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Abstract Telecommunication networks are facing the increasing aehfar In-
ternet services. Therefore, a problem of network dimernsgwith elastic traffic
arises which requires to allocate bandwidth to maximizeiserflows with fair
treatment of all the services. In such applications, theated Max-Min Fairness
(MMF) solution concept is widely used to formulate the resewallocation scheme.
It assumes that the worst service performance is maximizeédee solution is addi-
tionally regularized with the lexicographic maximizatiofthe second worst perfor-
mance, the third one etc. Due to lexicographic maximizatibordered quantities,
the MMF solution concept cannot be tackled by the standatidngfation model.
It can be formulated a sequential lexicographic optimaatrocedure. Unfortu-
nately, the basic sequential procedure is applicable anlgdnvex models, thus it
allows to deal with basic design problems but fails if preatidiscrete restrictions
commonly arriving in telecommunications network desige t&r be taken into ac-
count. In this paper we analyze alternative sequentialagmbres allowing to solve
non-convex MMF network dimensioning problems. Both therapphes are based
on sequential optimization of directly defined artificialteria. The criteria can be
introduced into the original model with some auxiliary edoies and linear inequal-
ities thus the methods are easily implementable.
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1 Introduction

A fair way of the bandwidth distribution among competing derds becomes a key
issue in computer networks [3] and telecommunications agtwesign, in general
[17, 19, 7, 8]. Due to increasing demand for Internet sesjieeproblem of net-
work dimensioning with elastic traffic arises which regsite allocate bandwidth

to maximize service flows with fair treatment of all the sees [17]. The prob-
lem of network dimensioning with elastic traffic can be fotatad as follows [16].
Given a network topolog$ =< V, E >, consider a set of pairs of nodes as the set
J=1{1,2,...,m} of services representing the elastic flow from soun?cm destina-

tion v‘Jj For each service, we have given the Beof possible routing paths in the
network from the source to the destination. This can be sgmted in the form of
binary matricesde = (Jejp)je;pep, assigned to each linke E, wheredgjp = 1 if
link e belongs to the routing pathe P, (connecting/J$ with v‘j‘) anddejp = 0 oth-
erwise. For each servigec J, the elastic flow from sourca%s to destination/jj is a
variable representing the model outcome and it will be dembyx;. This flow may
be realized along various patps Pj and itis modeled asj = 3 ,p. Xjp Wherexp
are nonnegative variables representing the elastic flom Emurce/f to destination

v‘jj along the routing patp < P;. The single-path model requires additional multiple
choice constraints to enforce nonbifurcated flows.

The network dimensioning problem depends on allocatindp#trelwidth to sev-
eral links in order to maximize flows of all the services (dewhs). For each link
e € E decision variablege > 0 represent the bandwidth allocated to liek E.
Certainly, there are usually some bounds (upper limits) ossible expansion of
the links capacitiesie < a for all e € E. Finally, the following constraints must be
fulfilled:

0<Xjp<Mujp VjeJ; peP (1a)
Upp€{0,1} VjeJ; pep (1b)
Up=1Vjed (1c)
Xijp=Xj Vj€J (1d)
pgpj j j
2
0<é<a VecE (af
Ceéa < B (19)
2

where (1a)-(1d) represent single-path flow requirementsgyuadditional binary
(flow assignment) variables;, and define the total service flows. Next, (1e) es-
tablish the relation between service flows and links banttwitihe quantityye =

Y jea 2 pep; OejpXip is the load of linke and it cannot exceed the available link ca-
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pacity. Further, while allocating the bandwidth to sevdirdts the decisions must
keep the cost within available buddg®{1g) where for each linle € E the cost of
allocated bandwidth ise.

The network dimensioning model can be considered with uarabjective func-
tions, depending on the chosen goal. Typically, the fagmeguirement is formal-
ized with the lexicographic maximinimization (lexicogtap Max-Min approach).
Within the telecommunications or network applicationsléh@cographic Max-Min
approach has appeared already in [4] and now under the namd/iteFair (MMF)
is treated as one of the standard fairness concepts [2, 7120]. Indeed, the MMF
approach generalizes equal sharing at a single link barkwadiny network allow-
ing also to maximize the second smallest flows provided thatstallest remain
optimal, the third smallest, etc.

The lexicographic maximinimization can be seen as seaydbira vector lexico-
graphically maximal in the space of the feasible vectork witmponents rearranged
in the non-decreasing order. This can be mathematicaltgdtized as follows. Let
(@) = (ay),a2), - --,&m) denote the vector obtained fromby rearranging its com-
ponents in the non-decreasing order. That megf)s< az) < ... < ay and there
exists a permutatiorr of setJ such that,j, = ax(j) for j =1,2,...,m. Comparing
lexicographically such ordered vectdys one gets the so-called lex-min order. The
MMF problem can be then represented in the following way:

lexmax{(yu),Y2),---Ym) - Y € A} (2)

whereA where depicts the set of attainable outcomes defined witktints (1).
Actually, we focus our analysis on the MMF bandwidth allé@atproblem but the
approaches developed can be applied to various lexicomr&f#x-Min optimiza-
tion problems, i.e., to problem (2) with various attainadsésA.

The (point-wise) ordering of outcomes causes that the dgxaphic Max-Min
problem (2) is, in general, hard to implement. Note that thendjtyy ;) representing
the worst outcome can be easily computed directly by the mizgition:

y<1>:max{r1 Iy Y eJ}.

Similar simple formula does not exist for the further ordeoeitcomey;,. Never-
theless, for convex problems it is possible to build seqgakalgorithms for finding
the consecutive values of the (unknown) MMF optimal outcemetor. While solv-
ing Max-Min problems for convex models there exists at least blocked outcome
which is constant on the entire set of optimal solutions &® NMax-Min problem.
Hence, the MMF solution can be found by solving a sequenceaggsly defined
Max-Min problems with fixed outcomes (flows) that have beearckéd by some
critical constraints (link capacities) [12]. Indeed, irttase of LP models it leads to
efficient algorithms taking advantages of the duality tlydor simple identification
of blocked outcomes [1, 5, 18]. Unfortunately, in our netkvdimensioning model
it applies only to the basic LP constraints (1d)—(1g). In¢hse of nonconvex fea-
sible set, such a blocked quantity may not exist [11] whiclkesahe approach not
applicable to our case of nonbifurcated flows enforced bgrdie constraints (1a)—
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(1c). This can be illustrated with the simplified network aégd in Fig. 1 with link
capacity limits given in the figure, cost coefficients 4 fok (v1,vs), 3 for (v, vs)
and all other equal 1, and the budget B=11. We consider twadédm one connect-
ing v1 with v, along two possible paths1,Vv2) or (v1,Vs, Ve, V2); Second connecting
v3 with v4 along two possible path¥s, Vva) or (vs,Vs, Ve, V4). The MMF solution is
unique and it allocates flow 1 to pathy,v,) (first demand) while flow 2 to path
(v3,Vs,Vs,V4) (second demand). The Max-Min (single-path) problem leads the
conclusion that one of two flows cannot exceed 1 but not afigwis to identify
which one must be blocked. Note that the same difficulty esr@iso for the single
path problem without any budget constraint, though thenagitsolution is then not
unique.

V1 Vs V3

Vo Ve Va

Fig. 1 Sample network without any critical link and blocked flow fdax-Min solution.

In this paper we analyze alternative sequential approadlmging to solve non-
convex MMF network dimensioning problems. Both the apphescare based on
the lexicographic optimization of directly defined artifitcriteria. The criteria can
be introduced into the original model with some auxiliaryigbles and linear in-
equalities independently from the problem structure.

2 Cumulated Ordered Outcomes

The point-wise ordering of outcomes for lexicographic oytiation within the
MMF problem (2) is, in general, hard to implement. Followi¥gger [21], a di-
rect, although requiring the use of integer variables, fdentan be given for any
Yii)- Namely, for anjk = 1,2,...,mthe following formula is valid:

y<|> = maxtr;
s.t.
ri—yj<Czj vjel 3)
zje{0,1} Vjeld
Yicazj<i-1

whereC is a sufficiently large constant (larger than any possilfferdince between
various individual outcomeg;) which allows us to enforce inequality < y; for
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zj = 0 while ignoring it forzj = 1. Note that fori = 1 all binary variableg;; are
forced to O thus reducing the optimization in this case tostamdard LP model.
However, for any otheir> 1 all m binary variables;; are an important part of the
model. Nevertheless, with the use of auxiliary integeralags, any MMF prob-
lem (either convex or non-convex) can be formulated as #edstrd lexicographic
maximization with directly defined objective functions

lexmax(ri,ra,...,rm)

S.t.

yeA

-y <Czj, Vijed )
zj€{0,1} Vi,jed

Yic3zj<i—1 Vied

We will refer to the above model as the Direct Ordered Outco(®©0) approach.
Unfortunately, binary variables; in the auxiliary constraints contribute to imple-
mentation difficulties of the DOO approach.

There is, however, a way to reformulate the MMF problem (Zhsd only linear
variables are used. Let us consider cumulated critgfig = XL:1Y<k> expressing,
respectively: the worst (smallest) outcome, the total ef tvo worst outcomes,
the total of the three worst outcomes, etc. Within the legraphic optimization a
cumulation of criteria does not affect the optimal solutidence, the MMF problem
(2) can be formulated as the standard lexicographic maxitioiz with cumulated
ordered outcomes:

lexmax{(61(y), B2(y),.. .. Bm(y)) : y € A}

Note that for any given vector € IR™, the cumulated ordered vallé(y) can be
found as the optimal value of the following LP problem:
Bi(y) = min 3y
S.t.
Yicalij =k
0<uj<1 Vjeld

(5)

The above problemis an LP for a given outcome vegtehile it becomes nonlinear
for y being a variable. This difficulty can be overcome by takingaadage of the
LP duality. Note that the LP dual of problem (5) with variableorresponding to
the equatiory . ;uij = k and variablegij; corresponding to upper bounds o
leads us to the following formula:

6i(y) :maXiri—Zdij
st " (6)
ri—yj<dj, dj>0 Vjed
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It follows from (6) that6(y) = max{krk — ¥ jcs(yj —rk)+ : Yy € A } where(.)+
denotes the nonnegative part of a number gnd an auxiliary (unbounded) vari-
able. The latter, with the necessary adaptation to the nimeidroutcomes in location
problems, is equivalent to the computational formulatibthe k—-centrum model in-
troduced in [15]. Hence, the LP dual transformation prosiaie alternative proof of
that formulation.

Following (6), we may express the MMF problem (2) as a stashBiedicographic
optimization problem with predefined linear criteria:

lexmaxry— S dij,2ro— ' dyj,....mrm— dmj)

S.t.
dj=ri—y; Vi,jeld
dij >0 Vijeld

We will refer to the above model as the Cumulated Ordered @ugs (COO) ap-
proach.

Theorem 1. An attainable outcome vector y € Ais an optimal solution of the MMF
problem (2), if and only if it is an optimal solution of the COO model (7).

Note that this direct lexicographic formulation of the CO@ael remains valid
for nonconvex (e.g. discrete) models, where the standapaeseial approaches [9]
are not applicable. Model COO preserves the problem cotyesien the origi-
nal problem is defined with convex feasible getin particular, for an LP original
problem it remains within the LP class while introducim@+ mauxiliary variables
andm? constraints. Thus, for many problems with not too large neina services
(demandsjn, problem (7) can easily be solved directly.

3 Shortfalls to Ordered Targets

For some specific classes of discrete, or rather combimdtoptimization prob-
lems, one may take advantage of the finiteness of the set pbadlible outcome
values. The ordered outcome vectors may be treated ashlagaidistribution of
outcomeyy. In the case when there exists a finite set of all possibleoous, we
can directly describe the distribution of outcomes wittgfrencies of outcomes. Let
V ={vi,vo,...,v; } (Wherevy < vp < --- < v) denote the set of all attainable out-
comes. We introduce integer functiohgly) (k= 1,...,r) expressing the number
of valuesvy in the outcome vectay. Having defined functionky, we can introduce
cumulative distribution functions:

hk(y):|;h|(y), k=1,...,r. (8)
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Functionhy expresses the number of outcomes smaller or equgl &ince we want
to maximize all the outcomes, we are interested in the mization of all functions
hk. Indeed, the following assertion is valid [11]. For outcoweetorsy’,y” € V™,
(y) > (y")ifand only if h(y) < hg(y") forallk=1,...,r. This equivalence allows
to express the MMF problem (2) in terms of the standard lexiaphic minimiza-
tion problem with objectiveh(y):

lexmin {(hy(y),....h:(y)) : y€A}. (9)

Theorem 2. An attainable outcome vector y € Ais an optimal solution of the MMF
problem (2), if and only if it is an optimal solution of the lexicographic problem (9).

The quantit;ﬁk(y) can be computed directly by the minimization:

hi(y) = min ey % .
S.tVir1 —Yj <Cx%j, zj € {0,1} Vje,

whereC is a sufficiently large constant. Note tH_a(y) = mfor anyy which means
that ther-th criterion is always constant and therefore redunda(®)jnHence, the
lexicographic problem (9) can be formulated as the follayvimixed integer prob-

lem:
lex min Zzlj, 23221-,..., ZJZ“LJ
IE € IE
S.t

Vi1 =Y <Czg jed k<r
7z €{0,1} jed k<r
yEA

(10)

Taking advantage of possible weighting and cumulatinge@ments in lex-
icographic optimization, one may eliminate auxiliary e variables from the

achievement functions. For this purpose we weight and catawectorh(y) to
geth;(y) =0 and:

k—1 _
hi(y) = Zl Vi —vhi(y) k=2,...r. (11)

Due to positive differenceg .1 — v > 0, the lexicographic minimization problem
(9) is equivalent to the lexicographic problem with objeesh(y):

lexmin {(hy(y),.... P (y)) : yeA} (12)
which leads us to the following assertion.

Theorem 3. An attainable outcome vector y € Ais an optimal solution of the MMF
problem (2), if and only if it is an optimal solution of the lexicographic problem
(12).
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Actually, vector functiorﬁ(y) provides a unique description of the distribution
of coefficients of vectoy, i.e., for anyy',y’ € V™ one getsh(y) = h(y’) <«

{y') = (). Moreoverh(y) < h(y") if and only if ©(y') > ©(y") [11].

Note thath; (y) = O for anyy which means that the first criterion is constant and
redundant in problem (12). Moreover, putting (8) into (1l9ws us to express all
achievement functiorﬁ((y) as a piecewise linear functionsyf

hi(y) = Zmax{vk—yj,O} k=1,...,r. (13)
IE

Hence, the quantitﬁk(y) can be computed directly by the following minimization:

he(y) =min St
J; j
s.t

(14)
Vk—Yj <tj, tj >0 Vjeld
Therefore, the entire lexicographic model (12) can be fdated as follows:
lexmin toj, ) t3j,.., ) b
s.t (15)

Vk—Yj <t jed, k=2,...r
;>0 jed k=2,...r
yeA

We will refer to the above model as the Shortfalls to Orderacyéts (SOT) ap-
proach.

Note that the above formulation, unlike the problem (10gsloot use integer
variables and can be considered as an LP modification of fgaal constraints
(2). Thus, this model preserves the problem’s convexitymthe original problem
is defined with a convex s&. The size of problem (15) depends on the number
of different outcome values. Thus, for many problems with too large number
of outcome values, the problem can easily be solved direltiye that in many
problems of telecommunications network design, the oljedtinctions express
the quality of service and one can easily consider a limiteitefiscale (grid) of the
corresponding outcome values. One may also notice that Inibsleopens a way
for the fuzzy representation of quality measures withinNt\@F problems.

4 Computational experiments

We have performed some initial tests of the sequential ambres to the MMF the
network dimensioning problem (1). We have not assumed anghbialth granula-
tion and thereby the grid of possible bandwidth values thatte allocated. There-
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fore, in case of the Shortfalls to Ordered Targets apprdaehesulting bandwidth
allocation is only an approximation to the exact MMF solatio

For the experiments we used a set of 10 randomly generatétepre for each
tested size. The problems were generated as follows. Riestreated random but
consistent network structure. Then, we chose random nadetpalefine services.
For each service 3 different possible flow routes betweenvibeend nodes were
generated. Two of them were fully random and one was the esstqraaith between
the nodes (with smallest number of links). We decided to bseriteger grid of the
vk values in the ordered values approach, that is to check etefperr value from
the feasible set of objective values. In this case the nuwittargets depends on the
range of the feasible objective values. We managed to ¢cetie number of targets
to the range of 5 to 10 applying different link capacitiesddferent problem sizes.
We set the large budget limi# thus relaxing the budget constraints (19).

We analyzed the performance of the three sequential appesathe Direct
Ordered Outcomes (DOO) model (4), the Cumulated Ordereddmgs (COO)
model (7) and the Shortfalls to Ordered Targets (SOT) mddgith the condition
y € A representing the bandwidth allocation problem defined withstraints (1).
Each model was computed using the standard sequentiaitbigdor lexicographic
optimization with predefined objective functions. For Egraphic maximization
problem lexmax(gi(y),---,gm(y)) : y € Y} the algorithm reads as follows:

Step 0: Putk:= 1.
Step 1: Solve problenB:

r;r)ee\l(x{rk T < O(Y), TP < 9 (Y)Vjek)

denote the optimal solution ky®, 70).

Step 2:If k=m, STOP (y° is MMF optimal).
Otherwise, puk:=k+1 and
gotoStep 1

For example, the algorithm for the COO model worked accagrdinthe above
scheme with functiongy defined askty — 3 jc;dkj. Let k = 1. Following (7), we
built initial problemP; with the objectiver; = t; — ¥ j;d1j being maximized and
m constraints of the forry —dyj <vyj, j =1...m. The expressiog € A of (7) was
replaced by (1). Each new problelf in subsequent iteration& ¢ 1) was built
by adding new constraimlé[1 <tk1—Yjesdi1,j andty—dyj <vyj, j=1...mto
problemB,_4, Wherer‘&1 was the optimal objective value Bf 1. Similar algorithm
was performed for the DOO as well as for the SOT approach. Tifexehce was
in the objectives and auxiliary constraints, as defined Jra(d (15), respectively.
All the tests were performed on the Pentium IV 1.7GHz compeiaploying the
CPLEX 9.1 package.

Table 1 presents solution times for the three approaches l@ialyzed. The
times are averages of 10 randomly generated problems. Tjher ipdex denotes
the number of tests out of 10 for which the timeout of 120 sdsaccurred. The
minus sign '—’ shows that the timeout occurred for all 10 f@stblems. One can
notice that while for smaller problems with number of seegi@qual 5 all three
approaches perform very well, for bigger problems only tEl @pproach gives
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Table 1 Computation times (in seconds) for different solution agghes.

#of #of number of services
nodes links 5 10 20 30 45

5 10 Q0 12
DOO 10 20 00 68 - - -
@4 15 30 0039 - - -

5 10 Q0 02
COO 10 20 13 329 - -
() 15 30 01 10 5780 - -

5 10 01 01
SOT 10 20 @ 03 41 2350 7101
(15) 15 30 01 03 7.1 4724 8106

acceptable results (in the sense of solving majority of j@mis within 120 seconds
time limit).

Table 2 Computation times (in seconds) for problems with incredsgdcapacities.

#of #of number of services

nodes links 5 10 20 30 45

5 10 Q1 01
SOT 10 20 0L 13 238 4743 -
(15) 15 30 0L 12 339 81080 -

To examine how the number of targets in the SOT approach mfkeethe test
results we also performed similar experiments increasiagapacities of links and
considering 15 to 25 targets. This did not affected signifiigethe DOO and COO
approaches. For the SOT approach the computing times sexidaab. 2) but it still
outperforms both DOO and COOQO. approaches.

5 Conclusion

As lexicographic maximization in the Max-Min Fair optimti&an is not applied to
any specific order of the original outcomes, the MMF optirtimacan be very hard
to implement in general nonconvex (possibly discrete) l@mmis. We have shown
that introduction of some artificial criteria with auxiliavariables and linear in-
equalities allows one to model and to solve the MMF problemsery efficient
way. We have performed initial tests of computational perfance of the presented
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models for the MMF network dimensioning problem. It turng that both the mod-
els outperform the Direct Ordered Outcomes model. The &iloid Ordered Tar-
gets model enables to solve within 2 minutes majority of tHdMksingle path di-
mensioning problems for networks with 15 nodes and 30 liSkeh performance is
enough for efficient analysis of a country backbone netwbt8B (12 nodes and 18
links in the case of Poland [14]). Nevertheless, furtheeaesh is necessary on the
models and corresponding algorithms tailored to specificRividdtwork optimiza-
tion problems. The models may also be applied to various MésBurce allocation
problems, not necessarily related to networks.
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