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Abstract. Multi-attribute auctions (also called multidimensional auc-
tions) facilitate negotiations based on multiple attributes, thus escape
from the standard price-only domain into a rich multidimensional do-
main that can comprise additional attributes like e.g. guarantee condi-
tions or quality. Most multi-attribute preference models used in auction
mechanisms are based on a ranking derived from weighted sum. Recently,
the Reference Point Method (RPM) approach has been applied to ex-
press the multi-attribute preference models within the auction mecha-
nisms allowing to overcome the weighted sum drawbacks. The Ordered
Weighted RPM model enables us to introduce importance weights to
affect achievements importance by rescaling their measures accordingly
within the distribution of all achievements. The concept presented and
discussed in this paper in the context of procurement auctions takes ad-
vantage of the so-called Weighted Ordered Weighted Average (WOWA)
aggregations of the partial achievements.

Keywords: multi-attribute auction, ordered weighted average, refer-
ence point method.

1 Introduction

Procurement refers to the process of obtaining goods and services required by
the firm. It may be considered the acquisition of appropriate goods or services at
the best possible total cost while complying with the needs of the buyer. Many
types of businesses, public institutions in particular, very often define procure-
ment processes with intention to promote fair and open competition for their
business and minimize exposure to secret agreements and fraud. For this reason
a competitive bidding is widely deployed in procurement. Competitive bidding
is the process by which multiple suppliers submit competing offers to supply
the goods or services requested by the firm, which then awards business to the
supplier(s) based on these offers. The emergence of Internet-based communica-
tion between firms has enabled them to effectively organize competitive bidding
events. These may be either “one shot” or “dynamic”. The latter allows several
rounds of bidding thus forming the so-called auction process. An auction format
is simply a set of predefined rules outlining how bids will be submitted and how
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the winner and payments will be subsequently determined based on the bids [27].
Based on bids and asks placed by market participants, resource allocation and
prices are determined. In electronic commerce transactions, auctions are con-
ducted by software agents that negotiate on behalf of buyers and sellers [2,4,9].
The various auction protocols include English, First-price Sealed Bid, Dutch,
Vickrey and others [11]. The procurement auction is a reverse auction, i.e. it is
a type of auction in which the roles of buyers and sellers are reversed. In an
ordinary auction (also known as a forward auction), buyers compete to obtain
a good or service. Typically, as a result of this competition, the price increases
during the auction. In a reverse auction, sellers compete to provide the buyer
with their good or service. Typically, as a result of this type of competition, price
decreases during the auction. Reverse auction is a strategy used by many pur-
chasing and supply management organizations for spend management, as part
of strategic sourcing and overall supply management activities.

One of the key challenges of current day electronic procurement systems is to
enable procurement decisions overcome a limitation to a single attribute such
as cost. As a result, multi-attribute procurement has gained on importance and
became popular research direction. Multi-attribute auctions allow negotiations
to involve multiple attributes, i.e. they overcome the limitation of single dimen-
sion of the price and expand to other attributes like e.g. quality or reputation
[21]. Usually, buyer reveals her / his preferences on the good / service to be
purchased. Following that sellers compete on all attributes to win the auction.
Multi-attribute auctions require several key components to automate the process
[4]: a preference model to let the buyer express his preferences, a multicriteria
aggregation model to let the buyer agent select the best offer, a decision making
component to let the buyer agent formulate her / his asks. Buyer’s preferences
are expressed by defining a set of relevant attributes, the domain of each at-
tribute, and criteria which are evaluation functions that allocate a score for ev-
ery possible values of a relevant attribute. Most multicriteria aggregation models
used in multi-attribute negotiations are scoring functions based on a weighted
sum [5,6,13,22]. It is well-known, however, that the weighted sum, which is the
simplest multicriteria aggregation model, suffers from several drawbacks. This is
essentially due to the fact that the weighted sum is a totally compensatory aggre-
gation model with trade-off weights which are difficult to obtain and to interpret
in the case of more than two attributes [26]. In our context, a very bad value
on a criterion can be compensated by a series of good values on other criteria.
Such a bid could obtain a weighted sum similar to a bid with rather good scores
on all criteria, while in many cases, the latter would be preferred. Moreover, the
selections are unstable in the sense slight variations on the weights may change
dramatically the choice of the best bid. Finally, it can be shown that some of the
non-dominated solutions, called non-supported, cannot be obtained as the best
proposal using the weighted sum for any possible choice of weights. This is a very
severe drawback since these non-supported solutions, whose potential interest is
the same as the other non-dominated solutions, are rejected only for technical
reasons. In order to address these shortcomings, Bellosta et al. [3] proposed the
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use of an alternative multicriteria model for the buyer’s preferences, based on
the Reference Point Method [25]. There was proposed a complete reverse auction
mechanism based on this model where buyer’s asks specify the values required on
the attributes of the item at each step of the auction process. This mechanism
provides more control to the buyer agent over the bidding process than with
the weighted sum model. In this approach, preference information and relative
importance of criteria is not expressed in terms of weights, but more directly in
terms of required values on the criteria. Moreover, while in the weighted sum,
any non-dominated solution can be obtained as the best proposal.

This paper is organized as follows. Section 2 recalls basic concepts from Multi-
criteria Decision Analysis (MCDA). Section 3 analyses related work [3] introduc-
ing to the Reference Point Method (RPM) based multi-attribute auction mech-
anism where both the preference model and the multicriteria aggregation model
used by the buyer agent are based on the RPM. Section 4 presents Weighted Or-
dered Weighted Averaging (WOWA) extension of the RPM model thus allowing
to introduce the importance weighting of attributes into the buyer preference
model and the corresponding procedure for the best offer selection. This section
is followed by a concluding section.

2 MCDA Concepts in Procurement Auctioning Context

A single step (round) in multi-attribute procurement auction corresponds to
a special case of multicriteria problem. There is a known set D of A offers
x (x ∈ D). Every offer is characterized by a set of m attributes undergoing
evaluation. Therefore, every offer xa has a corresponding, vector of evaluations
ya = ya

1 , ..., ya
I where ya

i denotes evaluation corresponding to i-th attribute for
a-th offer. This may be presented as in Tab. 1.

The buyer aims to select such an offer for which its corresponding evaluation
is better than evaluations of other offers. In case when the evaluation space is
multi-attribute (m > 1) judging which of the two given offers is better than
the other is usually not straight-forward. In general, preferences revealed by the
buyer may be expressed as a two argument relation (preference relation). This
relation is a certain set of pairs of evaluations, for which one can say “this one
is better than the other”.

Let us take a sample evaluation ȳ. If ȳ is better than all other evaluations
then ȳ is called the greatest and the corresponding offer is the best. If there is
no such an evaluation that it is better than ȳ then ȳ is called maximal. If ȳ is
not better than any other evaluation then ȳ is called minimal. If ȳ is worse than
all other evaluations then it is called the least and the corresponding offer is the
worse.

The maximal element is called non-dominated and the greatest element is
called dominating. Every minimal element is dominated by some element(s) and
the least element is dominated by all other elements. In such case the preference
relation is called a (strong) dominance relation if there exists the greatest element
with respect to this relation. Relation is called a (weak) dominance relation if
there is a maximal element with respect to this relation.
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Table 1. Partial evaluations

Attributes
Offers Evaluations f1 f2 . . . fi . . . fm

Partial evaluations

x1 y1 y11 y12 . . . y1i . . . y1m
x2 y2 y21 y22 . . . y2i . . . y2m
. . . . . . . . . . . . . . . . . . . . . . . .
xa ya ya1 ya2 . . . yai . . . yam
. . . . . . . . . . . . . . . . . . . . . . . .
xA yA yA1 yA2 . . . yAi . . . yAm

yU

yN

yA yB

yD

yE

yF

y1

y 2

Fig. 1. Basic concepts in MCDA

An offer is called an Optimal Solution (OS) if the corresponding evaluation
is dominating in a sense of a defined preference relation. Referring to Fig. 1
one can see that offer xU could be an OS as well as all potential offers that
could be placed, say, north-east of xU . However, they are not feasible, there was
no seller bidding with such an offer, or even such a combination of evaluations
of attributes is not possible. Efficient Solution (ES) is such an offer for which
the corresponding evaluation is non-dominated (maximal element in preference
relation). According to the preference relation offer x0 is an ES when there is
no other offer in the available such that it is not worse for every attribute and
it is better at least for one attribute. If the problem has many non-dominated
evaluations (what means many ESs) one could draw a conclusion that model of
preferences needs improvement. Big number of ESs does not really support the
buyer in choosing the offerent.

Fig. 1 illustrates basic concepts in MCDA. Axes y1 and y2 span the space of
a two attribute problem. Points yA, yB , yD, yE , yF correspond to evaluation
of five arbitrary offers. From these, only evaluations yB , yD and yE correspond
to ESs. Obviously, offer evaluated with yA is worse than offer corresponding to
yB and offer given yF is worse than offer scored with yE . Evaluation yU (that
is called the utopia) is a virtual point that is constructed by using best value for
each attribute separately. Similarly, evaluation yN (that is called the nadir) is
constructed by taking the worst value for each attribute (from the ESs set only).

3 The RPM Based Auction Model

In order to specify the procedure used to select the best bid in detail, one needs
to assume some multicriteria solution concept well adjusted to the buyer’s pref-
erences. This can be achieved with the so-called quasi-satisficing approach pro-
posed and developed mainly by Wierzbicki [25] as the Reference Point Method
(RPM). This approach has led to efficient implementations with many success-
ful applications in various domains [12,26]. The RPM is an interactive technique
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that can be described on the ground of auctioning as follows. The buyer spec-
ifies requirements in terms of reference levels for all attributes, i.e., she / he
introduces reference values for several individual evaluations. Depending on the
specified reference levels, a special Scalarizing Achievement Function (SAF) is
built. The SAF may be directly interpreted as expressing utility to be maxi-
mized. Maximization of the SAF generates an ES to the multicriteria problem.
The computed ES is presented to the buyer as the current solution in a form
that allows comparison with the previous ones and modification of the reference
levels if necessary.

The SAF can be viewed as two-stage transformation of the original evalua-
tions. First, the strictly monotonic Partial Achievement Functions (PAFs) are
built to measure individual performance on each attribute with respect to given
reference levels. Having all the evaluations transformed into a uniform scale
of individual achievements they are aggregated at the second stage to form a
unique scalarization. The RPM is based on the so-called augmented (or regular-
ized) max-min aggregation. Thus, the worst individual achievement is essentially
maximized but the optimization process is additionally regularized with the av-
erage achievement. The generic SAF takes the following form [25]:

S(y) = min
1≤i≤m

{si(yi)} +
ε

m

m∑

i=1

si(yi) (1)

where ε is an arbitrary small positive number and si : R → R, for i = 1, 2, . . . , m,
are the PAFs measuring actual achievement of the individual evaluations yi with
respect to the corresponding reference levels. Let ai denote the partial achieve-
ment for the i-th evaluation (ai = si(yi)) and a = (a1, a2, . . . , am) represent the
achievement vector. Various functions si provide a wide modeling environment
for measuring partial achievements [26]. The basic RPM model is based on a
single vector of the reference levels, the aspiration vector ra and the Piecewise
Linear (PWL) functions si.

Real-life applications of the RPM methodology usually deal with more com-
plex PAFs defined with more than one reference point [26]. In particular, the
models taking advantage of two reference vectors: vector of aspiration levels
ra and vector of reservation levels rr [12] are used, thus allowing the buyer to
specify requirements by introducing acceptable and required values for several
evaluations. The PAF si can be interpreted then as a measure of the buyer’s
satisfaction with the current value of evaluation the i-th criterion. It is a strictly
increasing function of evaluation yi with value ai = 1 if yi = ra

i , and ai = 0 for
yi = rr

i . Various functions can be built meeting those requirements. We use the
PWL PAF [18]:

si(yi) =

⎧
⎨

⎩

γ(yi − rr
i )/(ra

i − rr
i ), yi ≤ rr

i

(yi − rr
i )/(ra

i − rr
i ), rr

i < yi < ra
i

α(yi − ra
i )/(ra

i − rr
i ) + 1, yi ≥ ra

i

(2)

where α and γ are arbitrarily defined parameters satisfying 0 < α < 1 < γ.
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At each round of a reverse auction, the buyer agent collects all the bids,
selects the best one as the reference bid for the next round and formulates the
counterproposal. The definition of counterproposals is based on the beat-the-
quote rule which specifies that any new bid must beat the best bid received at
the previous round. In the standard case of one-dimensional (price) auction, this
rule can simply be implemented by communicating to the sellers the evaluation
of the best current bid augmented by a minimal increment Δ. Sellers are then
asked to send new bids whose evaluation is at least as good as this augmented
evaluation. The same may be applied to a scalar aggregation function but this
would require that sellers know and implement the buyer’s evaluation model. As
shown in [3] the RPM based auction mechanism satisfies the beat-the-quote rule
without revealing the buyer’s evaluation model to the sellers. This is achieved
through the use of reservation levels set as the best bid’s achievements augmented
by a minimal increment Δ and communicated to the sellers as the minimal
requirements.

In the multi-attribute procurement auction protocol buyer agent gathers in-
formation about buyers preferences. These include the value functions and re-
spective aspiration and reservation levels. Additionally, the time of the closing
of the auction is set. The buyer agent also specifies an increment used to define
counterproposals and time span of a single negotiation round. All this informa-
tion is sent to seller agents who in reply send initial proposal (or abort their
participation). Repeatedly, until the auction ends, after evaluation of all propos-
als the best seller is marked as active and other sellers are updated with new
reservation levels to allow further bidding. The auction ends with success when
there is only one seller left in the competition or when the closing time of the
auction is reached. The auction end with failure if there is no seller left in the
competition.

4 WOWA Extension of the RPM

The crucial properties of the RPM are related to the max-min aggregation of
partial achievements while the regularization is only introduced to guarantee the
aggregation monotonicity. Unfortunately, the distribution of achievements may
make the max-min criterion partially passive when one specific achievement is
relatively very small for all the solutions. Maximization of the worst achievement
may then leave all other achievements unoptimized. Nevertheless, the selection
is then made according to linear aggregation of the regularization term instead
of the max-min aggregation, thus destroying the preference model of the RPM
[17].

In order to avoid inconsistencies caused by the regularization, the max-min
solution may be regularized according to the ordered averaging rules [28]. This is
mathematically formalized as follows. Within the space of achievement vectors
we introduce map Θ = (θ1, . . . , θm) which orders the coordinates of achievements
vectors in a nonincreasing order, i.e., Θ(a1, . . . , am) = (θ1(a), θ2(a), . . . , θm(a))
iff there exists a permutation τ such that θi(a) = aτ(i) for all i and θ1(a) ≥
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θ2(a) ≥ . . . ≥ θm(a). The standard max-min aggregation depends on maximiza-
tion of θm(a) and it ignores values of θi(a) for i ≤ m − 1. In order to take into
account all the achievement values, one needs to maximize the weighted com-
bination of the ordered achievements thus representing the so-called Ordered
Weighted Averaging (OWA) aggregation [28]. Note that the weights are then
assigned to the specific positions within the ordered achievements rather than
to the partial achievements themselves. With the OWA aggregation one gets the
following RPM model:

max{
m∑

i=1

wiθi(a) : ai = si(fi(x)) ∀ i, x ∈ Q } (3)

where w1 < w2 < . . . < wm are positive and strictly increasing weights. Actually,
they should be significantly increasing to represent regularization of the max-
min order. Note that the standard RPM model with the scalarizing achievement
function (1) can be expressed as the OWA model (3) with weights w1 = . . . =
wm−1 = ε/m and wm = 1 + ε/m thus strictly increasing in the case of m =
2. Unfortunately, for m > 2 it abandons the differences in weighting of the
largest achievement, the second largest one etc (w1 = . . . = wm−1 = ε/m). The
OWA RPM model (3) allows one to differentiate all the weights by introducing
increasing series (e.g. geometric ones).

Typical RPM models allow weighting of several achievements only by straight-
forward rescaling of the achievement values. The OWA RPM model enables one
to introduce importance weights to affect achievement importance by rescaling
accordingly its measure within the distribution of achievements as defined in the
so-called Weighted OWA (WOWA) aggregation [23]. Let w = (w1, . . . , wm) be a
vector of preferential (OWA) weights and let p = (p1, . . . , pm) denote the vector
of importance weights (pi ≥ 0 for i = 1, 2, . . . , m as well as

∑m
i=1 pi = 1). The

corresponding Weighted OWA aggregation of achievements a = (a1, . . . , am) is
defined as follows:

Aw,p(a) =
m∑

i=1

ωiθi(a), ωi = w∗(
∑

k≤i

pτ(k)) − w∗(
∑

k<i

pτ(k)) (4)

where w∗ is an increasing function that interpolates points ( i
m ,

∑
k≤i wk) to-

gether with the point (0.0) and τ representing the ordering permutation for a
(i.e. aτ(i) = θi(a)). Moreover, function w∗ is required to be a straight line when
the point can be interpolated in this way. Due to this requirement, the WOWA
aggregation covers the standard weighted mean with weights pi as a special case
of equal preference weights (wi = 1/m for i = 1, 2, . . . , m). Function w∗ can be
defined by its generation function

g(ξ) = mwi for (i − 1)/m < ξ ≤ i/m, i = 1, 2, . . . , m (5)

with the formula w∗(α) =
∫ α

0
g(ξ) dξ.

Introducing breakpoints αi =
∑

k≤i pτ(k) and α0 = 0 allows us to express

ωi =
∫ αi

0

g(ξ) dξ −
∫ αi−1

0

g(ξ) dξ =
∫ αi

αi−1

g(ξ) dξ
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Therefore, the WOWA may be expressed with more direct formula where prefer-
ential (OWA) weights wi are applied to averages of the corresponding portions of
ordered achievements (quantile intervals) according to the distribution defined
by importance weights pi [20]:

Aw,p(a) =
m∑

i=1

wim

∫ i
m

i−1
m

F (−1)
a (ξ) dξ (6)

where F
(−1)

a is the stepwise function F
(−1)

a (ξ) = θi(a) for βi−1 < ξ ≤ βi. It
can also be mathematically formalized as follows. First, we introduce the right-
continuous cumulative distribution function (cdf) Fa(d) =

∑m
i=1 piδi(d) where

δi(d) = 1 if ai ≤ d and 0 otherwise. Next, we introduce the quantile function
F

(−1)
a = inf {η : Fa(η) ≥ ξ} for 0 < ξ ≤ 1 as the left-continuous inverse of Fa, ie.,

F
(−1)
a (ξ) = inf {η : Fa(η) ≥ ξ} for 0 < ξ ≤ 1, and finally F

(−1)

a (ξ) = F
(−1)
a (1−ξ).

Formula (6) defines the WOWA value applying preferential weights wi to
importance weighted averages within quantile intervals. It may be reformulated
to use the tail averages which are LP computable. Indeed, one may get the
following model [17] for the WOWA RPM with PWL PAFs (2):

max
m∑

k=1

w′
kzk s.t. zk = ktk − m

m∑

i=1

pidik ∀ k

x ∈ Q, yi = fi(x) ∀ i
ai ≥ tk − dik, dik ≥ 0 ∀ i, k
ai ≤ γ(yi − rr

i )/(ra
i − rr

i ) ∀ i
ai ≤ (yi − rr

i )/(ra
i − rr

i ) ∀ i
ai ≤ α(yi − ra

i )/(ra
i − rr

i ) + 1 ∀ i

(7)

thus allowing for implementation of the entire WOWA RPM model as an LP
expansion of the original problem. Although while using the WOWA RPM ag-
gregation to find out the best bid we are dealing with a finite discrete set of bids
and the direct WOWA formula (4) with predefined piecewise linear function w∗

can be effectively used.
The WOWA aggregation with positive weights is strictly increasing [17]. There-

fore, similar to the standard RPM based auction mechanism [3], the WOWA
RPM based mechanism also satisfies the beat-the-quote rule without revealing
the buyer’s evaluation model to the sellers. This is achieved through the use of
reservation levels set as the best bid’s achievements augmented by a minimal in-
crement Δ and communicated to the sellers as the minimal requirements. Note
that revealing the importance weights still does not reveal completely the buyer’s
preference model. Thus one may make the attributes importance weights com-
monly available to meet possible requirement for some public sector procurement
auctions.
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5 Conclusions

This paper describes a multi-attribute auction mechanism based on reference
points with the non-compensatory importance weights for several attributes (cri-
teria). As with the weighted sum model the buyer’s preferences include value
functions. However, compensatory weights associated with attributes are re-
placed by aspiration levels that represent the required values on the attributes
of the item to be purchased and the non-compensatory importance weights asso-
ciated with attributes. Similar to the unweighted RPM multi-attribute auction
mechanism [3], auctions are conducted using reservation levels that express the
minimum values acceptable on the attributes. Since the WOWA aggregation
with positive weights is strictly monotonic, this way of defining counterproposal
ensures a successive refinement of the best bids in each round and thereby pre-
serves the efficiency of the RPM auction. Thus the mechanism addresses the
shortcomings of the weighted sum model while allowing to take into account the
importance weighting of several attributes.
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