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PRINCIPAL SUBSPACE ANALYSIS FOR
INCOMPLETE IMAGE DATA IN ONE
LEARNING EPOCH
Wiadystaw SKARBEK*, Andrzej CICHOCKT!, Wiodzimier: KASPRZAK *

Abstract: In this paper we propose improved, high speed convergence algorithms
for principal subspace analysis (PSA) and related principal component analysis
(PCA). We have confirmed by computer simulations that applied recursive least
squares (RLS) technique together with deflation preprocessing, dramatically im-
proves the performance and reduces the training time to only one epoch for natural
images. Furthermore, we have found that the training set can be reduced even to
10% of the total number of pixels, for high resolution images, without substantial
loss of accuracy.

1. Introduction

Adaptive feature extraction is useful in many information processing systems. One of
such tools for feature extraction is PCA and PSA [1, 2, 3, 4, 5|. Unfortunately, most
of the known adaptive algorithms for PSA /PCA are relatively slow [2]. In this paper
we propose an extension of learning algorithms which improves the convergence
speed, especially for image compression.

2. Problem formulation

The Principal Component Analysis (PCA) problem can be formulated as follows:
For the given dimensionality N and a zero-mean vector random variable X, find a
unit vector w such that the projection of X onto the line {¢-w|t € R} is the scalar
random variable of maximum variance, i.e.:

2
E, [(wTa:) ] is maximum over the unit sphere Sy C RY. (1)
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The solution of the above problem is the normalized eigenvector (the principal
vector) corresponding to the largest eigenvalue of the covariance matrix E[zxT].
The well-known Oja’s learning rule [2] allows to find the principal vector:

Awy, = Myr(Tr — Ypwy), where y, = wixy (2)

The convergence speed is controlled by the learning rate 7, > 0 which generally can
be changed at every learning step. Usually many epochs are required to reach the
solution (see e.g. Cichocki,Unbehanen [3]).

In order to improve the convergence speed we can apply recursive least squares
(RLS) technique ([5, 6]) as follows:

m = Efz]?]

Y = wiek

T = The1+ i (3)
Awp = (yo/m)(Te — Yrwi)
Wry1 = wk+Awk

where ' = 1/n.

As our experiments show, for images of natural scenes this scheme finds the
solution in one learning epoch with the error less than 0.1% when compared with
results obtained by numerical methods. We refer further to the scheme (3) by RLS-
Oja learning rule.

The algorithm (3) was used by the authors in [6] to determine K consecutive
principal components by a deflation process: first time for the variable X; = X ob-
taining the principal vector w, second time for the variable Xy = X; — (wf X)w,
obtaining the vector ws, ..., and the K-th time for the variable X = Xg 1 —
(wqjg_l-XKfl)wal-

Closely related to the PCA problem is the Principal Subspace Analysis (PSA)

problem:
For given dimensionalities 1 < K < N and a zero-mean random vector variable X,
find a K-dimensional subspace of R, i.e. an orthonormal base wy,...,wgk, such
that the projection of X onto the subspace span{w;,...,wk}, is a K-dimensional
random vector variable of maximum variance, i.e.:

2
E, [Z (wfa:) ] is maximum over all K element orthonormal bases (4)
i=1
Introducing the K x N matrix W = [wy, ..., wk|T, we have an equivalent matrix

formulation of the PSA problem:

|

2
|WTW:1:H ] is maximum over all feasible W (5)

From the Pythagorean theorem
z]* = ||z - W We|* + W We|” .

we obtain an equivalent, more convenient, minimization problem:

|

|:I: - WTW:I:H2] is minimum over all feasible W (6)
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For real data where space symmetries are less probable, usually there is a unique
subspace, called the KLT (Karhunen-Loeve Transform) subspace which is the solu-
tion of the PSA problem. However, always there is an infinity of orthonormal bases
for the KLT subspace.

The PSA problem has found many applications among which the image com-
pression is one of the most important, as shown for instance in Skarbek [7].

A neural network solution for the PSA problem is based on Oja’s subspace rule
(12, 8, 9)):

T
AW, = npy; (mk — nyk> , where y, = Wiy (7)

Recently Karhunen [9] has shown that if we set 7, < 2/||«||* and the initial weight
matrix is suitably chosen, then the sequence of weight matrices produced by the
rule (refojaPSA) is bounded. However, it implies only that a matrix subsequence is
convergent.

The goal of this paper is to check whether RLS scheme for updating the learning
rate 7, developed for PCA, can be extended to the multidimensional case of PSA
and to related PCA algorithms ([4, 6]).

3. Improved PSA algorithm

Let us consider again the RLS-Oja learning rule for PCA given by the equations
(3). When transforming from PCA to PSA firstly we have to replace the scalar
variable y = w™x by the vector variable y = Wx. In the next step the expression
y? is replaced by the outer product yy”. It means the scalar 7' is generalized to a
symmetric positive definite matrix parameter P’. The matrix inverse (P')~' will
correspond to inverse of 7n'.

In an intermediate step our improved PSA learning rule (which is a generalization
of RLS-Oja learning rule) has the form:

Py = BllellIx, Wo=Ix
Y, = Wiz
P, = Phyi+yyi (8)
T
AWy = (P'v) 'y, (in - W;Zryk)
Wk+1 — Wk + AWk
where Iy is K-dimensional unit matrix.

If we replace (P';)™' by the matrix P}, then it can be easily shown that the
updating rule takes the form:

_ quyky%qu
1+ yi Pr 1y
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Substituting z = Py we get the final form of the improved PSA rule:
Py = Elle| Ik, Wo=Ix
Yr Wiy,
Zj Pr_1y;,
Py = Py —zizi [(1+2{ys)
AWy = (Pry;) (:1:{ - yfwk)
Win = Wi+ AW,

Note that for K = 1 the improved RLS scheme (10) reduces to the RLS-Oja scheme
(3). However, for image data when K > 1 many epochs are necessary to ensure
the convergence (compare right plot in Fig. 1). We have noticed the deflation of
data by the elimination of the signal projected on the principal axis, changes the
situation dramatically: the improved RLS learning scheme converges in one epoch
for the modified image data.

T T 12 T T T T T T

100 | Epochsfor LENNA Reconstruction error for LENNA
[0} S
I [=)
0 0
Q b
W z
0 0 20 30 4 5 60 0 0 20 30 40 5 60
component K component K

Fig. 1. The convergence and quality of generalized RLS-Oja learning on the
LENNA image as the function of the subspace dimension K.

In order to avoid computation of the first principal vector necessary for the data
deflation, we estimate the first principal vector by u = LNI where 1 = [1,...,1]7.
In case of images for natural scenes, this estimation is very accurate. For instance,
for the LENNA image, the correlation coefficient between w and the first principal
vector is equal to 0.99999918577.

The deflation process of the vector € = [zy,...,zy]" against the vector u which
gives a vector & is algorithmically very simple and efficient:

N
_ _ j=1Tj .
Z; =x; — T, where T=-~——"~ 1=1,...,N .

N )
It is easy to prove that the time complexity of one learning step in the algo-
rithm (10) is O(KN + K?), so the complexity of the whole algorithm working on
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a M element vector data set is O(MK(N + K))=O(MNK) as K < N. Hence the
time complexity is bounded by a linear function of K what is confirmed by the
experiments.

4. Improved PCA algorithms

The PSA algorithm discussed in previous sections learns the subspace spanned by the
K principal components. In other words, such a fully symmetrical network can learn
only a rotated basis of the principal component subspace. In order to extract true
principal components, an asymmetry must be introduced in the learning algorithm
([10, 11, 2, 12]). Almost all known PCA algorithms related to our improved PSA
algorithm can be presented in compact unified form as follows:

PO = E[H:B”iZ]IK, W():IK

&, = x,— 71 (optional deflation)
Y = Wiy
zr = Pray, (11)

P, = Py, —z2l /(1 + 2Ly,)
AW, = Pi{ya; — [T« (y0f)] Wi}
Wi = Wi+ AW,
where I' = [;5] is K x K parametric matrix and .x denotes component-wise multi-
plication of matrices.

By specifying properly the entries of matrix I' we get the well known PCA
algorithms. For instance:

1. Sanger’s Generalized Hebbian Algorithm (GHA) [10]: v;; = 1if i > j, v;; =0
otherwise;

2. Oja’s Stochastic Gradient Ascent (SGA) [2]: v;; =1ifi =y, 7, =21if i > j,
7ij = 0 otherwise;

3. Oja’s-Ogawa-Wangiviwattana Weighted Subspace Algorithm (WSA) [2]: v;; =
tfore=1,..., K,

4. Brocket’s Subspace Algorithm (BSA) [11]: v;; = (K +1—j)/(K + 1 — i) for
ij=1,..., K;

Due to the limit of space our computer experiments results are limited only to
the improved PSA algorithm (10).

5. Experimental results

We have conducted our experiments on several standard natural images which were
converted into vector data sets by a block-wise scan.
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K | NMSE% PCA | NMSE% PSA | 12.5% || K | NMSE% PCA | NMSE% PSA | 12.5%
1 6.120731 6.120731 6.124 || 9 0.329177 0.306260 0.297
2 3.192310 3.192250 3.104 || 10 0.235708 0.237839 0.235
3 1.975366 1.975362 1.885 || 11 0.166623 0.167247 0.167
4 1.428756 1.420785 1.308 || 12 0.129434 0.126868 0.132
5 0.902688 0.902725 0.895 || 13 0.096451 0.090180 0.088
6 0.721145 0.740387 0.692 | 14 0.056054 0.058058 0.059
7 0.577829 0.561724 0.525 || 15 0.024771 0.024546 0.024
8 0.421482 0.419243 0.414 || 16 0.000000 0.000000 0.000

Tab. 1. Quality measures for PCA and PSA algorithms.

In order to compare PSA solved by the improved RLS rule (10) with PCA com-
puted by RLS-Oja rule (3), we calculate the percentage of signal energy (NMSE%)
which is lost when we project the vector data onto a K-dimensional subspace. In
Table 5. we show results for the LENNA image scanned by 4 x 4 blocks (N = 16).
Columns denoted by 12.5% include the results of PSA when every 8-th vector from
the data input is only taken for the training.

We see that the result of PCA and PSA techniques differ insignificantly for all
components. However, the advantage of the PSA algorithm over the PCA based one
(see [6, 12]) is that for PSA, the image data is presented only one time for K < N/2.
For K > N/2 in order to provide the same level of accuracy for PSA, we have to
repeat the deflation against the subspace spanned by the first N/2 determined basis
vectors. However, for practical applications the accuracy of PSA which we get for
K < N/2 is sufficient.

We also see from the column marked by 12.5% in the above table that our
algorithm gives a good performance in case of incomplete data.

60 ‘ ‘ ‘ ‘ 30 ‘ ‘ ‘
5| PSNR of baboon — i NMSE of baboon —
PSNR of lenna -—— NMSE of lenna —
5t ]
50 | ,
| 0}
) 40+ g
E —
14 Bt ) ol 15 &
51 o7
20 5l
15+¢
10 I I I I L L 0
0 10 20 30 40 5 60 0
component K component K

Fig. 2. Quality measures for LENNA and BABOON as a function of the subspace
dimension K.

The two plots in Fig. 2 show the quality of the image reconstruction using K
components for LENNA and BABOON scanned by 8 x 8 blocks (N = 64). This
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quality is measured by the peak signal to noise ratio (PSNR) in decibels and by
NMSE% measure.

Figure 3 illustrates reconstructed images obtained for K = 3 components (N =
16) with PCA and improved PSA approaches. They are indistinguishable what
confirms coincidence of subspaces found by both approaches.

We conducted also an experiment when the image BABOON was reconstructed
using the 3D subspace learned for LENNA image (right side). When it was recon-
structed using 3D subspace learned on its own data (left side), the quality measured
by PSNR improved only by 0.04[dB]|. It means that the generalization property of
the PSA network learned on LENNA is rather high.

Fig. 3. LENNA (left) — PCA for K = 3,N = 16, learned on LENNA,
PSNR=32.53[dB]; LENNA (right) — PSA for K = 3, N = 16, learned on LENNA,
PSNR=32.53[dB]; BABOON (left) — PSA for K = 3, N = 16, learned on BA-
BOON, PSNR=23.04[dB]; BABOON (right) — PSA for K = 3, N = 16, learned on
LENNA, PSNR=23.00[dB].

6. Conclusions

Oja’s learning scheme for the principal subspace analysis is refined by specification
of RLS-based adaptation scheme for the learning rate matrix. It is experimentally
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shown that an orthogonalization procedure performed as a preprocessing step on
image data results in the convergence of the scheme in one epoch only. This speedup
is very important for practical applications of PSA and PCA. Moreover, further
speedup we can get by selecting only a small representative part of image data for
training (about 10% is sufficient) since the proposed algorithm finds the subspaces
with very good accuracy even on incomplete data of the image.
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