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Abstract A planner for a self adaptable and reconﬁgurable ﬁxture system is proposed. The system is composed of
mobile support agents that support thin sheet metal parts to
minimize part dimensional deformation during drilling and
milling operations. Compliant sheet metal parts are widely
used in various manufacturing processes including automotive and aerospace industries. The main role of the
planner is to generate an admissible plan of relocation of
the mobile agents. It has to ﬁnd the admissible locations for
the supporting heads that provide continuous support in
close proximity to the tool and trajectories of the mobile
bases characterized by very high speeds during the
relocation phases.
Keywords ﬁxture, robot, milling, drilling

1

Introduction

A ﬁxture is a device for locating, constraining, and
adequately supporting a workpiece during a manufacturing
operation. The ﬁxture procedure, like grasping, seeks
arrangements of contacts that restrict the possible motions
of a given part. An important factor in ﬁxture design is to
optimize the ﬁxture layout, i.e., positions of mobile
locators, so that workpiece deformation due to clamping
and machining forces is minimized [1,2]. In this paper, we
consider that the manufacturing process consists of drilling
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and milling (contouring) of thin-sheet aluminium parts for
aircrafts and automotive bodies. Workpiece deformation is
unavoidable due to its elastic nature, and the external
forces impacted by the clamping actuation and machining
operations. When severe part displacement is expected
under the action of imposed machining forces, supports are
needed and should be placed below the workpiece to
prevent or constrain deformation.
The existing ﬁxtures for thin-walled workpieces like
sheet-metal parts with complex surface geometries are: 1)
large mould-like ﬁxtures; 2) modular ﬂexible ﬁxture
systems (MFFSs); and 3) single structure ﬂexible ﬁxture
systems (SSFFSs). The ﬁxtures traditionally used in
manufacturing of thin-sheet metal parts are large moulds
reproducing the shape of the skin to be supported;
however, this type of ﬁxture is part speciﬁc and not
reconﬁgurable. The mould surface is usually equipped
with vacuum suction chambers and channels for holding
the skin.
MFFSs can be further classiﬁed on the basis of their
adjusting mechanism: 1) partially reconﬁgurable with
limited number of supports that can be manually relocated;
2) adjusted by separate devices, e.g., robot manipulators;
and 3) self-reconﬁgurable with a matrix of support
elements with embedded actuators (in each locator/
clamp). It should be noted that all such ﬁxtures still
require some human intervention to reconﬁgure. Various
MFFSs have been proposed [3–5]; however, their usage for
thin-walled parts ﬁxturing is rather limited. Because
ﬁxturing requirements vary during different machining
operations required on a single part, it is necessary to
reposition the supports, interrupting the production
process. MFFSs systems can be adapted to various parts;
however, their initial cost is often high when the
conﬁguration is complex and time consuming.
One way to avoid this problem is to use an SSFFS of the
pin-bed type, with a matrix of supports, which provides
support comparable to a mould-like ﬁxture. The main
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disadvantages are high cost and lack of modularity, which
makes them difﬁcult or inefﬁcient to use for parts of
differing sizes.
Robotic ﬁxtureless assemblies (RFAs) replace traditional ﬁxtures by robot manipulators equipped with
grippers that can cooperatively hold the workpiece [6,7].
Using RAFs, different parts can be manufactured within
one work-cell and transitions to other workpieces can be
done relatively quickly. However, RAFs have their drawbacks such as high complexity, limited number of robots
(and thus holding grasps), and high dependence on
software.
Proper ﬁxture design is crucial to product quality in
terms of precision, accuracy, and surface ﬁnish of the
machined parts. Therefore, the research devoted to ﬁxture
optimization is quite extensive [1,8,9]. Various techniques
have been proposed for optimization of ﬁxture layout by
formulating different objective functions to determine the
location of ﬁxturing supports. In the research for compliant
sheet metal parts, Menassa et al. [1] used a ﬁnite element
model of the workpiece to model the deformation, and
determine ﬁxture locations by optimizing an objective that
is a function of the deformations at the nodes. The design
variables are three ﬁxture locators on primary datum as
required by the 3-2-1 principle. In Ref. [10] an optimization algorithm to obtain the optimal number and location of
clamps that minimize the deformation of compliant parts is
proposed. Cai et al. [8] proposed the N-2-1 ﬁxture layout
principle for constraining compliant sheet metal parts. This
is used to replace the conventional 3-2-1 principle to
reduce deformation of sheet-metal parts. They presented
algorithms for ﬁnding the best N locating points such that
total deformation of a sheet metal is minimized. They used
a ﬁnite element model of the part with quadratic
interpolation, constraining nodes in contact with the
primary datum to only in-plane motion. Nonlinear
programming was utilized to obtain the optimal ﬁxture
layout. DeMeter [9] introduced a fast support layout
optimization model to minimize the maximum
displacement-to-tolerance ratio of a set of part features
subject to a system of machining loads. The speed-up of
the optimization is obtained by a reduced stiffness matrix
approach. Most of the previous research related to ﬁxture
modeling and design considers ﬁxture in static conditions.
The concept described in this paper merges the
advantages of RFAs with those of MFFSs, namely, ability
to distribute the support action, adaptability to part shapes
in a larger range, and high stiffness of the provided
support. In our case each ﬁxture element referred to as a
physical agent is composed of a mobile robot base, a
parallel kinematic machine (PKM) ﬁxed to the mobile
platform, an adaptable head with phase-change ﬂuid and
an adhesion arrangement, to sustain the supported part
perfectly adapting to the part local geometry. The mobility
of each support agent and the possibility for the agents to
group in regions where some manufacturing operation is

being executed results in higher ﬂexibility with lower
number of support agents.

2 Problem formulation —— self-adaptable
reconﬁgurable ﬁxture system
A ﬂexible ﬁxture system is composed of mobile robotic
agents that can freely move on a bench and reposition
below the supported workpiece, without removing the part
from the ﬁxture, as shown in Fig. 1. It is assumed that the
workpiece is held in position by a subset of locators (not
shown in this ﬁgure) that remain largely static during the
cycle. The remaining agents are highly mobile and change
locations to provide additional support in areas affected by
the machining process. As mentioned before, each support
robot consists of a mobile base, a PKM, and an adaptable
head. Two mobile agents alternatively support a thin sheet
while a machine tool with a milling cutter contours the
workpiece. To simplify motion planning and collision
avoidance, the robots are assumed to move along parallel
trajectories. Heads adapt to the local geometry of the
workpiece to support it at every repositioning.
Adaptation is at two levels: head rotation, to match the
approximate orientation of the part surface normal, and
head surface deformation, to match the local part surface
geometry.

Fig. 1

Self-adaptable reconﬁgurable ﬁxture system

The overall goal is to develop the planner, which on the
basis of CAD geometric data about the workpiece,
representing its state before and after machining, will
generate the plan of relocation of the mobile bases and the
manipulators. Planning process is decomposed into four
phases: planning a sequence of admissible head placements, planning a corresponding sequence of mobile
platform locations, path planning for mobile platforms
and PKMs, trajectory planning for mobile platforms
and PKMs (Fig. 2). Obtaining an admissible sequence of
head locations is the most difﬁcult part of the planning
process. In the paper we present an approach to solve this
problem.
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length of edge equal to a. Figure 3 shows the applied
notation.

Fig. 2 Planner decomposition

3

Drilling following circular path

3.1

Notation

The following notation will be used: to describe the points
and vectors the lower script will be used for quantity
indexing, the upper right script marks the reference frame.
The region to be machined is assumed here to be a round
hole with some radius rc. The drilled points are located
along an arc and are in constant distance from the edge of
the hole, while the milling is performed along the edge of
the hole. Depending on machining operation, the value of
r, marking the radius of drilled or milled arc, can
appropriately differ. The points for drilling are distributed
evenly, the internal angle marked by consecutive drilling
points is α.
We introduce two reference frames:
1) Moving frame — head frame — OBXBYB attached to
the head in the point being in minimum allowable distance
to driller (drilling point), or to the milling tool (for milling).
2) Non-moving frame — reference frame — OAXAYA
with origin attached to the center of the circle (hole).
The frame OBXBYB undergoes translation and rotation
with the tool displacement.
Three supporting heads are applied, where one is a nonmoving, ﬁxed support (no translation and rotation is
possible), while the other two are mobile supports. Our aim
is to create the plan of mobile head movements to provide
satisfactory support for drilling and for milling.
In satisfactory support the distance c between the
drilling (or milling) tool and the head edge is in the
range (dmin, dmax). The values of dmin, dmax depend on the
operation requirements and can be different for drilling and
milling. The head’s top view is a regular triangle with the

Fig. 3 Illustration of required conditions; c distances for drilling
and milling are illustrative and not necessarily will keep the
proportion used in ﬁgure (here c for milling is greater than c for
drilling)

3.2
3.2.1

Basic considerations
Support by non-moving head

It is assumed that the supporting edge of the non-moving
head is located symmetrically towards the frame OAXAYA
and the edge is parallel to the YA axis. The point in the
middle of the edge is in the minimum allowable distance
dmin from the drilling point. The orientation of OAXAYA
(and OBXBYB accordingly) is the same. This assumption is
taken for simpliﬁcation of considerations without putting
limits onto the generality of these considerations. First we
evaluate how much of the edge (or how many drilled
points) will be supported by a non-moving head, as the rest
will need to be supported by moving heads. Based on
Fig. 4 we have

Fig. 4

Support by non-moving head
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A

xP ¼ rcosf,

A

yP ¼ rsinf:

(1)

The coordinates of points P1 and P2 are
A

xP1 ¼ r þ dmin ,

A

yP1 ¼ 0,

A

xP2 ¼ rcos f þ dmax ,

A

yP2 ¼ rsinf:

As can be seen in Fig. 4,
and (3), this results in

A

(2)

(3)
Fig. 5 At ﬁrst the head is translated and next it is rotated

xP1 ¼ A xP2 . Based on Eqs. (2)

dmin – dmax
,
 r

dmin – dmax
:
f ¼ arccos 1 þ
r

cosf ¼ 1 þ

(4)

After obtaining f, we will also know the value of A yP2
by using Eq. (3). The angle 2f marks an arc 2rf that is
satisfactorily supported by the non-moving head. The
supporting part of head edge has the length 2 |P1P2 | which
means 2rjsinfj.
3.2.2

Support by moving heads

Displacements must be reduced to some appropriate
amount.
We assume that for the drilling support a head follows
the discrete tool path performing its motion in steps, where
each step consists of a small displacement and rotation. For
simpliﬁcation we start taking into account the head
position as it was for the non-moving case (the supported
arc was evaluated above).
After the drilling is ﬁnished in point P (with dmax
distance to the edge), the head is translated by distance kT
along the XA axis, hence the head edge crosses now the XA
axis in point PT (Fig. 5). Then the head rotates by angle
ðf þ αÞ and the drilling point PN is now in distance dmin
from the head edge (Fig. 6).
A
A

xPN ¼ rcosðf þ αÞ,
yPN ¼ rsin ðf þ αÞ,

A

xP3 ¼ ðr þ dmin Þcosðf þ αÞ,

A

yP3 ¼ ðr þ dmin Þsin ðf þ αÞ,

A

xPT ¼

A

yPT

r þ dmin
,
cosðf þ αÞ
¼ 0:

Thus, it is obtained

Fig. 6 Situation after one motion step

kT ¼ A xPT – r – dmin ¼

(7)

The above displacements can be iteratively repeated.
The length of the head edge limits the number of
repetitions. The ﬁnal point PF to be supported has the
coordinate A YPF ¼ ðr þ dmax Þsin max ¼ 0:5a. From this
the maximum head rotation can be obtained, that means
max ¼ arcsin
kTmax ¼ A xPT – r – dmin ¼

(5)

3.3

(6)

r þ dmin
– r – dmin :
cos ðf þ αÞ

3.3.1

0:5a
,
r þ dmax

(8)

r þ dmax
– r – dmin :
cosmax

(9)

Support with continuous head adjustment
Analysis of single head displacement

During milling, to provide a constant satisfactory distance
to the milling point, the head moves in a way that its
supporting edge rolls over an arc of the circle marking the
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satisfactory supporting points. The radius of this circle is
equal to r plus some distance within (dmin, dmax). For
clarity we shall assume that it is equal to r + dmin. The head
frame OBXBYB is attached to point Pi = Pmin being in
minimum distance to the machined point (OB = P1 in Fig. 4
and OB = P3 in Fig. 6) and it continuously changes position
and orientation in accordance with the tool motion.
The tool moves with a constant velocity v along an arc,
which means that the point OB moves along an arc of the
circle r + dmin. Let t be the time measured from beginning
of tool motion starting from the point on the axis XA (this
determines orientation of non-moving frame OAXAYA).
Then the distance completed in time interval t by the tool
along an arc is υt and the internal angle measured from
initial position to current tool position is fðtÞ (within the
range [ – π/2, π/2]) (Fig. 7). The coordinates of OB
expressed in frame OAXAYA are
A

xOB ¼ ðr þ dmin ÞcosfðtÞ,

A

yOB ¼ – ðr þ dmin ÞsinfðtÞ:

(10)

To calculate the coordinates of some reference point APi
when BPi is known, we apply the homogenous transformation matrix:
2
3
cosfðtÞ – sinfðtÞ ðr þ dmin ÞcosfðtÞ
6
7
A
cosfðtÞ ðr þ dmin ÞsinfðtÞ 5, (11)
B T ¼ 4 sinfðtÞ
0

0

1

Then,
A

B
Pi ¼ A
B T Pi:

(12)

This can be used for example, to evaluate the coordinate
of point APT (Fig. 6) as
2
3
0
6
7
B
P T ¼ 4 – ðr þ dmin ÞfðtÞ 5,
1
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A

xPT ¼ sin fðtÞðr þ dmin ÞfðtÞ þ ðr þ dmin ÞcosfðtÞ,

A

yPT ¼ – cosfðtÞðr þ dmin ÞfðtÞ þ ðr þ dmin Þsin fðtÞ:
(13)

Similar formalization can be applied for drilling when
there is a constant distance from the head edge to each of
the drilling points. In this situation, instead of the angle
fðtÞ given in the above formula, an angle fi must be used,
which is the internal angle marking the position of ith
drilled point. Instead of a continuous head “rolling”,
assumed in milling, the head changes its position in steps
adjusting properly to the current fi . For head positioning it
is sufﬁcient to know the coordinates of AOB and APT,
known from Eqs. (10) and (13), and the length of an arc
fðr þ dmin Þ or fðr þ dmax Þ, which will be explained. This
distance is measured from the middle of the head edge to
point OB.
3.3.2

Final motion plan for moving heads

Each head starts its support by the corner and then “rolls”
over the virtual circle marking the satisfactory support. The
non-moving frame OAXAYA is separately deﬁned for each
head currently fulﬁlling the support. The orientation of this
frame is such that the XA axis crosses the middle of the
supporting edge for such head position when the middle
point is considered as the supporting one (Fig. 4 — point
P1). This is for the head position denoted by 2 in
Fig. 8(a). The initial position of the head is denoted by 2
and the last one by 3 (the grey triangle). When one head is
performing the support, the next one moves to its initial
supporting position. To avoid the obstruction between the
neighboring heads, the next head will “roll” over a circle
with a radius different from the previous one, which can be
r + dmax as shown in Fig. 8(b).
3.4

Support with discrete head adjustment — introduction

The last analysis deals with the situation when the
supporting head does not move during the machining of

Fig. 7 Displacements of frame OBXBYB
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Fig. 8 Motion plan

supported fragment. The next head must be placed
properly to support the next fragment. In Fig. 4, the
current supporting head is marked by grey color and the
next one is white. We will analyze the head positioning for
proper support of the machined hole depending on the
hole’s radius r. The orientation of frame OAXAYA is
determined by the localization of the currently supporting
head. The origin of frame OAXAYA is always in the middle
of the machined hole and orientation is such that the
positive part of XA axis crosses the head edge in the point
being in minimum allowable distance to the machined
point (it is the head vertex P1 in Fig. 9). The frame OBXBYB
is attached to the next supporting head in the point being in
minimum allowable distance from the machined point and
its orientation is such that the axis YB overlaps with the
head supporting edge directing towards the machining
direction. In Fig. 9 the next head is located in such a way
that the frame OBXBYB is attached also to the vertex (in the
next head). The part supported by the edge of each head is
illustrated in Fig. 4, the angle f is given by (4) and α results
from the drilled holes distribution (for drilling) or from the

required heads separation (for milling). If such separation
is not needed α is set to zero. To shorten the description we
will use β ¼ f þ α. The rotation of frame OBXBYB towards
the previous frame OAXAYA is β and translation is as given
above. The values of dmin and dmax towards r are expected
to be small therefore the angle β will be not be big. It must
be checked if the proposed head placement will result in
lack of head overlapping, which means the distance e
marked in Fig. 9 must be more than zero.
For ease of calculations we will check ﬁrst the distance
from the head corner Pc to the axis XA; if this distance is
satisfactory then the distance e between the corner of the
previous head and the edge of next one will also be
acceptable as shown in Fig. 9. The coordinates of point BPc
are
B

xPc ¼ asin ðπ=3Þ,

B

yPc ¼ acosðπ=3Þ:

(14)

The matrix AB T is given by Eq. (11) (with the angle β).
Multiplying matrix by vector BPc obtains,
A

xPc ¼ cosβB xi – sin βB yi þ ðr þ dmin Þcosβ,

A

yPc ¼ sin βB xi þ cosβB yi þ ðr þ dmin Þsin β:

(15)

To analyze possible overlaps, it will be easier to check
the coordinates of the previous head in the new frame
(OBXBYB); therefore, the following relationship obtained
from Eq. (15) can be useful,

Fig. 9 Placement of heads for discrete motion

B

xi ¼ cos βA xi þ sinβA yi – ðr þ dmin Þ,

B

yi ¼ – sinβA xi þ cosβA yi þ p1 sinβ – p2 cosβ,

(16)

where p1 = (r + dmin) cosβ, and p2 = (r + dmin) sinβ.
For lack of overlapping A xPc must be smaller than r +
dmin if A yPc is smaller than a. Or the example values (in
[m–3]) dmin = 1, dmax = 10, r = 300 and a = 300, it was
obtained β = 14.060°, B xPc ¼ 259:8, and B yPc ¼ 150
which results in A xPc ¼ 507:5, and A yPc ¼ 280. This
means that the heads will overlap and a discrete placement
plan is here impossible.
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3.5

Support with discrete head adjustment — generalization

The machining begins with the initial position of the head
as shown in Fig. 4. Two possible head placements are
proposed. In the ﬁrst one, point Pp of the head vertex is
located on an arc of the circle with the radius r + dS
(dmin < dS < dmax),
A

xPP ¼ ðr þ dS Þcosf,

A

yPP ¼ ðr þ dS Þsinf,

(17)

(f is obtained using Eq. (4)) as shown in Fig. 10. In the
second one, the coordinates of the vertex point Ppí are as
follows (Fig. 11).

A

xPpí ¼ ðr þ dS Þcosf,

A

xPpí ¼ ðr þ dmin Þtanf:
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(18)

The supporting edge of the next head is tangent to the
circle r + dmin, which means that the frame OBXBYB is
rotated towards the frame PpXcYC (or Ppí Xc YC , respectively) by the angle


(19)
f0 ¼ a$cos ðr þ dmin Þ=d ,
where d is the distance from the center of the hole to point
Pp ðPpí Þ as shown in Fig. 12.

Fig. 12 Illustration of frame rotation angle f0

Fig. 10

Head corner placed in point Ppí Eq. (17)

If the hole’s radius is much bigger compared to the head
size, then the end of the edge will end before the distance
dmax is reached (shown in Fig. 4). This is when ðr þ
dmin Þ tanf> A yPc (not shown in Fig. 11), the distance d in
Eq. (19) is now between OA and Pc.
The origin of frame OBXBYB has coordinates A xOB ¼
ðr þ dmin Þcosðf þ f0 Þ, and A yOB ¼ ðr þ dmin Þsin ðfþ
f0 Þ. To shorten the description we use g ¼ f þ f0 . The
transformation matrix is
2
3
cosg – sing A xOB
6
7
A
6
A
(20)
cosg
yO B 7
B T ¼ 4 sing
5:
0
0
1
With the transformation matrix given by Eq. (20), the
coordinates of characteristic points (e.g., head edges) given
in frame OBXBYB can be easily expressed in frame
OAXAYA.
A

B
P i ¼A
B T Pi:

(21)

This results in

Fig. 11

Head corner placed in point Pp (Eq. (18))

A

xPi ¼ cosgB xi – singB yi þ A xOB ,

A

yPi ¼ singB xi þ cosgB yi þ A yOB :

(22)
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The relations transforming to frame OBXBYB are
B

xi ¼ cos gA xi þ sin gA yi – ðr þ dmin Þ,

B

yi ¼ – singA xi þ cosgA yi þA xOB sing – A yOB cosg:
(23)

When transforming the coordinates of the head vertices,
we must take into account that P ¼ Ppí , P = Pp or P = Pc
depends on given situations.
Fig. 13 Geometric constraints for head placement

4 Feasible head placement for milling
polygonal contour
4.1

Geometric description

We assume that the workpiece contour is modeled as a
two-dimensional (2D) simple closed polygonal chain with
a given number of linear segments. Closed polygonal
curve P in 2D space is described as the ordered set of
vertices
P ¼ fp1 ,:::,pMþ1 g ¼ fðx1 ,y1 Þ,:::,ðxMþ1 ,yMþ1 Þg,

(24)

where the last vertex coincides with the ﬁrst one, i.e.,
pM + 1 = p1. The workpiece boundary consists of M line
segments. Each line segment can be described by the
following equation:
y ¼ aj x þ bj , j ¼ 1,:::,M :

(25)

The coefﬁcients aj and bj of the line are calculated from the
coordinates of the end points pj and pj+1:
yjþ1 – yj
,
xjþ1 – xj
bj ¼ yj – aj xj :
aj ¼

(26)

Hereafter, both heads are assumed to be identical. The
head R is an equilateral triangle
Ri ¼ fr1 ,:::,r4 g,

(27)

where r4 ¼ r1 . Edge length of the triangle is equal to L.
We assume that the head conﬁguration is speciﬁed by q
= (x, y, θ)T, where x, y are Cartesian coordinates relative to
a ﬁxed reference coordinate frame and θ is the orientation
angle. Conﬁguration space (C-space) of the head is
ℚ ¼ ℝ2  S 1 , where S1 is the unit circle. Moreover, we
explicitly represent the normal vectors for each edge of the
head and line segment of the part contour. We denote these
normal vectors by nRk i for the normal to edge k of the head
location i and nPj for the normal to j line segment of the
polygonal curve P. It should be noted that the head edges
depend on the orientation θ (but not on x, y-coordinates).
Figure 13 shows the geometric constraints.

4.2

Constraints

Four main conditions need to be satisﬁed for every
admissible head placement, Ri:
1) The biggest distance between the head and the
working proﬁle (workpiece contour) has to be dmax to
avoid vibrations during contouring.
2) The head surface must not come in contact with the
tool.
3) The maximum allowable distance between the two
subsequent head locations has to be dmax.
4) The heads must not overlap each other.
To satisfy these conditions we must know the minimum
and maximum distance between the two objects. Minimum
distance calculation is essential for collision detection; if
the minimum distance between the two objects is zero,
then they are in contact. The distance between the two
polytopes (in 2D polygons) Q and P is deﬁned as
dm ðP,QÞ ¼ min

p 2 P,q 2 Q

jjp – qjj:

(28)

Equation (28) can be reformulated in terms of the
Minkowski difference of the two polytopes, i.e.,
P  Q ¼ fzjz ¼ p – q, p 2 P, q 2 Qg ¼ Z:

(29)

Using Eq. (29), Eq. (28) can be rewritten as
dm ðP,QÞ ¼ min

p 2 P,q 2 Q

jjp – qjj ¼ min jjzjj:
z 2 P Q

(30)

and we have reduced the problem of computing distance
between the two polytopes to the problem of computing
the minimum distance from one polytope to the origin of
the coordinate frame. The Minkowski difference of two
convex polytopes is itself a convex polytope. Because Z =
P  Q is a convex set, and because the norm, ||z||, is a
convex function, ^z ¼ arg minz2Z jjzjj is unique. However, p
and q to achieve this minimum are not necessarily unique.
To compute the minimum distance, the well-known GJK
algorithm [11] is used.
The Euclidean distance d from point pk = (xk, yk )T to the
line segment y = ajx + bj can be calculated by the following
expression:
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yk – aj x – bj 
d ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
1 þ a2j

(31)

The largest allowable distance between the head and the
working proﬁle has to be dmax to avoid vibrations during
contouring
di ðP,Ri Þ£dmax , i ¼ 1,:::,N – 1:

(32)

This means that the distance between the workpiece
contour and the closest edge EkRi of the head Ri to the
contour segment must not be larger than dmax. The heads
must not overlap each other,
int ðRi Þ \ intðRiþ1 Þ ¼ Æ, i ¼ 1,:::,N – 1,

(33)

where int(Ri) denotes the interior of the triangle. However,
two heads may contact each other. Contact between the
two heads can occur only when the orientation θ satisﬁes
the following condition


R
ri,j – 1 ði Þ – ri,j ði Þ $nk iþ1 ðiþ1 Þ³0,


R
ri,jþ1 ði Þ – ri,j ði Þ $nk iþ1 ðiþ1 Þ³0,
j,k ¼ 1,2,3; i ¼ 1,:::,N – 1:

(34)

If this condition is satisﬁed there is contact between the
R
edge, Ek iþ1 , of head Ri + 1 and the vertex ri,j of head Ri . At
one extreme, the vertices ri,j and ri + 1,k coincide, while at
the other extreme, vertices ri,j and ri + 1,k + 1 coincide.
Similarly, when the condition


riþ1,j – 1 ðiþ1 Þ – riþ1,j ðiþ1 Þ $nRk i ði Þ³0,


riþ1,jþ1 ðiþ1 Þ – riþ1,j ðiþ1 Þ $nRk i ði Þ > 0,
j,k ¼ 1,2,3; i ¼ 1,:::,N – 1,

5

The head initialization algorithm can be split into three
sequential stages: 1) contour segmentation, 2) start- and
breakpoint detection, and 3) head set placement for every
contour segment.
5.1

Contour segmentation

The contour of the workpiece, which is the expected
outcome of the milling process, is analyzed with the aim of
decomposing it into line segments and vertices. A vertex
marks a rapid change of the contour’s curvature within a
sufﬁciently large contour part. The second condition
induces that two consecutive vertices should be separated
by a sufﬁcient distance. In this way we avoid contour
segments with lengths below a head’s side length. Each
line segment is terminated by two consecutive vertices. In
practice we expect the length of a line segment to be at
least 70 mm (the side length of the head).
The vertices and the segments are classiﬁed into several
classes. We have worked out different head positioning
scenarios, depending on the class of the given line segment
and its vertices (Fig. 14):
1) The average curvature of a line segment allows its
classiﬁcation into straight, nearly straight, convex or
concave;
2) The vertex type is induced by the angle value at which
two tangential lines (at two segments meeting at this
vertex) cross. We distinguish: type 1: α < 60°, type 2:
60°£α < 90°, type 3: 90°£α < 120°, type 4: 120°£
α < 165, type 5: 165£α < 180°, and type 6: α≥180°.
The line type is considered in the third stage of the
initialization procedure, while vertex types are already
important for the second stage.

(35)

is satisﬁed there is a contact between the edge, EkRi , of head
Ri and the vertex ri+1,j of head Ri+1. At one extreme,
vertices ri+1,j and ri,k coincide, while at the other extreme,
vertices ri+1,j and ri,k+1 coincide. The head surface must
not come in contact with the tool
di ðP,Ri Þ³dmin , i ¼ 1,:::,N :
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(36)

Initial head conﬁguration

For the optimization approach described above, it is
essential to start with a well selected initial conﬁguration of
heads. This task includes searching for the proper number
of heads and their placements, which satisfy the necessary
conditions of neither having mutual coincidences nor
crossing the workpiece contour. In this section we describe
this initialization algorithm and illustrate its results for two
contour workpieces.

5.2

Start-end breakpoints

Among the vertex classes the ﬁrst two are important in this
stage. A vertex of type 1 (its corresponding angle is less
than 60°) will cause a failure of the placement plan, as we
will not be able to position the head close enough to the
ﬁrst segment of this vertex and not allowing the head to
cross the second segment of this vertex. Hence, this vertex
type induces a breakpoint for our head placement
procedure- we need to make it as start/end point in the
third stage. If more than one such vertex exist then the ﬁrst
one marks a start/end point whereas the other are
breakpoints. In the latter case, two or more independent
head placement plans will be searched for.
With no vertices of type 1 detected in the contour, we are
happy to apply a vertex of type 2 as a starting point (with
an angle slightly more than 60°). Such a vertex is ideally
suited for a single head placement with a limited number of
alternatives. Hence, the chance to revise the start head
placement anytime later will be very low.
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Fig. 14

5.3

Illustration of contour segmentation into line segments and vertices

Head set placement

In this stage, a head set placement is performed iteratively
for every segment, one after the other.
5.3.1

Positioning at vertices

The head location starts with the segment determined
either by the “failure” vertex of type 1 or by the most
perfect vertex of the contour, i.e., an angle of type 2.
Different scenarios of the head placement are needed
depending on the vertex type (Fig. 15). A vertex of type 1
puts no further constraints onto the head placement. We
treat it as an end vertex of the given line segment and start
the placement process at the other end of this segment. A
vertex of type 2 induces a single head to be in central
position on the symmetry axis of tangential lines. The
neighborhood of a vertex of type 3 is covered by two
heads, where one is placed along one side whereas the
second one completes the vertex area as much as possible.
The area of a vertex of type 4 is well suited to be ﬁlled by
two heads, located symmetrically with respect to the
corresponding angle’s symmetry axis. A vertex of type 5
induces 3 heads, where the second is located in the central
place on the angle’s symmetry axis. A vertex of type 6
induces no speciﬁc constraints.
5.3.2

Positioning at segments

Having located the heads at two vertices terminating given
line segment, additional head positions are determined
along the line segment to match the two border positions
(Fig. 16). In this way we determine the number of required
heads that are located sufﬁciently close to each other. The

type of line determines whether the orientation of
consecutive heads is step-by-step changed or not. In the
given example we observe a convex line segment that is
matched by 4 heads. Two of them are placed at vertices (t1
and t4), while the two others build the interior part. Their
orientations change from start- to end-head. The initial
head placements for two workpieces are shown in Figs. 17
and 18.
The ﬁrst contour consists mainly of large-sized linear
segments that cause no serious difﬁculties for the head
initialization procedure. The blank-circle-marked vertex
candidates were omitted, because they are at a small
distance to “dominating” vertices. The second contour is
more difﬁcult to process because it consists of many small
line segments and the contour’s orientation changes
rapidly many times. Again some green-points were ﬁltered
out to avoid small-size segments. This is an open contour,
and we start it at the right end. Although the initial point is
a “virtual” vertex only, the second end of this ﬁrst segment
is represented by a vertex of type 2, which plays the role of
a start vertex.

6

Numerical results

Proposed solutions were tested using the programs written
in MATLAB. The heads with the edge length equal to
70 mm as it will be used in the real test bed were
considered. The most typical circular holes in the
machined parts have a radius of 75 mm. Those holes
were ﬁrst taken into account in the analysis. The holes of
smaller and bigger radiuses were also considered. The
minimal and maximal distances are determined by
machined material properties and are equal to dmin =
1 mm, dmax = 10 mm.
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Positioning at vertices

Fig. 16 Positioning along line segments

Fig. 18

Fig. 17

Head location plan for workpiece 1

Figure 19 shows the result obtained for the head
placement given in Fig. 9. Each head supports the arc
with an internal angle of 28.3576°. To avoid overlapping of

Head location plan for workpiece 2

the heads, the added angle α must be more than 6°. With α
= 6° the next and previous head are in contact. This means
that this head arrangement can be used only when the
internal angle for consecutive drilling points is more than
6°. With the angle α = 7.6424° the support by 10 head
positions is obtained.
In the next tests the discretized head placement as
described in generalization was analyzed. First dS =
0.5dmax was taken into account. With r = 75 the
non-moving head located as shown in Fig. 4 supports the
arc with an internal angle of 56.7153°. If the moving heads
corner coordinates are given by Eq. (17), each moving
head supports the arc with the internal angle of 44.8506°.
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Fig. 19

Picture obtained with ﬁrst head planning program—size proportions are kept

This means that 6.7621 of the moving heads is needed to
support the whole arc. For the moving heads corner
coordinates given by Eq. (18) each moving head supports
the arc with the internal angle of 44.2875°. This means that
6.8481 of the moving heads is needed to support the whole
arc.
The number of heads must be an integer, which means
that with 6 heads a signiﬁcant part of the arc will be not
supported (e.g., 0.7153 of the head edge is 50.0710 mm).
The satisfactory solution was obtained by decreasing dS,
which increased the head twist, decreased the angle
supported by one head and increased the number of
required heads. For this purpose the iterative optimizing
program was written. dS is decreased by small steps and the
angles supported by moving head (also taking into account
the non-moving head localization) are calculated. The
program stops if the number of heads (including the nonmoving one) supporting the whole hole exceeds the nearest
but smaller integer by a very small value η. In our
optimization η was set to 0.01 (this is equivalent to
0.7 mm). With dS = 0.43dmax and Eq. (18), 7.0367 was
obtained for movable heads. Applying 7 heads, we have
unsupported (within the dmin, dmax limits) 0.0367 of the
head edge (it is 2.569 mm). For dS = 0.44dmax, 7.0083 was
obtained for movable heads (each supporting 43.2753°).
The unsupported (within the dmin, dmax limits) 0.0083 of
the head is equal to 0.581 mm. Figure 20 shows the
solution, with the whole cycle the last movable supporting
head (head position No. 7) does not overlap the nonmoving head (head N).
In the next example, r = 35 was considered. The nonmoving head supports the arc with an internal angle of 84°.
For dS = 0.5dmax with head corner coordinates chosen
according to Eq. (17), each moving head supports the arc
with an internal angle of 67.8666°. This means that 4.0668
of the moving heads is needed to support the whole arc.

With head corner coordinates given by Eq. (18) each
moving head supports the arc with the internal angle
66.314°. This means that 4.162 of the moving heads is
needed to support the whole arc.
The number of heads must be an integer as discussed,
and with 4 heads some small part of the arc will not be
supported. The missing part for 0.0668 is equal to
4.676 mm. The distance dS was modiﬁed by the optimization program as done previously. For the difference the
head corner coordinates given by Eq. (17) were taken into
account. The satisfactory result was obtained for dS =
0.535dmax, when the moving head supports the arc with an
internal angle of 68.8745°. This needs 4.0078 of the
moving heads. With 4 heads the missing 0.0078 is
equivalent to 0.546 mm, which fulﬁls the accuracy
criterion.

7

Summary

This paper proposes a concept of a planner for a self
adaptable, reconﬁgurable ﬁxture system for thin-walled
workpieces like sheet-metal parts with complex surface
geometries. The ﬁxture should be applicable to parts with
different shapes as well as distributions and densities of
holes, milled contours, and variously shaped openings.
Two types of machining processes have been considered:
drilling of various small holes and milling when making
larger holes and contouring the workpiece. Based on CAD
models of the parts and given geometric constraints two
solutions for an admissible head placement for two
reference parts with different geometry of the contour
have been proposed. In the results, we obtain the sequence
of the supporting heads that provide continuous support in
close proximity to the tool. Future work will include the
next phases of the planning process, namely planning a
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Fig. 20
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Picture obtained with the optimization program—size proportions are kept

corresponding sequence of mobile bases locations, and
trajectory planning for mobile bases and PKMs.
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