; Ts ¼ 60 s.
fourth-order models. In this case the fourth order of dynamics is
really necessary since even the third-order model gives noticeable
modelling differences between the data and the model output. For
the longest sampling period, Ts ¼ 600 s, the lowest value of the
validation error is obtained for the third-order model. Fig. 5 com-
pares the data and the output of the first-order, second-order and
third-order models. Also in this case, the models characterised by
the order of dynamics lower than the selected ones give significant
modelling errors. All things considered, although the rudimentary
fundamental dynamic model presented in Section 2 is nonlinear,
linear models of relatively low order are able to approximate
behaviour of the process very well, whichmeans that it is natural to
use the MPC algorithm which solves at each sampling instant the
quadratic optimisation problem (51), nonlinear optimisation is not
necessary. The order of dynamics of the empirical model which is
next used for prediction in MPC must be selected taking into



Fig. 4. The validation data vs. the output of the first-order, second-order, third-order
and fourth-order models; Ts ¼ 300 s.

Fig. 6. Simulation results of the MPC algorithm for different prediction horizons N;
Nu ¼ 10, l ¼ 10�3, Ts ¼ 600 s.
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account the sampling period. In general, the shortest the sampling
period, the higher the model order.
5.2. Tuning of MPC

All simulations carried out for MPC tuning take into account
50 h of process operation. At the beginning of simulation the
temperature set-point, Tsp20, is increased by 5+ C, to 20+ C. It is
required that the controller steers the process is such away that the
actual value of air temperature, T20, reaches its new set-point as fast
as possible. Furthermore, in the second part of the simulation it is
assumed that the external temperature, Text, decreases by 30+ C. In
all experiments the same limits of the manipulated variable are
included in the MPC optimisation problem

qmin ¼0; qmax ¼ 200 (62)

The increments of the manipulated variable are not limited
since the electric underfloor heating may be activated and deacti-
vated very fast (in contrast to typical industrial application there
are no slow actuators).

At first the prediction horizon, N, is selected. Fig. 6 depicts
Fig. 5. The validation data vs. the output of the first-order, second-order and third-
order models; Ts ¼ 600 s.
simulation results of the MPC algorithm for different prediction
horizons N ¼ 10, N ¼ 50, N ¼ 250 and N ¼ 500, in all cases Nu ¼
10, l ¼ 10�3. If not specified otherwise, the sampling time is Ts ¼
600 s and the third-order model (Table 1) is used in MPC. It is
obvious that for too short prediction horizons the resulting control
quality is low. As a reasonable compromise, the value N ¼ 250 is
chosen since lengthening of the horizon has a very small effect on
control quality.

Next, the control horizon, Nu, is chosen. Fig. 7 depicts simulation
results for Nu ¼ 1, Nu ¼ 2, Nu ¼ 5, Nu ¼ 10, in all cases N ¼ 250,
l ¼ 10�3. In this case the value Nu ¼ 5 is chosen since it results in
good control quality, very close to that possible when the control
horizon is doubled. Similarly to the prediction horizon, short con-
trol horizons result in slow output trajectories.

Next, the factor l is tuned. Fig. 8 depicts simulation results for
l ¼ 10�1, l ¼ 10�2, l ¼ 10�3, l ¼ 10�4, in all cases N ¼ 250, Nu ¼
5. In order to obtain fast set-point tracking and compensation of
the disturbance, the value l ¼ 10�3 is finally chosen. Of course, the
bigger the value of the parameter l, the slower the trajectories of
Fig. 7. Simulation results of the MPC algorithm for different control horizons Nu; N ¼
250, l ¼ 10�3, Ts ¼ 600 s.



Fig. 10. Simulation results of the MPC algorithm for Ts ¼ 600 s (with the nominal
prediction horizon N ¼ 250) and for Ts ¼ 300 s (with prediction horizons N ¼ 250 and
N ¼ 500), Nu ¼ 5.l ¼ 10�3

Fig. 8. Simulation results of the MPC algorithm for different values of the coefficient l;
Nu ¼ 5, N ¼ 250, Ts ¼ 600 s.
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the process input and output variables.
It is an important question if and to what extent the value of the

sampling period of the MPC algorithm, Ts, influences the possible
quality of control. Fig. 9 depicts simulation results for two cases:
Ts ¼ 600 s and Ts ¼ 60 s. In both cases Nu ¼ 5, l ¼ 10�3. For Ts ¼
600 s and Ts ¼ 60 s, for prediction the third-order model and the
fifth-order one are used, respectively (Table 1). One may note that
the nominal prediction horizon, N ¼ 250, selected for the long
sampling period Ts ¼ 600, should be lengthened when the sam-
pling time is reduced, since the trajectories for the nominal pre-
diction horizon are slow and characterized by long-lasting
overshoot. Therefore, for the short sampling time Ts ¼ 60 the pre-
diction horizon N ¼ 1000 is recommended. It is interesting to note
the fact that when well tuned, the controllers with the sampling
time Ts ¼ 600 and Ts ¼ 60 result in very similar process output
trajectories. Fig. 10 depicts simulation results when Ts ¼ 600 and
Ts ¼ 300. In both cases Nu ¼ 5, l ¼ 10�3. For Ts ¼ 600 and Ts ¼
300, for prediction the third-order model and the fourth-order one
are used, respectively (Table 1). One may note that for the sampling
Fig. 9. Simulation results of the MPC algorithm for Ts ¼ 600 s (with the nominal
prediction horizon N ¼ 250) and for Ts ¼ 60 s (with prediction horizons N ¼ 250 and
N ¼ 1000), Nu ¼ 5.l ¼ 10�3
period Ts ¼ 300 the doubled prediction horizon (N ¼ 500) results is
slightly faster trajectory of the process output, but this difference is
very small. It means that for Ts ¼ 300 the nominal prediction ho-
rizon N ¼ 250 may be used, the same as for Ts ¼ 600. All things
considered, the found prediction horizons are: N ¼ 250 when Ts ¼
300 or Ts ¼ 600, N ¼ 1000 when Ts ¼ 60. The control horizon and
the weighting coefficient are independent of the sampling period:
Nu ¼ 5, l ¼ 10�3.
5.3. Process modelling for energy optimisation

From the dynamic nonlinear model described in Section 2 one
may easily obtain the steady-state nonlinear process description

0 ¼ f ðT1;…; T20; q; TextÞ (63)

Recalling that the process output is the temperature T20, it is
also possible the find numerically the steady-state model T20ðq;
TextÞ, i.e. calculate the value of the temperature T20 for given values
of the manipulated and disturbance signals, q and Text, respectively.
Next, a simpler empirical steady-state model is obtained to be used
in set-point optimisation. The simplest approach is to find a linear
model (58). At first, the temperature T20 is calculated from the
nonlinear model (63) for a mesh of points from the range
0 W =m2 � q � 200 W=m2 and � 35 +C � Text � 35 +C. Next, the
model parameters, m0, m1 and m2, are calculated using the least
squares algorithm the objective of which is tominimise the squared
differences between the model outputs and available data points.
Although the rudimentary fundamental steady-state model (63) is
nonlinear, the resulting linear model (58) approximates properties
of the process very well as shown in Fig. 11. It means that the set-
point optimiser solves on-line the quadratic optimisation prob-
lem (59), nonlinear optimisation is not necessary.
5.4. Energy optimisation

Fig. 12 depicts changes of the external temperature, Text, during
the whole calendar year. The external temperature has been
recorded in Krak�ow, Poland. The heating season lasts from October
1 till April 30. In simulations discussed in the following part of this
work two configurations are considered:



Fig. 12. Changes of the external temperature, Text, during the calendar year.

Fig. 13. Simulation results: MPC with constant set-point Tsp20 ¼ 18:5 +C and the sam-
pling time Ts ¼ 60 s, Tmin

20 ¼ 18 +C; Tmax
20 ¼ 19 +C.Fig. 11. Nonlinear steady-state model T20ðq; TextÞ vs. its linear approximation.

Fig. 14. Simulation results: MPC with constant set-point Tsp20 ¼ 18:5 +C and the sam-
pling time Ts ¼ 300 s, Tmin

20 ¼ 18 +C; Tmax
20 ¼ 19 +C.
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a) The MPC algorithm with constant set-point Tsp
20 ¼ 18:5 +C or

Tsp20 ¼ 21 +C. In the first case the constraints imposed on the
predicted output variable are defined by Eq. (52), in the second
case by Eq. (53). The output constraints are implemented as soft
ones. In both cases the magnitude of the manipulated variable is
constrained according to Eq. (62). Three sampling periods are
considered: 60 s, 300 s, 600 s.

b) The MPC algorithm with set-point optimisation. At each sam-
pling instant the current value of the set-point is successively
calculated on-line for the measured value of the disturbance
signal. Two configurations of constraints imposed on the pre-
dicted output variable are used, i.e. defined by Eqs. (52) and (53),
also implemented as soft ones. The limits of the manipulated
variable and the sampling periods are the same as in the first
configuration.

Figs. 13e15 depict simulation results obtained when the process
is controlled by the MPC algorithm with the constant set-point
Tsp20 ¼ 18:5 +C for the sampling periods 60 s, 300 s and 600 s,
respectively. It is interesting to note that changes of the controlled
variable, T20, caused by variations of the disturbance (Fig. 12), are
quite small. It means that the controller compensates fast changes
of the disturbance. Generally, the constraints imposed on the pre-
dicted process output (Eq. (52)) are satisfied, the only exception is
for the sampling period 60 s (small violations of the upper
constraint are observed in October and April). The second impor-
tant observation is the fact that taking into account the process
output, for three compared sampling periods the process output
trajectories are similar. However, the trajectories of the process
input variable are different. In particular, for the shortest sampling
period variability of the manipulated variable is bigger when
compared with the results obtained for longer sampling times.
Happily, this variability is not dangerous since in the considered
control system there is no valve which moves physically, the
manipulated variable only changes voltage of the electric heating
foil. Fig. 16 shows simulation results for the constant set-point



Fig. 15. Simulation results: MPC with constant set-point Tsp
20 ¼ 18:5 +C and the sam-

pling time Ts ¼ 600 s, Tmin
20 ¼ 18 +C; Tmax

20 ¼ 19 +C.
Fig. 16. Simulation results: MPC with constant set-point Tsp

20 ¼ 21 +C and the sampling
time Ts ¼ 60 s, Tmin

20 ¼ 20:5 C; Tmax
20 ¼ 21:5 C.
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Tsp
20 ¼ 21 +C and the sampling period 60 s. Also in this case the MPC

algorithm controls the process in such a way that variations of the
controlled variable are small.

Table 2 compares the first configuration numerically. For each
sampling period and for two possible set-points the amount of
KWh used during the heating season and the resulting cost of
heating (Eq. (54)) are specified. Additionally, the degree of violation
of the hard output constraints is calculated from

ET20 ¼
1

Nsim

XNsim

k¼1

h�
max

�
Tmin
20 � T20ðkÞ;0

��
þ �

max
�
T20ðkÞ

� Tmax
20 ;0

��i
(64)

Interpretation of the coefficient ET20 is straightforward: when
the hard constraints specified by Eq. (52) or Eq. (53) are satisfied,
ET20 ¼ 0. Conversely, when they are violated, ET20 summarises ab-
solute values of violations. From Table 2 three conclusions can be
drawn. Firstly, energy consumption is lower by approx. 1430 KWh
for the lower set-point, Tsp

20 ¼ 18:5 +Cwhen comparedwith the set-

point Tsp
20 ¼ 21 +C. Secondly, for the same set-point, changes of the

sampling period have very small effect on energy used. Thirdly,
because the set-point is between the output constraints, satisfac-
tion of constraints is very good.

Figs. 17e19 depict simulation results obtained when the set-
point for the MPC algorithm is repeatedly optimised on-line for
the measured value of the disturbance for the sampling periods
60 s, 300 s and 600 s, respectively. The constraints imposed on the
predicted output variable are defined by Eq. (52). In the majority of
Table 2
Simulation results: MPC with constant set-points Tsp20 for different sampling time Ts;
Ktotal is cost of heating, ET20 is degree of violation of the hard output constraints.

Ts (s) Tsp20 ð+CÞ KWh used Ktotal (EUR) ET20

60 18.5 7019.80 912.57 9:85� 10�5

300 18.5 7009.04 911.17 0
600 18.5 7010.39 911.35 0
60 21 8449.81 1098.47 0
300 21 8444.82 1097.83 0
600 21 8446.17 1098.00 0
sampling instants the optimiser finds that the minimal possible
temperature should be taken as the set-point for the MPC
controller. It may be observed that for the shortest sampling period
changes of the set-point trajectory are followed faster when
compared with medium and long sampling periods. Similarly to
simulations with the MPC algorithm only, variability of the
manipulated variable is significant for the shortest sampling period.
Figs. 20 and 21 demonstrate simulation results of MPC with set-
point optimisation for constraints of the output variable defined
by Eq. (53), for the sampling period 60 s and 600 s, respectively.
Also in this case during the majority of simulation scenario the
optimiser chooses the minimal value of the output variable as the
set-point and for the shorter sampling period variability of signals
is bigger.

Table 3 compares the second configuration numerically for each
sampling period and for two possible pairs of output constraints.
Three observations may be made. Firstly, lowering the minimal and
maximal values of the output constraints by 2:5 +C reduces the
Fig. 17. Simulation results: MPC with set-point optimisation and the sampling time
Ts ¼ 60 s, Tmin

20 ¼ 18 +C; Tmax
20 ¼ 19 +C.



Fig. 20. Simulation results: MPC with set-point optimisation and the sampling time
Ts ¼ 60 s, Tmin

20 ¼ 20:5 +C; Tmax
20 ¼ 21:5 +C.

Fig. 18. Simulation results: MPC with set-point optimisation and the sampling time
Ts ¼ 300 s, Tmin

20 ¼ 18 +C; Tmax
20 ¼ 19 +C.
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amount of energy used by approx. 1534 KWh (for the sampling
period 60 s) or 1426 KWh (for the sampling periods 300 s i 600 s).
Secondly, similarly to the first configuration when only the MPC
algorithm with a constant set-point is used (Table 2), the sampling
period has very small effect on the energy used. Thirdly, since the
optimal set-point is typically equal to the minimal constraint of the
process output, the degree of constraint violation is non-zero,
although the obtained values are small.

Finally, it is necessary to compare two considered configura-
tions: the MPC controller with a constant set-point (Table 2) and
the MPC controller cooperating with the optimiser which repeat-
edly calculates the set-point (Table 3). For the sampling periods
300 s and 600 s introduction of the set-point optimiser makes it
possible to reduce energy used up to approx. 300 KWh annually.
For the sampling period 60 s the gains are 279 KWh and 174 KWh,
for the output constraints defined by Eqs. (52) and (53),
respectively.
Fig. 19. Simulation results: MPC with set-point optimisation and the sampling time
Ts ¼ 600 s, Tmin

20 ¼ 18 +C; Tmax
20 ¼ 19 +C.

Fig. 21. Simulation results: MPC with set-point optimisation and the sampling time
Ts ¼ 600 s, Tmin

20 ¼ 20:5 +C; Tmax
20 ¼ 21:5 +C.
6. Conclusions

This work is concerned with a residential building with under-
floor electric heating foils. At first, the first-principle mathematical
model of the process is detailed. Next, two approaches to temper-
ature control are developed and compared: MPC with a constant
temperature set-point and MPC cooperating with the set-point
optimiser which repeatedly calculates on-line the set-point in or-
der to minimise the amount of energy used. The presented solution
is computationally efficient, since in MPC and set-point optimisa-
tion classical quadratic optimisation is used on-line. It makes it
possible to use for implementation relatively not complicated
hardware platforms, advanced ones are not necessary [21e23].

Taking into account the obtained results, the following conclu-
sions may be drawn:



Table 3
Simulation results: MPC with set-point optimisation for different sampling time Ts; Ktotal is cost of heating, ET20 is degree of violation of the hard output constraints.

Ts (s) Soft output constraints KWh used Ktotal (EUR) ET20

60 Tmin
20 ¼ 18 +C; Tmax

20 ¼ 19 +C 6741.17 876.35 7:36� 10�3

300 Tmin
20 ¼ 18 +C; Tmax

20 ¼ 19 +C 6718.59 873.42 1:13� 10�2

600 Tmin
20 ¼ 18 +C; Tmax

20 ¼ 19 +C 6717.93 873.33 9:66� 10�3

60 Tmin
20 ¼ 20:5 +C; Tmax

20 ¼ 21:5 +C 8275.83 1075.86 5:00� 10�3

300 Tmin
20 ¼ 20:5 +C; Tmax

20 ¼ 21:5 +C 8144.15 1058.74 1:26� 10�2

600 Tmin
20 ¼ 20:5 +C; Tmax

20 ¼ 21:5 +C 8143.50 1058.65 1:08� 10�2
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1. In the first case a natural method to reduce energy used is to
slightly reduce the temperature set-point. For example, reduc-
tion of the set-point from 21 +C to 18:5 +C leads to reducing the
energy usage by approx. 1430 KWh during the heating season.

2. In the second case lowering the minimal and maximal values of
the output constraints by 2:5 +C case reduces the amount of
energy used by approx. 1500 KWh.

3. Comparing the two considered control systems structures,
introduction of the set-point optimiser makes it possible to
further reduce energy used by approx. 300 KWh annually.

An interesting direction of future research is optimisation of
energy usage taking into account variability of electricity price
(different prices for days and nights). In such a case a dynamic
model of the process must be used not only in MPC, but also in
energy optimisation. An another interesting issue is to use weather
forecasts for optimisation.
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